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ABSTRACT 
Considerable insight into the behaviour of embedded retaining walls can be provided by 
numerical modelling techniques, such as the finite element method. Finite elements can be 
used in retaining wall design in order to carry out sensitivity analyses to optimise wall designs 
and to identify critical design parameters (the Uhat if' approach), and to obtain realistic and 
accurate quantitative predictions of the behaviour of the wall and soil, such as predictions of 
the displacements around a diaphragm wall (the 'absolute' approach). Much of the recent 
motivation for using finite elements in retaining wall design has arisen from increased 
construction activity in urban areas, and the need to demonstrate that movements of adjacent 
structures and services are acceptable, prior to planning consent being granted. 
Finite element analysis of embedded walls presents special challenges. For example, the 
geometry is usually complex and it changes incrementally; short and long term solutions are 
required; stiffhess contrasts are high, and accurate predictions of soil displacements, anchor 
and prop forces and wall bending moments are required. Commercial finite element software 
packages make complex, non-linear analysis using large meshes an apparently routine matter. 
it is easy for novice users of these tools to make serious mistakes without realizing it, but 
there is little specific advice on potential pitfalls or guidance on good practice available in the 
public domain. Five principal areas of concern have been identified and examined in the 
present study: (i) geometric modelling and discretization; (ii) constitutive modelling and 
parameter selection; (iii) modelling of construction effects and long term effects; (iv) 
computational difficulties; and (v) obtaining design output. 
Systematic numerical investigations have been conducted into each of these areas. Based on 
the results of the analyses, this thesis presents: guidelines for describing the geometry of an 
embedded wall problem; an evaluation of the use of various levels of sophistication in the 
analysis; strategies for testing the 'goodness' of the solution obtained; a comparison of 
different ways of achieving the same objective; and an examination of the origin of 
'unexpected' results. Particular emphasis is placed on assessing the reliability of the output 
that is most often sought in practical design. The CRISP geotechnical finite element package 
has been used in this study, but the findings and recommendations obtained are relevant to the 
use of other programs. 
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Q shear force (in wall) 
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R(i) load increment ratio (ER(i) = 1.0) 
R95 value of R at which parameter is 95% of "true" value 
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S global smoothing matrix 
Se element smoothing matrix 
To time for pore water pressure equalization 
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d diameter (of a pile) 
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err equilibrium error 
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f yield function 
fd correction factor for heave calculation 
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applied pressure 
pC maximum previous mean effective stress 
q deviatoric; stress invariant (axisymmetry) 
r element aspect ratio 
S mean stress invariant (plane strain) 
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t wall thickness 
time 
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te time taken for pore water pressure equalization in a coupled analysis 
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u pore water pressure 
displacement in x direction 
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normal strain 
volume strain 
C strain vector 
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arbitrary shape function 
shear strain 
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YW unit weight of water 
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V Poisson's ratio 
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(xi) 
a normal stress 
a stress vector 
Ir shear stress 
Tf shear strength 
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w angle of dilation 
2x2 (reduced) numerical integration rule for 2-D elements 
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ave average 
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In mean 
max maximum 
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r, s rough, smooth (boundary) 
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v vertical 
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e element 
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p plastic 
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A increment Oarge) 
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(X) varying as a function of horizontal distance; a profile 
(z) varying as a fimction of depth, a profile 
(xii) 
ABBREVIATIONS 
AGS Association of Geotechnical Specialists 
APM applied pressure method 
AR global aspect ratio of finite element mesh 
ASCE American Society of Civil Engineers 
BEM boundary element method 
BFC3m best-fit curve smoothing (of 3x3 Gauss point stresses in multiple elements) 
BFL2 best-fit line (of 2x2 Gauss point stresses) 
BFL3 best-fit line smoothing (of 3 x3 Gauss point stresses) 
BFP3 best-fit plane smoothing (of 3x3 Gauss point stresses) 
BMD bending moment diagram 
BRE, BRS Building Research Establishment or Station 
CAD/CAM computer-aided design/computer-aided manufacture 
CIRIA Construction Industry Research and Information Association 
CSSM critical state soil mechanics 
CSB constant strain bar or beam 
CSL critical state fine 
CST constant strain triangle 
CuST cubic strain triangle 
d. o. f. degree(s) of freedom 
DTp Department of Transport 
ECSMFE European Conference on Soil Mechanics and Foundation Engineering 
EPBM earth pressure bending moment 
EPSF earth pressure shear force 
EPSRC Engineering and Physical Sciences Research Council 
ESP effective stress path 
FDM firýiite difference method 
FE/FEA/FEM finite element / finite element analysis / finite element method 
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WALLAP WALL Analysis Program 
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CHAPTERI 
GENERAL INTRODUCTION 
1.1 Historical Background 
Over the past thirty years, finite elements have undergone something of a revolution in terms 
of their use in engineering design. In the early eighties, engineers requiring to use finite 
elements in a design context would have to run the analysis on a mainframe or midi computer; 
perhaps located on the premises or at head office, but just as likely by renting time on a bureau 
computer. 
Finite element analysis (FEA) on a desk top computer was not really feasible with the first 
(8086) PCs, owing to excessive processing time and the constraints of limited memory and 
disk capacity. The PC AT with its 80286 chip was stiff not really adequate for the task, but 
the launch of the 80386 in 1987 changed things permanently. At last engineers had access to a 
hardware platform which brought desktop FEA within the range of even the smallest 
company, and not just a single-step elastic analysis with a few tens of elements. 
Exponential progress in the computer industry has brought the 486 and Pentium processors 
with enough RAM and disk space to cope with the nonlinear analysis of relatively large, 
meshes. Of course, the power offered on other platforms such as the Sun SPARC and DEC 
Alpha has remained ahead of the PC, but the important thing is that engineers can now do 
meaningful, realistic analysis on the desk top. And they are doing them. 
The late Bruce Irons foresaw this very clearly in 1980, when he wrote: 
"The new market for finite elements will be dominated by the ordinary designer. 
Every small design team will have a local uncosted computer, effectively a 
modernistic sliderule. The designer will submit his ten-element jobs, almost daily, 
without even consulting his section leader. The total number of such jobs will be 
astronomical, and there will be no good engineering reason to restrict them. 
Rather, what stifles the creative designer is the present emphasis on large jobs, 
'stress-checking' a big, complicated scheme too late for radical design changes. " 
(Irons and Ahmad, 1980) 
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But clearly this cannot be without attendant pitfalls; Irons goes on to say: 
"I am never surprised to see young people who are well-versed in the theory, but 
less effective as trouble-shooters than somebody with little theory but with a 
strong intuitive sense of what is happening physically. " 
(Irons and Ahmad, 1980) 
Writing nearly 10 years later, Zienkiewicz asserted: 
"The revolution brought about by the combination of numerical methods and the 
computer, which permits the solution of most complex engineering problems, 
places a responsibility on the professional engineer to use this power to produce 
better and safer structures and other engineering artefacts. While much of this can 
be done by the use of 'canned' automated programs there is never a possibility of 
producing 'foolproof ones. For this, and indeed, other compelling reasons, it is 
essential for the engineer in control to have a full understanding of the theory and 
assumptions of the procedures on which he is relying. This understanding must 
range from the mathematical models and the knowledge of the underlying physics 
to familiarity with the approximation procedures used and their limitations. " 
(Zienkiewicz, 1987) 
This statement may be contrasted with a more recent article by Clark (1994), which describes 
the proliferation of FE packages linked to computer-aided draughting (CAD) and solid 
modelling which are now on the market. Some extracts are quoted below (with italics added 
for emphasis by the writer): 
...... finite element analysis is no longer the preserve of stress engineers and 
rocket scientists. Systems are now fast, affordable and safe enough for the non- 
specialist to use ..... the trend 
in recent years has been towards ..... providing 
sophisticated standalone analysis capability for highly qualified (but) non-specialist 
design engineer . ..... Non-specialist design engineers want the software to 
do the 
meshing - they do not feel comfortable with this part of FEA. And the chances 
are that if they use the automatic meshers, the quality will be reasonable. " 
(Clark, 1994) 
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One software company has even introduced 'meshless' analysis which: 
...... only requires you to specify material properties, loads and boundary 
conditions and the software does the rest ..... there 
is little or no interaction with 
the user 
ibid. 
Some authorities have expressed grave concern over the release of sophisticated software into 
the public domain, arguing that it is easy for novice users to make serious mistakes without 
realizing it. The writer'§ympathizes with this argument - indeed it was one of the motivations 
for this thesis - but has argued elsewhere (Gunn and Woods, 1993) that as finite elements 
"cannot be uninvented" surely the right approach is to educate and train engineers so that they 
use the tool properly. 
1.2 Finite Elements in Geotechnical Design 
The early focus of finite element methods in the late 1950s was within structural engineering 
(specifically stress analysis of airframes), being a natural extension of the stifffiess method. 
Geotechnics was a relative late-comer in civil engineering, but wasted no time in establishing 
an enthusiastic and industrious community (or sub-culture, according to Peck, 1985). The 
international conference series which began at Vicksburg in 1972 has continued up to the 
present day, spawning a number of parallel events and associated journals. Finite difference 
and boundary element methods have enjoyed reasonable success in geomechanics, but there 
can be little doubt that the FEM has become pre-eminent in this particular area of numerical 
modelling. 
Most (if not all) reported applications of geotechnical finite elements in the early years 
originated from academic researchers in North America and Europe. Part of the reason for 
this was the non-availability of suitable codes for industrial users until the early 1980s (and 
desk-top packages another 10 years later). General purpose commercial FE codes began to 
emerge through the 1970s, but these had limited applicability to modelling geotechnical, 
problems. The major shortcomings were an inability to: 
1-3 
a) handle two- or three-phase materials, 
b) offer suitable constitutive models, 
C) model complex in-situ stresses, 
d) permit changing geometry (excavation and filling), and 
e) allow for time-dependent coupling of deformation and pore fluid flow. 
CRISP was one of the first conunercially available geotechnical FE packages in the UK and 
(to a limited extent) overseas; its history is described more fully in Chapter 3. Computing 
houses such as SIA and Strucom. offered FE bureaux services, though not with purpose- 
written geotechnical codes; choosing rather to adapt general purpose systems such as ANSYS 
(a practice which continues to this day in many quarters). Some consultancies developed and 
used their own in-house codes and some universities made IFE software available in modular 
form (notably Manchester with the NAG fibrary). But it was, again, the arrival of the 386 PC 
which stimulated new offerings and by the turn of the 1990s practising geotechnical engineers 
had access to PLAMS (Delft University), Z_SOIL PC (ZACE Services, Zurich), SAFE (Ove 
Arup/OASYS, London), and CRISP-90 (Cambridge University) in Europe. 
Some of these vendors (notably Cambridge and Delft) recognized the need for educating users 
- and not just selling them powerful software - and organized residential training courses of 
several days' duration. But none of these were compulsory, and no industry watchdog was in 
existence to dictate training standards and run a certification scheme to licence IFE analysts. 
Of course, it is not merely the availability of the hardware and software which has provided 
the motivation for increased use of finite element in g6otechnical design. Today engineers are 
attempting to build genuinely more complex structures, often to replace existing buildings in 
congested, urban areas. New structures tend to be deeper, wider and taller (or there is little 
point in building them), maximizing site usage by going as close to the limits as possible. 
There is natural concern about potential damage to adjacent structures (buildings, deep 
basements, tunnels, buried services, etc. ) - concern brought into focus by the increasingly 
litigious nature of society and the need to demonstrate acceptable movements prior to 
planning consent being granted. 
Finite element analysis has played an important role in the implementation of the Observational 
Method (Peck, 1985). FEA provides an analytical tool for making initial predictions, and 
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helping engineers to set "trigger" levels for ground movement during construction. Observed 
behaviour in the early stages can be used to calibrate the FE model and revise it as necessary. 
If alternative construction strategies need to be investigated (perhaps because movements are 
excessive), this can be done in a convenient manner. 
1.3 Background to Present Work 
Since 1989, the writer has been actively involved in the use of finite elements (specifically the 
CRISP package) in designing earth-retaining structures. This involvement has been with real 
projects which were subsequently constructed, or (in one case) with the back analysis of an 
existing wall. The majority of analyses were carried out on behalf of consulting engineers, 
either to verify certain aspects of their own design prior to going out to tender, or to check 
alternatives being proposed by contractors. It is not uncommon for contractors to use FE 
methods in preparing these alternative designs; indeed the writer has carried out such analyses 
in two instances. 
Typical requirements have been to estimate wall deformations and associated ground 
movements for a wall whose dimensions have been established by other (simpler) methods. 
Sometimes, finite elements have been used to benchmark more routine computer solutions 
which purport to give wall deflections, bending moments, etc. It is common for the routine 
analyses to be carried out by structural engineers with little or no appreciation of the 
compleNities of soil behaviour - the geotechnical engineers are consulted for soil parameters 
and are often the ones who carry out more rigorous checks on key cross-sections, but they too 
may lack a full understanding of the interactions (though from the structural side). 
At the outset, the writer was struck by the number and complexity of decisions which had to 
be made in the course of setting up an FE model for any soil-structure interaction (SSI) 
problem, and the paucity of information available to guide engineers in making these decisions. 
Furthermore, once results had been obtained there was little guidance on how to determine 
their reliability and establish the overall admissibility of the analysis. Given time, it would be 
possible to carry out parametric studies, but commercial pressures often dictate that only one 
or two analyses can be carried out, and they have to be right first time. 
Some assistance was potentially offered by the National Agency for Finite Element Methods and 
Standards (NAFEMS) in 1984 in their "Guidelines to Finite Element Practice", and there is no 
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question that great benefit would accrue to any individual or organization seeking to 
implement the general recommendations of that document. However, every single example 
was drawn from pure structural engineering - nothing relevant to geotechnics was included. 
Certainly, NAFEMS exhorted the designers to verify every step of the analysis, and to subject 
the results to expert scrutiny, but offered no specific instructions on what to look for in a 
retaining wall analysis. It was nearly 10 years after NAFEMS began addressing benchmarking 
and validation issues that it started to consider geotechnical finite elements (Peshkarn, 1993). After 
another gap of 8 years, a draft document for consultation was issued (NAFEMS, 200 1). 
One other publication which appeared in the same year as the original NAFEMS guidelines 
and which was aimed specifically at retaining wall designers was CIRIA Report 104. 
However, despite being a comprehensive and authoritative document (even some 17 years 
later), finite elements received only a brief mention, but were the subject of an accurate 
prediction: 
"... Sophisticated FE programs incorporating elasto-plastic models .... are 
research tools at present and they are not commercially available to designers. In 
the future, these are likely to play an increasingly important part in the 
advancement of design techniques... " 
(Padfield and Mair, 1984) 
A subsequent publication of relevance was the Association of Geotechnical Specialists Guide 
on "Validation and Verification of Geotechnical Software" (AGS, 1994). This document 
made some general and useful points about FE software (which every user could read to 
his/her advantage), but it did not (and was not intended) to cover the sub ect in depth. j 
At the time of writing, a revision of CHUA 104 (CP96) has just been released to a restricted 
audience of participating funders; absence from the public domain has prevented review in this 
thesis, but it is claimed (Gaba et al, 2003) to contain more guidance on numerical analysis than 
its predecessor. The Co-operation in Science and Technology (COST) Action C7 has also 
just produced some guidelines on numerical analysis in soil-structure interaction (Potts et al, 
2002), but review has, again, not been possible in time for this thesis. Nonetheless these 
developments are to be welcomed. 
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There appear to be two fundamentally different ways in which finite elements can be used to 
assist retaining wall design: 
(a) the ývhat if'approack where the sensitivity of a particular calculated value is 
examined so that a design can be improved in a qualitative way, or critical 
design parameters can be identified 
(b) the 'absolute' approach, where values are required to be realistic and accurate, 
such as when attempting to predict the displacements around a diaphragm wall. 
There is an increasing trend towards using FE analyses in the second way. Programmers are 
generally optimistic that FEA will always yield the truth,, but many practising civil engineers 
have developed a strong mistrust of FE output. It is certainly true that it is easy for an 
inexperienced engineer to produce results which appear ridiculous to any person with real 
experience of the problem being solved. 
At the time when the writer began to carry out retaining wall analyses in earnest, he already 
had over 5 years continuous and intensive experience with geotechnical finite elements, and 
CRISP in particular. Yet this was not a wholly adequate preparation, and it took several more 
years to build up specific expertise with retaining walls before a reasonable level of confidence 
could be claimed. Retaining wall analysis is often particularly difficult because: 
* geometry is usually complex, and changes incrementally 
o both short and long term behaviour is required 
e there are high contrasts in material stiffness 
accurate predictions of ground and wall movements, structural forces, and prop/anchor 
loads are required 
In the course of his consultancy work and other industrial contacts, the writer has encountered 
numerous examples of poor FE modelling in retaining wall design. Much of this work tends to 
be done by younger engineers who are both computer literate and numerate, but do not have 
sufficient experience and understanding of SSI to be able to identify erroneous computations. 
Senior engineers who have the responsibility of checIdng and supervising these analyses are 
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generally able to spot computed results which are unexpected, but are often unacquainted with 
the software or the underlying theory. They may be able to identify inaccuracies and 
inconsistencies without knowing how to correct them. This unsatisfactory state of affairs is 
fikely to prejudice them against modem numerical techniques. 
The way forward is far from clear. Some experts argue for a virtual ban on FE analysis 
outside of their own ranks. This is an attractive route for the busy engineer who wants reliable 
computations and has ready access to such an expert. But how win others ever learn if FEA 
becomes the sole province of the few? In any event, FEA is now commonly available to 
engineers and will cost increasingly less to perform. What is needed is better education and 
the provision of guidelines for different types of application, such as retaining walls. 
When using finite elements for retaining wall analysis there are many factors which are 
potentially able to affect a desired result. What is required is: 
a knowledge of the relevant factors, and how they can influence the results 
0 an awareness of where and when (and why) problems are known to have occurred 
0 strategies for checking finite element output, to help ensure that the results are reasonable 
Another strand to the background of the present work came from various communications 
with other CRISP users in the period 1984-90. During this time, anomalies and unexpected 
results had cropped up in the analysis of a variety of geotcchnical problems. These could have 
been due to: 
a) bugs within the code itself (program not worldng as stated) 
b) user errors in the input data (program not solving the problem intended) 
C) inappropriate use or misunderstanding of finite elements (program not being used as 
envisaged) 
d) genuine, though unanticipated response (program behaving correctly but not as 
expected) 
Obviously, (a) is beyond the control of the user (though he/she is not without responsibility), 
whereas (d) is beyond his/her experience or knowledge. The majority of problems in design 
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will be classified under (b) or (c), although with (d) there exists the possibility of confusion 
when apparently incorrect and/or counter-intuitive results are returned. 
In order to obtain more formal descriptions of these anomalous results, the writer composed 
and distributed a questionnaire to the world-wide CRISP user's community in March 1990. 
From the returns, it became very clear that a large proportion of the perceived problems arose 
in the context of retaining wall analyses. 
Bringing together all of these strands, it was clear that an in-depth study was required in order 
to better understand the nature of the problems, how to recognize them, and how to avoid 
them. Each modelling decision taken in the course of an FE analysis of a retaining wall 
potentially introduces an error in the calculated quantities, and at present there is no body of 
guidance to inform an engineer what these errors are, and if they accumulate or cancel each 
other out. 
1.4 Objectives of Present Work 
A significant amount of research was conducted in the UK during the 1980s and 1990s into 
the numerical modelling of retaining wall behaviour. However, the emphasis was not on 
providing answers to the questions asked most frequently by those seeking to use these 
techniques in design. Much of the effort was directed at improved constitutive modelling, to 
try to get a better fit between observed and computed' behaviour. Essentially, this is the 
pursuit of improving the 'absolute' predictions. Whilst the writer recognizes that this is a valid 
line of enquiry, he believes that other factors can influence the outcome of an analysis just as 
much (if not more), and that these need to be investigated in a comprehensive and consistent 
manner. There is little point in using sophisticated stress-strain relationships for the soil 
materials if a poor mesh introduces significant errors from a different source. 
I The use of the word 'computed' as opposed topredicted'is deliberate; as Simpson (1984) has 
pointed out, the computer program produces a result but it is the engineer who predicts what will actually 
take place. It may well be that the computed answer is wholly acceptable and then becomes the engineer's 
prediction - more likely certain aspects ofthe computer solution will be modified, to account for known 
behaviour or for deficiencies in the analytical/ mathematical model being used. 
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This thesis attempts to draw attention to the major issues involved; highlighting the potential 
pitfalls as well as providing practical strategies for getting around them. Many of the 
examples cited in this paper have been encountered whilst using the CRISP package (Britto 
and Gunn, 1987) but all FE analysis could, potentially, have similar problems. Five principal 
areas of concern have been identified as follows: 
a) Geometric modelling and discretization 
b) Constitutive modelling and parameter selection 
C) Modelling of construction and long term effects 
d) Computational difficulties 
e) Obtaining design output 
Numerical experiments have been carried out in order to: 
0 establish some guidelines for describing the geometry of a problem (e. g. size of mesh, 
number of nodes, etc. ) 
0 evaluate the importance of including various levels of sophistication (e. g. plastic yield and 
flow, interface elements, etc. ) 
0 devise strategies for testing the 'goodness" of the solution (e. g. vary boundary conditions 
to establish adequacy of mesh dimensions) 
compare different ways of (apparently) achieving the same objective (e. g. total v effective 
stress approach to undrained analysis, use of wall stresses or earth pressures to evaluate 
bending moments, etc. ) 
0 try to understand what is taking place when unexpected things happen (e. g. oscillating 
stress distributions, high out-of-balance forces, etc. ) 
These experiments have (of necessity) been carried out on idealized retaining wall geometries 
in order to establish general principles and outcomes. The principal objective has been to 
provide advice and guidance in a form suitable for, and relevant to, geotechnical designers. 
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1.5 Layout of Thesis 
Chapter One has given the background to the work presented in the remainder of the thesis. 
In summary form, it has put forward the arguments and motivation for the work which is 
about to be reported. 
Chapter Two presents a review of the literature relevant to finite element analysis of retaining 
walls. It begins with an historical overview of the subject, tracing the route to present day 
attitudes and practices, identifying the investigators who have had the most significant impact. 
The current state of the art is then defined; examining what FE is being used for (and why), 
obstacles to its use, and possible alternatives. The chapter concludes with an analysis of the 
literature in which specific details of all known references have been classified and tabulated, 
and important trends/biases identified. This has been done in a way which should be most 
helpfal to the practitioner, by giving an indication of the quality and usefulness of each 
reference in a design context. 
Chapter Three provides a detailed description of the CRISP finite element package, which the 
writer has used in all of his work - both for commercial jobs, and for the more fundamental 
studies reported herein. The emphasis in this chapter is on the modelling of embedded 
retaining walls and the particular demands and challenges which can arise in this context. 
Following this, Chapter Four deals with the first major area of enquiry, namely geometric 
modelling and discretization. An examination is made of size of mesh/domain, boundary fixity, 
number of elements, mesh grading/density, and type of elements (shape/order). All of this is 
performed using the element types and other mesh facilities available in CRISP, which are 
typical of those found in many geotechnical FE packages. 
Next, Chapter Five considers the decisions and problems inherent in constitutive modelling 
and parameter selection. Features of soil behaviour such as anisotropy, nonhomogeneity, non- 
linear elasticity, and plastic yielding are subject to scrutiny, in an attempt to identify which 
attributes matter most in a given situation. A deliberate decision has been made to concentrate 
on those constitutive models supplied in the commercially available versions of CRISP, rather 
than in any of the 'customized' versions produced within the academic community. There are 
sufficient uncertainties and questions for designers to tackle with just the standard constitutive 
models. 
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Following on from this, Chapter Six presents an investigation into the modelling of wall 
construction and long term effects. This includes wall installation, bulk excavation, the 
removal of temporary props, partial drainage, long-term equalisation, and groundwater level 
fluctuations. 
Chapter Seven addresses the various numerical/computational problems which can occur in a 
retaining wall analysis. Initially, a framework of understanding is laid for the sources of such 
problems, and then investigations are conducted to explore their influence on those computed 
results which matter in design. Topics covered include stiffness contrasts, element aspect 
ratios, effective versus total stress analysis, time steps in coupled consolidation models, stress 
concentrations and oscillations, and non-linear solution strategy. 
Chapter Eight examines ways of obtaining output which is specifically useful in a design 
context. This is a significant issue, as sometimes the very 3ygy in which output is viewed can 
be as important as the output itself. Processing of primary data to derive other quantities is 
considered here (e. g. the calculation of bending moments from transverse stress distributions 
in the wall, or from the external earth pressures). 
Chapter Nine presents overall conclusions, and makes a number of recommendations for 
further work. 
Because the five major areas of inquiry identified in Chapter I are quite distinct, the writer has 
decided to begin each of the five relevant Chapters (4-8) with a brief overview of the literature 
specific to that arealtopic. This is a departure from normal convention (where all literature is 
reviewed at the outset in a single chapter), but was considered to improve the readability of 
the main body of the thesis. The work of other investigators (where it exists) is reviewed 
immediately prior to, and clearly distinguished from, the contributions of the writer. 
All figures and tables for a given chapter are presented at the end of that chapter. References, 
however, have been gathered together from each chapter and are fisted after Chapter Nine. 
Appendices are located at the back of the thesis. 
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CHAPTER2 
GENERAL BACKGROUND 
2.1 Historical Development 
2.1.1 Beginnings 
Modem finite element methods evolved out of discrete stiffness methods of structural analysis 
(e. g. Turner et al., 1956). The essential concept was that small portions or "elemente' of a 
continuum could be considered to behave in a simplified manner. Clough (1960) appears to 
have been the first to use the term "finite elemenf', and initial development was very much an 
intuitive affair in the hands of engineers. 
The phenomenal rise of the finite element method in all branches of engineering and applied 
science is well documented (Zienkiewicz and Taylor, 1989). Today, it is unquestionably the 
pre-eminent numerical method; especially so in civil and geotechnical. engineering, although 
explicit finite differences are currently becoming more popular (see 2.1.5). - 
The first reported application of finite elements to soil mechanics is due to Girijavallabhan and 
Reese (1968). As their paper includes an analysis of a model wall in sand, it constitutes one of 
the first known applications of finite elements to retaining walls. The use of a non-finear 
elastic constitutive law written in terms of stress invariants was quite advanced for its time. it 
can be argued that this heralded the use of non-linear elastic constitutive models which have 
gone on to dominate geotechnical finite element analysis in North America to the present day. 
Shortly after this, key work began to emerge from the University of California at Berkeley 
under the guidance of Duncan. Clough (1969) and Chang (1969) submitted theses on the 
finite element analysis of U-frame locks and deep excavations respectively. Both pieces of 
work showed encouraging agreement between observed and predicted behaviour. 
Furthermore, in the case of U-frame locks (a type of retaining structure) finite elements 
corroborated and helped to explain an unexpected and surprising observation, namely that the 
walls moved in toward the lock upon flooding. Another landmark at this time was the 
presentation by Duncan and Chang (1970) of their "hyperbolic" non-finear elastic stress-strain 
model. Subsequently, this model has enjoyed considerable popularity amongst geotechnical 
finite element analysts, used in more than 20% of documented retaining wall analyses. 
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In his otherwise excellent state-of-the-art review at Mexico City, Peck (1969) fails to make 
any mention of the finite element method and its potential use in retaining wall analysis. A 
more enlightened and optimistic attitude was shown by Morgenstern and Eisenstein (1970) at 
the ASCE Speciality Conference on Earth-Retaining Structures at Cornell. Speaking of 
Winkler spring models for retaining walls based on the concept of subgrade'reaction (whose 
".. deficiencies are well known.. ") they predicted: 
"At least for two-dimensional problems it seems likely that finite element 
methods of analysis will eliminate the need in the future for calculations based 
upon this concepf' 
More that two decades later, it is perhaps disappointing to note the flourishing market for 
retaining wall design programs based on subgrade reaction models. Indeed, at the 1990 ASCE 
Conference at Cornell, Kerr and Tamaro. (1990) set out to discredit finite element analysis in 
favour of Winkler spring models, claiming the latter to be much more useful in design. A 
number of their points are valid and will be taken up in detail later on, when the impact which 
finite elements have had on retaining wall design are discussed/assessed. 
Returning to 1970, it is clear that the views of Morgenstern and Eisenstein were shared by 
some, as the next two years witnessed considerable activity in the area. Three important 
conferences with retaining wall and/or finite element themes took place in 1972; at Madrid, 
Purdue, and Vicksburg. The key papers at each of these were presented by Bjerrum et al. 
(1972), Lambe (1972), and Clough (1972a) respectively. The overwhelming conclusion from 
reading this early work is that finite elements were poised to make an enormous contribution 
to the study of retaining walls and other problems of soil-structure interaction. Bjerrum et al, 
(1972), for example, used finite elements to resolve a major debate over the role of arching in 
bending moment reduction in flexible walls. 
It is unfortunate that, some 13 years after these conferences, finite element modelling was still 
being regarded by some as a "sub-cultural" activity (Peck 1985) - and some six years later, 
pleas were stiff being made for this "sub-culture" to be admitted to the mainstream (Ho and 
Smith, 1991). In the following sections, key developments and contributors leading up to the 
present day will be identified, prior to making an assessment of the current state of the art. 
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2.1.2 The first decade : 1970-1980 
The contributions of Clough 
G. W. Clough went on to establish himself as the leading authority in finite element analysis of 
retaining walls in the 1970s and early 1980s. After leaving Berkeley in 1969, Clough spent the 
following 5 years at Duke University and then moved back to California to work at Stanford 
University between 1974-1984. I-Es contributions include: 
0 backfilled gravity walls (Clough and Duncan, 197 1), 
0 U-frame locks (Duncan and Clough, 197 1), 
anchored sheet-pile and diaphragm walls (Clough et al, 1972; Clough and Tsui, 1974; 
Tsui and Clough, 1974; Murphy et al., 1975), 
braced excavations in soft clay (Clough and Mana, 1976; Clough et aL, 1979; Hansen 
and Clough, 1980; Clough and Hansen, 1981; Clough and Schmidt, 1981; Mana and 
Clougb, 198 1), 
sheetpile cofferdams (Hansen and Clough, 1982; Clough and Kuppusamy, 1985), 
pore pressure dissipation during construction (Osaimi and Clough, 1979), and 
the influence of temporary berms (Clough and Denby, 1977) 
Throughout his work, Clough strove to maintain a balance between computational rigour and 
calibration against field measurements. He was quick to spot and exploit the great potential 
for conducting parametric design studies with the finite element method, using it in both 
forward prediction and back-analysis modes. Clough has probably done more to define the 
current American state of practice with regard to finite element analysis of retaining walls than 
anyone else. He has been recognized in academic and industrial circles alle and, although 
active publication ceased in the early 1990s, his influence remains. 
However, doubt must be cast over 0 the work published by Clough, for two reasons. Firstly, 
nearly all of his work was conducted using the "hyperbolic" non-linear elastic model. The 
deficiencies of this model have been debated extensively elsewhere; suffice to say at this point 
that many investigators have demonstrated the necessity for plastic yielding in the constitutive 
model (e. g. Smith, 1970; Fourie, 1984; Azevedo and Ko, 1986). The second (and probably 
more serious) reason is that he almost certainly used an incorrect formulation for excavation 
analysis. His error in this respect would not be unique, as many were probably misled by the 
incorrect advice given by Christian and Wong (1973). 
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Developments in Europe 
Leaving North America for the present, we will review parallel developments in Europe, 
which principally had their beginnings at Cambridge University. During the 1960s, the 
Cambridge group conducted fundamental experimental work, inter alia, on earth pressure 
problems, mostly with laboratory floor models (Wroth, 1972). It was Simpson (1973) who 
pioneered finite element work at Cambridge, following a rather different route to the groups at 
Berkeley and Stanford. Simpson implemented non-linear plasticity models for clay and for 
sand (based on earlier Cambridge work), developed an ingenious automatic mesh refinement 
technique (which has not, surprisingly, ever been followed up), and was one of the first to use 
effective stress techniques for undrained loading. The only major criticism of his work is that 
his program was restricted to constant strain triangle elements, known widely (even then) to 
perform rather poorly (e. g. Zienkiewicz, 197 1). 
Despite this early lead, finite element analysis of retaining walls at Cambridge continued only 
as far as StJohn (1975), after which it appeared to die out. More powerful FE codes began to 
emerge, pioneered by Zytynski (1976) and culminating in the CRISP package (Britto and 
Gunn, 1987), although the emphasis had shifted more towards the analysis of tunnels, shafts 
and embankments. Over this period some significant contributions were made to the field by 
groups at the Universities of Manchester (Smith, 1973; Smith and Boorman, 1974; Griffiths, 
1980a), Sheffield (Al-Shlash, 1979) and Surrey (Rodrigues, 1975; Creed, 1979). Elsewhere in 
Europe, workers at Karlsruhe (Egger, 1972) and Darmstadt (Stroh, 1974,1975; Stroh and 
Breth, 1976) successfully applied FE techniques to the study of propped and anchored walls. 
The Norwegian Geotechnical Institute (NGI) used finite elements to understand data from 
model tests and field measurements on flexible walls (e. g. Bjerrum et al, 1972). 
Following his PhD work at Cambridge and return to industry, Simpson continued to make 
important contributions to the finite element analysis of retaining walls (Simpson 1980,198 1). 
The fact that these were stimulated by the demands of "real" engineering projects lent them a 
credibility not universally enjoyed by finite element analysts. On the constitutive modelling 
front, his advanced elasto-plastic model for London Clay (Simpson et al., 1979) was one of 
the first to implement small-strain "threshold" stiffness effects, resulting in much better 
predictions of wall deflections and associated ground movements than hitherto. More 
recently, the "bricks-on-string" model has been presented (Simpson, 1992), which 
incorporates a form of "proportional plasticity". Simpson has also been instrumental in 
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devising a simpHed form of analysis for walls (Pappin et al., 1986), which incorporates 
features of both finite element and Winkler spring techniques, suitable for routine design. 
Burland and the BRS 
Away from the universities, other pioneering work was being carried out in the UK during the 
1970s, led by Burland at the Building Research Station (BRS). A program of instrumenting 
and back-analysing deep excavations in the London Clay was initiated by the BRS, making use 
of linear elastic finite elements to back-figure profiles of (undrained) stiffness. Many of these 
excavations are now well known - Britannic House, Palace of Westminster underground car 
park, Central YMCA, Barbican Arts Centre, and the Neasden Lane Underpass. This work is 
reported by Cole and Burland (1972), Ward and Burland (1973), Burland and Hancock 
(1977), Sills et al (1977), Burland (1978), and Burland et al (1979). 
The BRS results led to the practice of using non-homogeneous and/or anisotropic linear elastic 
soil models for forward predictions on other retained excavations. Despite an awareness that 
this approach gives poor predictions of settlement/heave adjacent to the wall, and is only 
applicable to similar types of structures (Simpson, 1981), it has been widely used in practice 
up to the present time. Burland then moved to Imperial College in the early 1980s, after 
which finite element work on retaining walls appears to have stopped at the BRS (renamed the 
Building Research Establishment or BRE) - although monitoring work continued (e. g. Bell 
Common; Tedd et al, 1984). Once at Imperial however, collaboration with Potts initiated a 
series of very important contributions.. 
2.1.3 Milestones of the 1980s 
Potts and Imperial College 
In the UKý difficulties in designing a V2km stretch of cut-and-cover tunnel at Bell Common 
(using top-propped contiguous bored pile walls) provided the impetus for a major finite 
element study. Under the guidance of Burland (now at Imperial College) Class A predictions 
(Lambe, 1973; see Table 2.2) of wall movements and bending moments at Bell Common were 
made, using linear elastic-perfectly plastic soil models (Potts and Burland, 1983). In parallel, a 
fundamental study of propped and cantilevered walls in clay was instigated (Fourie, 1984), 
which produced many results of practical importance. 
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It was during the 1980s that Potts established himself as the pre-eminent finite element 
modeller of retaining walls in the LJK. lEs contributions are two-fold: 
rigorous comparison of FEM with traditional analytical methods (e. g. limit equilibrium 
method) and validation (or otherwise) of current design methods, and 
application of finite elements to practical retaining wall design, making forward 
predictions of behaviour. 
The former is exemplified by the rigorous study of design methods for propped and unpropped 
cantilevers (Fourie and Potts, 1988,1989; Potts and Fourie, 1984,1985,1986), in which the 
influence of earth pressure coefficient at-rest (K,, ), construction method, wall restraint, etc. 
were investigated. The latter includes the cut-and-cover tunnels at Bell Common (Hubbard et 
aL, 1984; Symons et aL, 1985) and George Green (Potts and Knights, 1985). The formation 
of the Geotechnical Consulting Group (with strong Imperial College links) led to many more 
contributions aimed at solving practical problems and design issues in retaining wall analysis. 
However, comparisons between predictions and measurements at Bell Common were poor 
(Hubbard et al., 1984; Symons et aL, 1985), prompting fundamental rethinking. Ideas were 
beginning to take shape at Imperial College concerning the small-strain stiffness and non-linear 
elasticity of overconsolidated clays, resulting in a constitutive model based on periodic 
logarithmic functions (Jardine et al., 1984,1986). Equipped with this new model, and an a 
posteriori knowledge of the actual sequence of events on site, Bell Common was tackled 
afresh ([-Eggins et aL, 1989). The predictions (now class CI rather than class A; Lambe, 
1973) agreed somewhat better with observations, although still leaving room for improvement. 
An important conclusion was beginning to emerge. The 1970s practice of back-analysing 
deep walls and excavations and using it for forward finite element prediction was being called 
into question. Advances in small-strain measurements were enabling laboratory tests to 
furnish more reliable stiffness parameters for finite element analyses. This offered the promise 
of better results - or at least a more fundamental way of obtaining them, removing the 
requirement for previous comparable construction in similar ground conditions. 
American progress 
The 1980s saw rather different developments on opposite sides of the Atlantic. Apart from 
some promising excursions into hybrid finite element techniques (Lightner, 198 1; Sargand, 
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198 1; Desai and Sargand, 1984), North American workers were mainly consolidating their 
experience with applying the hyperbolic model. Notable exceptions were Eisenstein and 
Medeiros (1983) who appreciated the importance of stress path in soil behaviour; Desai el al. 
(1984) who developed a superior interface element suitable for walls; and Boda et al. (I 989a, 
1989b) who devised an elegant and powerful (and correct) finite element formulation for 
excavation - albeit many years after the Cambridge group had successfully addressed the 
problem (Gunn, 1982). Clough left Stanford in 1984 and moved to the Virginia Polytechnic 
Institute and State University at Blacksburg. Ms output since then has included work on 
cellular cofferdams (Clough and Kuppusamy, 1985), and on construction induced movement 
of in-situ walls (Clough and O'Rourke, 1990) 
2.1.4 Trends of the 1990s 
From the early 1990s, two different approaches to reducing the discrepancy between 
prediction and observation emerged. The first concerned the refinement of constitutive 
models to include non-linearity, small-strain stifffiess, history effects, and kinematic hardening. 
Notable examples include the "bricle' model (Simpson, 1992), the MIT-E3 model (Whittle, 
1993), and 3SKH (Stallebrass and Taylor, 1997). The second route was to improve the 
faithfulness with which the construction process was simulated, with particular emphasis being 
placed on wall installation effects and 3D representation. Attempts were made to model 
excavation under bentonite slurry support, followed by wet concrete being tremied in at the 
bottom, eventually hardening to form the wall. Initial attempts used plane strain and 
axisymmetry (Kutmen, 1986; Gunn et al., 1993). This was followed by partially-coupled 
plane strain/plane stress (De Moor, 1994; Ng et al., 1995), and culminated in full 3D 
representation (Gourvenec, 1998; Gourvenec and Powrie, 1999,2000). 
UK investigators took most of the lead, and reflected the greater emphasis placed in Europe 
on analytical/theoretical approaches to geotechnical engineering, compared with North 
America. However, there were signs that this was changing. Following on from Clough, the 
US initiative in finite element analysis of retaining walls was taken by Boda at Stanford, Finno 
at Northwestern (both former students of Clough), and Whittle at NET. Boda concentrated 
on constitutive modelling (Boda and Kavazanjian, 1985), excavation techniques (Boda et al., 
1989a, 1989b; Boda, 1990a) and numerical procedures (Boda, 1990b). Finno was one of the 
first in the US to carry out coupled analyses of retained excavations, and also considered the 
role of installation effects (Finno and Harahap, 199 1; Finno et al., 199 1; Finno, 1992). Whittle 
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also preferred modem elastoplastic models in retaining wall analysis (Whittle and Hashash, 
1993; Whittle et al., 1993; Whittle and Kawadas, 1994; Hashash and Whittle, 1996; Whittle 
and Ladd, 1998). It was encouraging that this new generation of American investigators 
began to abandon the earlier empiricism characterized by the hyperbolic model. 
Potts and the IC group continued to make key contributions into the first half of the 1990s. 
Fundamental studies switched to sheet pile walls (Day and Potts, 1989,1991,1993; Potts and 
Day 1990; Day, 1999), whilst design studies continued with temporary berm support (Potts et 
al., 1993), relieving slabs (St John et al., 1993), and anchored earth (Harris et al., 1993). 
Involvement with commercial projects included deep basements at Aldersgate (Fernie et al., 
199 1) and Victoria Street (St John et al., 1992). A useful state-of-the-art summary of finite 
element analysis of retaining walls was given at the International Conference on Retaining 
Structures at Cambridge (Potts, 1993). 
Symons and the TRRL 
The involvement of UK government research bodies was not confined to the BRSABRE. The 
increased use of embedded walls on trunk road schemes in the 1980s inevitably led to the 
involvement of the Transport and Road Research Laboratory (TRRL), under the guidance of 
the late I. F. Symons. In addition to establishing a rolling programme of instrumenting full- 
scale walls on different parts of the UK trunk-road network, Symons commissioned centrifuge 
modelling at Cambridge, and also funded the development of CRISP to improve its SSI 
capabilities (see Chapter 3). FE was used by the TRRL mostly in back-analysis mode in order 
to study field measurements taken during and after construction. Structures included those at 
the A329(M) in Reading (Carder and Symons, 1989), Neasden Lane underpass (Carswell et 
al., 199 1), Al M Hatfield (Symons et al., 1987), A3 Malden Underpass (Symons and Carder, 
199 1), M25 Bell Common (Symons et al., 1985; Higgins et al., 1989,1993), A406 
Walthamstow (Watson and Carder, 1994). A406 South Woodford (Powrie et al., 1999), and 
A3 31 Aldershot Road underpass (Carder et al., 1997). 
The TRRL carried out some of their FE work internally, but often employed external analysts 
(including the writer). Following a change to executive agency status in the early 1990s, the 
TRRL was renamed the Transport Research Laboratory (TRL); field monitoring and back- 
analysis of earth-retaining structures continued under the guidance of D. R- Carder. 
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The contributions ofPowrie 
Another important UK investigator in the analysis of retaining walls has been Powrie, whose 
contributions began at Cambridge. Initial (TRRL-funded) investigations on the Cambridge 
centrifuge had focused on the fundamental behaviour of diaphragm walls before, and at, 
collapse (Bolton and Powrie, 1987,1988). Subsequently, whilst at King's College, the 
potential of the centrifuge for benchmarking finite element models was realized (Bolton et al., 
1989). Other contributions to FEA included walls singly-propped at formation level (Li, 1990; 
Powrie and Li, 1991a, 1991b) and deep excavations in London clay (Lee, 1990). 
Powrie's move to Queen Mary College in 1989 began an involvement in full-scale monitoring 
of retaining walls (possibly a legacy of LA Wood at QMC in the 1980s), augmenting finite 
element and centrifuge modelling. Investigations included walls with relieving platforms 
(Chandler, 1995; Powrie and Chandler, 1998; Powrie et al., 1999), twin propped walls 
(Richards and Powrie, 1994; Richards, 1995), and walls with temporary berms (Powrie et al., 
1993). Other useful contributions included implementation of the "bricle' model in CRISP 
(Chandler, 1995), validation of CSSM models in retaining wall analysis (Li, 1990; Richards, 
1995), and a considerable body of experimental work on installation effects which had major 
implications for retaining wall analysis and design (Powrie and Kantartzi, 1996). 
Since moving to Southampton in 1996, Powrie has continued to co-ordinate physical and 
numerical modelling with field observations on retaining structures. The Southampton group 
is one of the few in the world doing this. More recent FE contributions include modelling 
multi-propped walls (Batten and Powrie, 2000; Powrie and Batten, 2000), 3D wall installation 
effects (Gourvenec and Powrie, 1999), and discontinuous temporary berms (Gourvenec and 
Powrie, 2000; Powrie and Daly 2002; Gourvenec et al, 2002). 
Contnbutionsfrom the Far East 
Two important investigators in SE Asia came to prominence during the 1990s - F. H. Lee at 
the National University of Singapore (NUS), and C. Y. Ou at the National Taiwan University 
of Science and Technology, Taipei. Using critical state-based models, Lee focused on deep 
excavations in soft clay, which were being dug for basement car parks and shopping facilities 
well below ground level - some reaching up to 30m in depth. The tendency of 2D analysis to 
overpredict ground movements in the vicinity of deep excavations led Lee to initiate studies 
into the importance of comer constraints, combining field and numerical work. The NUS 
group developed its own pre/post-processors to CRISP for 3D work (Lee et al., 1995) and 
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added proper 3D structural elements. Successful application to both back-analysis and forward 
prediction has been reported for several key basement projects in Singapore (Lee et al. 1997; 
Lee el al., 199 8; Chew et al., 1996). 
Almost simultaneously, Ou began a similar programme of research, concerned with deep 
excavations in the interbedded sands and clays of Taipei. Like Lee, he recognized that comer 
effects would be significant and studied several deep basement projects in Taipei (Ou and Lai, 
1994; Ou and Shiau, 1998; Ou el al., 1996a, 1996b, 2002). Ou has made important 
contributions to 3D analysis of retaining walls, and is one of the few to have used infinite 
domain elements in this area (Ou and Shiau, 1998). Careful study of case history data led to 
usefiA empirical expressions describing settlement troughs (Ou et aL, 1993; Hsieh and Ou, 
1998), extending the previous work of Peck (1969) and Clough and O'Rourke (1990). 
2.1.5 Other methods 
It will be appropriate to trace developments in the other computer-based methods for analysing 
retaining walls, before going on to assess the current state of the art in finite elements. 
Discrete spring methods 
Engineers and analysts in the both the US and in Europe have made wide use of simpler 
computational tools for retaining wall design, with the discrete spring type of analysis being 
the most prevalent. This is based on a conceptual model of soil-structure interaction where 
the soil is replaced by a bed of springs (Winkler, 1867), with spring stiffness defined via a 
"modulus of subgrade reactiorf' (dimensions F 1; 3). Wall deflections and the structural forces 
in the wall and support system can be computed, but no information can be obtained on 
adjacent ground movements. US experience dates back to Haliburton (1968), when the so- 
called "beam-column7' method first appeared, applicable to both walls and laterally loaded 
piles. As recently as the late 1990s, the Federal Highways Administration (FHWA) funded an 
extensive research programme into anchored wall behaviour at Texas A&M University 
(Briaud and Kim, 1998), culminating inter alia in refined beam-column software. With 
FHWA endorsement, this software will be used widely for wall design within the US 
transportation infrastructure. 
The use of Winkler spring programs has been widespread in the UK too, exemplified by the 
WALLAP program (Borin, 1988). Examples of such programs used in design are given by 
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Wood and Forbes-King (1989), Fraser (1992), and Onishi and Sugawara (1999). A significant 
improvement which allows limited spring interaction via pre-stored FEA results was developed 
by Pappin et al. (1986). A program based on this, FREW, has been used with reported 
success (Grose and Toone, 1993; Wallace et aL, 1993; Phillips et al., 1993). Subsequently, 
Vaziri (1996) has reported the application of the method to various back-analyses. The writer 
was involved in one project in 1993 (Al/A406/A598 junction - see Appendix A) where FREW 
was used (mostly by structural engineers) to design various retaining wall geometries on a 
complicated interchange of three major trunk roads. CRISP was used to benchmark FREW 
results on several key cross-sections, providing assurance (or otherwise) that the simpler 
design software could be used with confidence. 
Other continuum methods 
When the finite element method first arrived, it rapidly displaced finite difference methods 
(FDM) as the pre-eminent numerical method for solving boundary value problems. However 
(in geotechnical circles at least), explicit finite difference methods have regained popularity 
over the past 10 years. In the late 1980s, when the geotechnical community was venturing to 
do more FE analysis of retaining walls, it became increasingly clear that one of the main 
obstacles was the lack of a good user interface. This was true of all the main commercial codes 
(CRISP, PLAXIS, SAFE, etc). Mainstream prelpost-processing packages such as FEMGV or 
PATRAN were available, but licence costs could not be justified without a guaranteed 
throughput of work. 
At about this time emerged the FLAC program (ITASCA, 1991), possessing a user-friendly 
interface which could be leamt quite easily and, just as importantly, picked up again by the 
intermittent user. It was an immediate success, but the writer suspects that understanding (of 
the underlying formulation) may have been sacrificed for usability, as the fast-Lagrangian 
formulation is not as physically intuitive as the FEM. Users were thus forced to treat FLAC as 
more of a "black box7'. In the UK at least, FEM programs lost a significant market share to 
FLAC in the first half of the 1990s. Examples of applications of FLAC to retaining walls are 
given by Lorig (199 1), Brooks and Spence (1993), Li el al. (1993), and Ng and Yan (1999). 
Boundary element methods (BENI), on the other hand, have had no appreciable impact on 
embedded retaining wall analysis. The nature of the problem (especially that of changing 
geometry) virtually negates any of the usual advantages and efficiencies of integral equation 
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methods. As with finite differences, the BEM lacks the strong physical and intuitive appeal of 
the FEM (only more so), and is often obscured by formidable mathematics and notation. To 
date, the most successful applications in geotechnics have mostly been in rock mechanics 
where linear elasticity may be considered a reasonable model of material behaviour. 
2.2 Present State of the Art 
2.2.1 Art v practice 
In the early 1990s, three conferences provided an overview of the state of the art and the state 
of practice of finite element analysis of retaining walls at those times. These were the ASCE 
conference on Earth Retaining Structures at Purdue in 1990, the loth ECSWE at Florence in 
1991 and the ICE International Conference on Retaining Structures at Cambridge in 1992. 
There was definite evidence of increasing use of FE to analyse retaining structures, and some 
of the potential outlined 20 years earlier at Comell, Madrid and Vicksburg had clearly been 
fulfilled. Based on reports at these conferences and the progress made up until the present 
time, the current status of FE analysis of retaining walls is summarized in Table 2.1. 
Table 2.1 Present status of FE analysis of retaining walls, contrasting acadenk and 
industrial practice 
State of the Art State of Practice 
(Academia) (Industry) 
non-linear elastoplastic models with small- nonhomogeneous isotropic linear elastic - 
strain behaviour and kinematic hardening perfectly plastic 
3D analysis, fully coupled 2D analysis, drained or undrained 
wall installation fully modelled wall wished-in-place 
parameters determined from high quality, routine site investigation and lab tests to 
specialized laboratory and field testing determine parameters 
comprehensive monitoring of wall, support partial monitoring (e. g. prop loads or wall 
system, and surrounding ground during movement) during construction only 
and after construction I 
Clearly there will be some practitioners using more advanced techniques than suggested by 
Table 2.1; conversely, not all universities are performing analyses embracing the full range of 
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advanced features. However, the table does depict what would be considered characteristics 
of (a) the leading edge and (b) the average industry-based finite element analysis of retaining 
walls. That there should be such a gap between art and practice is not surprising - it is the role 
of universities to lead, and industry may be up to 20 years behind in embracing new 
technology. In the UK at least, there seems to be a willingness to use FE models for retaining 
wall design, encouraged by the example of the early pioneers such as Simpson and St. John, 
who have actively promoted finite elements in geotechnical practice up to the present time. A 
credible track-record has also been established in SE Asia for using FEA in deep basement 
design. In America, however, several leading experts (e. g. Peck, Tarnaro) have consistently 
criticized numerical models, advocating a mix of empiricism and simpler methods of analysis, 
such as Winkler spring models. It has even been claimed that the FEM is confusing, and raises 
unrealistic expectations (Kerr and Tamaro, 1990 - see also 2.2.4). Such comments from 
highly regarded engineers will hardly encourage greater use of FE in practice. In the M FE 
is not without its critics, but they have been less prominent. 
Having briefly defined the state of the art and of Practice, the following questions will now be 
addressed in the context of embedded retaining walls: 
" what is FEA being used for? 
" what are the reasons for using FEA? 
" what are the obstacles and objections to the use of FEA? 
" what are the alternatives to FEA? 
2.2.2 Categories of use 
Finite element analysis of retaining walls can be divided into 3 principal categories: 
a) design and forward prediction 
b) back-analysis and calibration 
C) theoretical and numerical studies 
These are ranked in decreasing order of severity, in terms of whether or not the calculated 
results are likely to be used in practice. Clearly, forward prediction (Class A in Lambe's 
terminology; see Table 2.2) is the most exacting test of a finite element analysis and, not 
surprisingly, relatively few such analyses have been published. In fact, many of the so-called 
"predictione' of behaviour are retrospective (Class C I) and are more properly termed back 
analyses. It is not always clear how many results have been discarded en route to finding 
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those which have actually been presented. Van Weele (1989) takes the view that engineers 
and researchers will tend to publish only those predictions which show a good match with 
observed behaviour, for every success there may be 15 (or more) failures. 
Table 2.2 Classification of prediction (after Lambe, 1973) 
Prediction type When prediction made Results at time prediction made 
A Before event Not available 
B During event Not yet known 
BI During event Already known 
c After event Not yet known 
ci After event Already known 
a) Design andforwardprediction 
This category includes analyses that may be conducted as part of the design process for an 
intended retaining wall. The analyses may be of the "what if' type, where alterations to basic 
soil parameters, geometry, construction sequence etc. are investigated, or the "absolute" type 
of forward prediction based on most credible parameters. In the former case, there may be no 
intention to compare the results of such analyses with subsequent behaviour; indeed, unless 
appropriate field instrumentation is installed and monitored, there will be no opportunity to do 
so. Nonetheless, analyses of this Idnd can be extremely useful in enabling designers to gain 
insights into various features of soil-structure interaction. 
In other cases, instrumentation will be installed before and during construction, giving the 
opportunity to assess the analyses and possibly refine them. For example, if FEA has been 
used as part of an observational method approach to construction, early feedback from field 
performance can be used to calibrate the analysis and make better forward predictions of the 
remaining performance (this was done for Queensberry House - see Appendix A). Examples 
of published design studies include: 
anchored sheet piles - Channel Tunnel terminal, Folkestone (Young and Ho, 1994) 
anchored soldier pile and lagging walls - Seattle (Clough et al., 1972) and Hartford, 
Connecticut (Murphy et al., 1975) 
multi-propped sheet pile wall - Detroit (Abedi et al., 1993) and Rotterdam, (Brassinga 
and Van Tol, 199 1) 
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0 cantilevered contiguous bored piles - Dunton Green, Kent (Garrett and Barnes, 1984) 
cantilevered diaphragms with berm - A55 Coast Road, Wales (Powrie et al., 1993) 
singly-propped diaphragms - Bell Common, Essex (Hubbard et al., 1984) and Barbican 
Arts Centre (Stevens et al, 1977) 
twin-propped diaphragms - George Green tunnel, London (Potts and Knights, 1985) 
multi-propped diaphragms - House of Commons, London (Ward and Burland, 1973) and 
Post Office Square garage, Boston (Schoenwolf el al., 1992) 
cellular sheet pile cofferdams - Alton, Illinois (Clough and Kuppusamy, 1985) and 
Williamson, West Virginia (Taylor and Meadows, 1990) 
b) Back-analysis 
A significant number of back analyses (class CI predictions) have been carried out on well 
documented case histories. At one end of the spectrum, back-analyses may be conducted with 
an existing FE code and relatively simple modelling procedures, in order (for example) to 
establish operational soil stiffness levels. Examples include: 
0 determining E. : depth profile at Britannic House, London (Cole and Burland, 1972) 
most accurate description of elastic non-linearity of E. at Churchill Square LRT Station, 
Edmonton (Eisenstein and Medeiros, 1983) 
calibration of hyperbolic model on several deep basements in Singapore, for forward 
prediction on a new project (Broms et al., 1986) 
refined computation based on feedback from initial analyses at Le Havre, France (Felix et 
al., 1982) and Salt Lake City, Utah (Caliendo et al., 1990) 
adjusting E,, /s. to improve the match between calculation and observation for walls in soft 
clay in San Francisco (Clough and Mana, 1976) and Oslo (Athanasiu el al., 1991) 
At the other end, the focus is on making improved "predictione' by changing some part of the 
representation such as the constitutive model, type of element, or method of handling 
excavation. Some examples of this are: 
a retrospective study of the influence of temporary berms in San Francisco and St. Louis 
(Clough and Denby, 1977) 
improved calculation of settlement trough behind the House of Commons car park using 
the LC constitutive model (Simpson et al., 1979) 
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re-analysis of Dunton Green with improved field data from self-boring pressuremeter 
(Clarke and Wroth, 1984) 
re-analysis of Bell common with the Jardine model (fEggins el al., 1989) 
using a coupled formulation to allow partial drainage and more closely reproduce 
construction behaviour in Singapore (Yong et at, 1989) and Taipei (Hsi and Small, 1993) 
introduction of sheet pile clutch slip for AIM Hatfield (Day and Potts, 1991) 
improved "predictions" by incorporating a bounding surface model and installation effects 
at the HDR-4 excavation, Chicago (Finno and Harahap, 199 1) 
re-analysis of Vaterland I subway station, Oslo with correct excavation algorithm and an 
elastoplastic model (Ho and Smith, 199 1) 
improved reproduction of model retaining wall test results through the use of interface 
elements (Van den Berg, 199 1) 
0 use of "brick" model and wall installation modelling at Lion Yard, Cambridge (Ng and 
Lings , 1995) 
using neural networks on back-analyses to make forward prediction (Goh et aL, 1995) 
adjustment of soil parameters to reproduce observed rotational failure of tie-back walls on 
Boston Central Artery project (ORourke and O'Donnell (1997) 
C) Yheoretical investigations 
This category comprises those analyses which have been conducted to study a particular 
aspect of the finite element representation. Comparisons with measured values may never be 
made subsequently, although this is quite often done in order to demonstrate that a proposed 
modification actually works. These analyses are the furthest removed from the design process 
and carry the least risk, in the sense that they are rarely held up to scrutiny against the "truth" 
of actual performance. Examples include: 
studying the effects of a new constitutive model on "predicted" wall response (e. g. Ng 
and Lings, 1995; Arslan et al., 198 1; Jardine et aL, 1986; Simpson, 1992; Hansen and 
Clough, 1980) 
0 investigating the influence of wall fliction on earth pressure distributions on a backfilled 
wall through using interface elements (Nakai, 1985) 
comparing different methods of calculating wall bending moment (e. g. Gunn and 
Ponampalam, 1990) 
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sensitivity studies on the influence of far boundary location, numbers of elements, and 
grading of mesh (e. g. Rodrigues, 1975; Morgenstern and Eisenstein, 1970) 
validating a new formulation for modelling excavation sequences (e. g. Ishihara, 1970; 
Chandrasekaran and King, 1974; Ghaboussi and Pecknold, 1984; Brown and Booker, 
1985; Boýa et al., 1989) 
examining the influence of propping, Ko etc. on a hypothetical embedded wall (Potts and 
Fourie, 1984,1985,1986) 
improved tie-back wall modelling with more rigorous anchor representation (Pinelo and 
Matos Fernandes, 198 1) 
development of new element types for sheet pile wall modelling (Day and Potts, 1993; 
Bakker and Beem, 1994) and interface behaviour (Ghaboussi et al, 1973) 
transient stability of excavations using a coupled formulation (Osaimi and Clough, 1979; 
Holt and Griffiths, 1992) 
influence of wall installation and construction sequence on wall bending moments (Gunn 
and Clayton, 1992; Gunn et al., 1993; Richards and Powrie, 1994) 
fundamental studies of braced excavation (Palmer and Kenney, 1972; Clough and Tsui, 
1974; Clough and Hansen, 198 1; Wong and Broms, 1989; Hashash and Whittle, 1996) 
" temporary berm studies (Clough and Denby, 1977; Potts et al., 1993) 
" studies of single propping at formation level (Powrie and LL 1991 a, 1991b) 
" analyses of 3D effects and wall installation (Ng et al., 1995; Lee et al., 1998; Ou et al., 
1996a; Ou and Shiau, 1998; Gourvenec and Powrie, 1999) 
0 compaction induced stresses on backfilled walls (Seed and Duncan, 1986) 
2.2.3 Motivations for FE analysis 
What has been the main driving force behind engineers choosing to use FE techniques in 
retaining wall design? Some of the reasons deduced from the literature and from anecdotal 
evidence gathered by the writer include: 
" basic designs can be refined and made more efficient 
" simpler programs and methods are considered inadequate or overly conservative 
" there are genuine interaction issues which cannot be addressed any other way 
some aspect of the retaining structure is novel or unusual 
software/hardware acquisition should be justified by using it 
0 it is believed that FE will always yield the truth 
2-17 
FE analysis perfonned by another party has to be checked 
0 the observational method is to be used, and FE is required to set "trigger" levels 
However, the writer believes that the current situation (in the UK, at least) is probably driven 
by commercial need: 
a) to obtain planning consent one needs to demonstrate that only small movements Will be 
caused to adjacent buildings 
b) to maximize site use, one has to go as close to the limits as possible 
C) experience shows that movements are small, generally, but only two types of analysis 
give this result: 
FE analysis with parameters obtained from back-analysis of previous 
excavations (e. g. elastic anisotropic) 
FE analysis using small-strain non-linear laboratory data in an appropriate 
model (e. g. Imperial College type; Jardine et al., 1986) 
So the main incentive may not be technical (better designs) or even finartcial (cheaper 
construction) - but rather legal. The atmosphere is increasingly litigious, not helped by high- 
profile cases of excavation-induced damage in urban areas (e. g. collapse of Heathrow T4 
NATM station tunnels in 1994). Clients for new construction now need to commission more 
comprehensive and accurate damage predictions on adjacent buildings before planning 
permission is granted. This may change as examples of cost savings attributed to using FEA in 
foundation design become more widely publicized (e. g. Wheeler, 1998). 
2.2.4 Obstacles and objections 
Reported applications of finite elements to earth-retaining structures present a relatively up- 
beat picture of the advantages and benefits gained- However, it would be naive to assume that 
acceptance has been widespread and wholehearted. A variety of objections and prejudices 
have been voiced as follows: 
previous experience has been bad (results poor or misleading) 
it is very expensive (cost of time, tools and training) 
only experts should do it (too many pitfalls for the novice) 
high quality parameters and a knowledge of actual construction sequence are required 
before any useful analyses can be conducted 
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0 insufficient time to do complex analysis . *. a "guesstimate" preferred 
0 simpler programs have been used with success previously . -. change unnecessary 
other numerical methods are preferred (e. g. finite difference) 
analytical/numerical methods are no substitute for experience and a knowledge of 
precedent 
From occasional remarks made at conferences, it is clear that some engineers have come to 
mistrust FE methods, but in the writer's opinion this arises from inappropriate use of FE codes 
leading (understandably) to "bad press". Just because a method can be misused is no reason 
to reject it - rather, one must ensure that the safeguards are in place. Another explanation for 
the mistrust is that the FEM may have appeared too successful: 
"The divergence between the calculated movements and those actually observed 
may help to give engineers more confidence than previous numerical studies 
which tended to give 'good' agreement in all cases" 
(Ho and Smith, 1991) 
Expense can be a genuine issue, but not an insurmountable one (Schad, 1985). A top-end PC 
is quite likely to exist in a typical design office nowadays, so there does not always need to be 
a major outlay on new hardware. Software can be bought "in perpetuity" (one-off) or licensed 
on an annual basis, but it may simply not be worthwhile for a company to buy its own copy if 
there an insufficient throughput of work is expected. It may be more cost effective for 
companies to sub-contract their FE work either to a bureau or an independent (e. g. university- 
based) analyst if their requirement is intermittent. 
Training is the most expensive aspect of any computer software (which is why having, for 
example, a familiar Windows-style interface can save much time). This is especially true of FE 
programs, and prior to learning how to use any given code, an underpinning knowledge of 
continuum mechanics etc. is essential (Owen, 199 1). Companies often do themselves a 
disservice by relegating FE work to graduate engineers - who have more aptitude but less 
likelihood of staying put and giving a good return on the training. If they are on a graduate 
training agreement they will need to spend time on site, and so will depart the design office 
taking the expertise with them. There appears not to be a career path for the geotechnical 
finite element specialist except in the largest consultancies - and yet it is too demanding to be 
left to occasional users. 
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The issue of "experts only" is less straightforward. The writer is on record as saying that as 
FE cannot be kept out of the hands of practising engineers, education is better than trying to 
prohibit access (Gunn and Woods, 1993). However, he does have sympathy with the view 
that it should be experts only, having seen some major (and basic) mistakes being made. Potts 
has long held the view that there are too many pitfalls for the novice, and will not distribute 
the program ICFEP which he has developed at Imperial College (Potts, 2003). 
Not surprisingly, the literature does not contain many examples of FEA being used in the 
absence of precise soil parameters and a priori knowledge of exact construction sequence. 
Such analyses do not make for exciting reading. They cannot be used for reliable forward 
prediction, but can be helpful in establishing the importance of particular parameters. In this 
way, it would be possible to refine the objectives of SI and testing, because the parameters 
which need to be measured more accurately have been identified. Once refined parameters 
become available, they can be run with the existing mesh (which accounts for most of the time 
in the initial model set-up). 
Time is a real issue - if deadlines are pressing then FE modelling may genuinely be out of the 
question. But as in the previous point, useful answers may be obtained from relatively crude 
models which can be generated quickly (Irons and Ahmad, 1980). 
It can be hard to convince an engineer that FE techniques are needed when simpler programs 
have proven adequate in the past. However, simpler programs may not be easily adapted to 
novel structures which are beyond their scope, and the inherent generality of the FEM makes it 
particularly versatile. Nonetheless, the writer accepts the adage "horses for courses" - simpler 
computer analyses should be used when they satisfy all relevant requirements. FE could be 
used to determine the required penetration depth of a wall (Potts, 1991), but a simple limit 
equilibrium calculation will do more or less the same thing in a fraction of the time. A similar 
argument can be made for linear elasticity versus more sophisticated constitutive models. 
If other comparable numerical methods are already in use, then it is difficult to justify change - 
FEM and FDM schemes should give the same results, if properly formulated and correctly 
applied. No responsible proponent of analytical/numerical methods in geotechnics has ever 
suggested that experience and a knowledge of precedent have been superseded. Some FE 
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experts may be guilty of excessive enthusiasm, but the advocates of centrifuge modelling or 
field observation can be equally biased. 
Some specific objections raised by Kerr and Tamaro (1990) which warrant closer examination 
are that the FEM: 
a) generates too much data to be useful as a design tool 
b) may seriously underpredict wall bending moments and prop loads 
c) requires input parameters for which there may be no widely accepted test methods (or 
budget and time to run such tests, if they are available) 
With reference to point (a), it cannot be disputed that the FEM generates more data than a 
Winkler program - the latter typically producing columns of results for deflection, moment, 
and shear down the wall. But FE results are nearly always displayed graphically, so the user 
need not feet overwhelmed. Point (b) is simply not true in the writers experience - in fact, the 
reverse is often the case (i. e. FE overpredicting). This is why such a high density of propping 
is often indicated, but a large proportion can be omitted once loads are measured. Point (c) 
depends on the constitutive model being used - most of those in regular use require nothing 
out of the ordinary. If the project warrants greater accuracy, then more money win be 
available for advanced tests. 
Kerr and Tamaro also go on to say: 
"The soils engineer is generally attracted to this method because he may think 
he is getting 'precise' estimates of settlement and other movements behind the 
wall, but the structural engineer is not happy because the results often run 
contrary to past experience. The contractor is not happy because the analysis 
indicates the need to instrument and monitor surrounding structures adjacent 
to the site and this makes the owner uneasy about the fact that his neighbours 
are now being made aware of the potential for damage to their properties from 
his construction activity" 
(Kerr and Tamaro, 1990) 
Precise estimates may have been expected 20 years ago, but more rational and mature thinldng 
now prevails. In any event, the program only calculates - it is the engineer who predicts, so 
results can (and should) be queried if they appear wrong. 
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The attitude shown in the second sentence of the above quote is extraordinary. If analysis 
shows that surrounding structures need to be instrumented and monitored, would not a 
responsible contractor want to know about this sooner than later? Most "neighbours" could 
not fail to notice a deep excavation taking place next door, and some level of concern is only 
natural and would already exist. They can only feel reassured by the contractor who is vigilant 
and taking precautions - rather than attempting to underplay (or hide) potential risks. 
2.2.5 Alternatives 
Alternatives to using finite elements for retaining wall analysis are as follows: 
Winkler spring-based programs (e. g. WALLAP, FREW) 
finite difference continuum methods (e. g. FLAC) 
empirical methods to estimate wall deflection and ground movement (e. g. Clough and 
O'Rourke, 1990; Hsieh and Ou, 1998) - embodied in software (e. g. ReWaRD) 
take careful measurements during construction and be prepared to alter methods/sequence 
if danger levels are approached. 
Wmkler spring methods were described briefly in Section 2.1.5. In summary, they are well 
able to handle the wall and compute its deflection and internal forces, but cannot predict 
adjacent ground movements away from the wall. Of course, on a greenfield site away from 
other structures, little else would be required. But given that the reasons for carrying out 
some form of analysis may well be to gain planning permission, Winkler-spring programs can 
never be adequate for all situations. They are a useful (though limited) tool. 
Other continuum analyses (FDK BF2vD are an acceptable alternative, as discussed in Section 
2.1.5. It is the writer's view that FDM programs Uke FLAC have been successful partly 
because of deficiencies in the user interfaces to geotechnical finite element programs in the late 
80s and early 90s (this has been confirmed by discussions with engineers in a number of UK 
consultancies). Thus the argument has centered on usability rather than technical merit. 
Commercially, this is entirely justifiable, but the writer is concerned that users of FLAC will 
not have the same intuitive engineering feel for the underlying theory and modelling issues. 
BEM programs are unlikely to make a meaningful contribution to the design of retaining walls 
in the foreseeable future; they are not even being considered by university-based investigators 
at the present time. 
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2.3 Analysis of the Literature 
Approximately 200 references in English-language journals and international conferences deal 
specifically with FE analysis of retaining walls. In order to provide a useful summary of these 
references, 12 basic items of information have been abstracted and collated in Table 2.3: 
1. usage category 
2. wall and support type 
3. wall section 
4. soil type 
5. analysis type 
6. drainage conditions 
7. constitutive model(s) 
8. method of wall installation 
9. output quantities 
10. FE code used 
11. contribution to main areas of interest 
12. overall relevance to the designer 
Further details of the information recorded under these items are given in the following 
sections, together with comments based on a brief analysis of the trends and biases in the 
reported cases. 
2.3.1 Usage category 
Three principal categories of use have already been identified (Section 2.2.2), namely: 
A) Design/prediction 
B) Back-analysis 
Q Theoretical study 
Further subdivisions have been adopted as fbHows: 
A I checking/calibrating simpler methods (e. g. Winkler spring) 
2 making predictions (e. g. for observational method) 
3 studying parametric variations (e. g. soil stiffness) 
4 investigating alternative designs (e. g. propping sequence) 
5 to analyse complex problem not covered by standard methods 
B 1 full-scale retaining wall 
2 centrifuge model wall 
3 other model wall 
C nI parametric study (e. g. mesh refinement, number of increments) 
n2 modelling details (e. g. wall installation, 2D v 3D, element type) 
n3 numerical development (e. g. excavation technique, soil model) 
n4 comparison with other methods (e. g. numerical, analytical) 
n5 new wall type/construction (e. g. berms, relieving platform) 
n6 derivation of design charts, rules, correlations, etc. 
where "rf' indicates if a comparison has been made with physical data 
0= no comparison (purely hypothetical wall) 
I= full-scale wall 2= centrifuge model 3= other model 
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Finally, for each principal category, a suffix is used to indicate how much of the construction 
and post-construction behaviour is being considered: 
a wall installation only 
b wall installation and excavation (incl. any propping/anchoring) 
c wall installation, excavation and post-construction behaviour 
d up to and including wall failure / collapse 
The usage is thus fully described by a composite code having the format [A-C][0-3][1-6][a-d]. 
For example, a design study in which a parametric variation has been carried out during 
construction and into the long-term would be denoted Mc. A numerical investigation of the 
influence of berms, in which the results were compared with centrifuge data, would be C25b. 
It is clear from Table 2.3 that few (<20%) of the reported cases have been genuine predictions 
carried out at design stage. However, the writer does not believe that this low proportion is an 
accurate reflection of the level of use of finite elements in retaining wall design. Rather it 
reflects the difficulty (for confidentiality reasons) in publishing work on ongoing projects - 
especially if problems occur and claims are in prospect. When it might be clear to publish 
(possibly years later), the designers will have moved on to other projects and detailed 
recollections will be lost. In Appendix A, eight different cases are presented and only one of 
these has been reported in the literature - the writer has urged publication (rarely with success) 
and this is probably indicative of wider experience. The true extent of FE usage in retaining 
wall design may never be known. Back analyses comprise 30% of reported work, and 
theoretical studies account for just over half (52%). 
Another striking feature is that nearly 80% of all the analyses summarized in Table 2.3 go only 
as far as the end of construction, with just 14% continuing into the long term. The remainder 
is made up almost entirely of investigations of failure - generally active and/or passive earth 
pressure studies. Possible reasons why so many analyses stop after construction are: 
analysts have only had access to programs capable of drained or undrained. analyses, and 
so they have been unable to perform a continuous (coupled) analysis from installation to 
final equifibrium 
2. the majority of FE use in design is geared towards the construction phase only, until the 
permanent support is in place, on the basis that this is the most critical period 
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3. back-analysis must be based on field measurements, which may have only been obtained 
during the construction phase (possibly because the contract only paid for instrumentation 
during this phase). 
In design applications, well over half (63%) of the cases focused on making predictions based 
on best estimates of real soil conditions and expected construction sequences. Parametric 
variations accounted for only 5% which is rather surprising in view of the tremendous 
potential of the FEM in this area. The largest single subcategory of theoretical study use was 
numerical development - mostly comprising construction modelling or constitutive model 
development. 
As might be expected, a high proportion of back analyses (87%) are based on full-scale walls, 
with the remainder being evenly divided between centrifuge and Ig models. Only 26% of the 
theoretical studies use field data for verification, but this accounts for virtually all of the 
verification attempted, with 63% of the theoretical studies attempting no comparison at all. 
2.3.2 Wall and support type 
TI-ds refers to the overall wall and support system, of which seven basic types have been 
identified. Abbreviations comprising 3-letters, optionally followed by a further letter or 
number, have been used in Table 2.3, thus: 
BFL backfilled ESP[x] embedded singly-propped 
EBC embedded backfilled cofferdam ESA[x] embedded singly-anchored 
EUC embedded unpropped cantilever ENT[n] embedded multi-propped 
EMA[n] embedded multi-anchored 
[x] indicates the prop/anchor location t= top level, f= formation level 
[n] is the number of props/anchors 
Other possible suffixes are b= temporary berm, and r= relieving platform. 
Embedded multiply-propped walls account for over a third (34%) of reported cases and are 
the most prevalent type, with the most common number of props being three. Embedded 
singly-propped walls came next (17%) with top-propping outnumbering formation level 
propping 3: 1. Unpropped and multiply-anchored each comprise about 10% of cases. Nearly 
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40% of anchored walls have just one anchor, after which the most common number of anchors 
is four (29%). Backfilled walls, whiIst strictly outside the remit of this thesis, have been 
included in Table 2.3 and account for about 13% of cases. However, most of these relate to 
earth pressure studies - often in conjunction with laboratory model tests, or simply verifying 
the ability of the FEM to reproduce the predictions of classical earth pressure theories. 
2.3.3 Wall section 
This refers to the structural section of the wall, determined by its method of construction/ 
installation. Nine different sections have been identified, abbreviated as follows: 
MCG mass concrete gravity PDP plane diaphragm panel 
TLC T or L-shaped cantilever TDP T-section diaphragm panel 
CBP contiguous bored pile SBP sheet-pile 
SBP secant bored pile SPL soldier pile + lagging 
CDP contiguous driven pile 1 11 
Concerning wall section / construction method, plane diaphragm walls are the most common 
(38%), followed by sheet pile walls (25%). All other types are evenly represented except T- 
section walls which are only 1%. Rigid walls outnumber flexible walls 2: 1; possibly because 
rigid walls are easier to model, not requiring special bcarn or interface elements. More likely it 
is because rigid walls are more likely to be used for excavation support in urban sites, and this 
is accounting for an increasing proportion of embedded retaining wall applications. 
2.3.4 Soil type 
Where the main soil type (or mixture of soil types) has been identified in the reference, this is 
simply indicated in Table 2.3 as clay (soft or stiff), silt, sand, gravel, fill - or any combination. 
Analyses of walls in clay are more prevalent, accounting for nearly 60% of all cases - stiff clay 
being 30%, soft clay and unspecified both about 15%. Sand and gravel account for nearly 
30%. There is no reason why any one soil type should be encountered more frequently in the 
field; the sites concerned are located in different parts of Europe, North America and Asia. 
Laboratory (1g) models are more likely to use sand (easier to work with); models using clay 
normally require a centrifuge to reduce tune scales. In terms of analysis, there is an argument 
that clays can be better described by simple elastic models - especially overconsolidated clay in 
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undrained conditions - and greater success may be achieved than when trying to model sands. 
Also many of the recent advanced constitutive models have been developed for clays. 
2.3.5 Analysis type 
This refers to the number of dimensions modelled, and can be either two-dimensional (usually 
plane strain), or three-dimensional, denoted 2D and 3D respectively. Any axisymmetric 
analyses will be denoted 2D, as they are only pseudo-three-dirnensional. In some cases, both 
plane strain and plane stress have been used (uncoupled) to analyse a problem from different 
perspectives, and this is denoted 2D+. 
Not surprisingly, the overwhelming majority (nearly 90%) of analyses in Table 2.3 are 21), 
with only 8% 3D (and virtually all of these as theoretical studies). In many cases, 2D is a very 
reasonable approximation - for example, long lengths of retained excavation in a depressed 
elevation road corridor. For rectangular basement excavations, 2D is less satisfactory, but at 
the time of writing is the only feasible design approach. It is unlikely that 3D analysis will be 
common in design applications for some time; it has only recently become established in 
university-based studies. 
2.3.6 Drainage conditions 
The drainage conditions imposed or allowed during the analysis can be either: 
UD undrained (total or effective stress) - no volume change 
DR drained (effective stress) - no pore water pressure change 
U+D both types of drainage present (e. g. in stratified soil) 
U/D indicates separate drained and undrained analyses carried out 
CP coupled consolidation - loading and drainage rates comparable 
Layered soil profiles may require a combination of the above in the same analysis. Further 
details of coupled consolidation are given in Chapter 3- suffice to say that it is a way of 
permitting drainage during the application of loads, but requires specification of time steps, 
coefficients of permeability, and drainage boundary conditions. 
About 40% of reported analyses are wholly undrained, and 30% drained - nearly 20% are fully 
coupled, evenly spread between the three main categories of usage. The progression UD -> 
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DR -+ CP corresponds to an increase in the necessary quality (and number) of parameters, so 
it is not surprising that most analyses are undrained and few are coupled. 
2.3.7 Constitutive model 
The elastic component of stress-strain response is conveniently characterized by homogeneity, 
isotropy and linearity, leading to the abbreviations: 
HIN ý homogeneous/ nonhomogeneous I/A isotropic / anisotropic 
L/N linear / non-linear 
IE 
elastic 
For example IULE = homogeneous isotropic linear elastic, NANE = nonhomogeneous 
anisotropic non-finear elastic, etc. If perfectly plastic behaviour is also modelled, a two-letter 
suffix is used to indicate the yield criterion: 
DP Drucker-Prager VM von Mises I 
TR Tresca, 
I 
MC Mohr-Coulomb 
If the model has a name in common usage (e. g. hyperbolic, Cam-clay), this is shown. 
Purely elastic analyses account for about one third of all cases reported with nearly two-thirds 
of these using the hyperbolic model or its variants. Nearly 40% of analyses have used an 
elastic-perfectly plastic model, with Mohr-Coulomb being the most popular yield criterion by 
far. The remaining 30% are specifically named (elastoplastic) models such as Cam-clay, MIT- 
E3 and brick. The most common elasto-plastic model is nonhomogeneous isotropic linear 
elastic with Mohr-Coulomb yielding (NILE/MC), which combines relative simplicity with as 
high a degree of sophistication as may be needed (or warranted) in many cases. 
2.3.8 Wall installation method 
The wall installation process can be modelled in one of four different ways: 
WIP wished-in-place (installation effects ignored) 
ELS element swapping (soil removed / concrete placed - simultaneously) 
FIM full installation method (bentonite support, tremied concrete, etc. ) 
FCM full construction method (for cofferdams, backfilled walls, etc. ) 
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Around 70% of the analyses covered by Table 2.3 commence with the wall wished-in-place 
(MP). If the effects of including full installation method (FUVI) are as important as many now 
claim, it may be concluded that the majority of reported retaining waU analyses are in error. 
However, the FIM is very difficult to justify in routine practice, and some form of in-situ stress 
reduction may be more practicable. 
2.3.9 Output quantities 
The output from a finite element analysis of a retaining wall can be grouped into quantities 
relating to the wall, its support system, the surrounding ground, and other miscellany. The 
quantities summarized in Table 2.3, together with symbols adopted by the writer, are Usted 
below. 
wall surrounding ground 
5 wall displacement V ex vation heave 
M wall bending moment S surface settlement/heave 
Q wall shear force H surface horizontal movement 
A wall axial force C strain levels 
I D displacement vectors 
support system CY earth pressures 
F prop load K earth pressure coefficient 
B prop bending moment P stress path 
T anchorload. U pore water pressures 
I I principal directions 
miscellaneous Y zones of plastic yield 
* nodal forces f factor of safety 
* other L stress (or mobilization) level 
G groundwater levels 
The six most common output quantities are wall displacement 8 (8 1 %), horizontal or vertical 
soil stress a (45%), surface settlement/heave S (34%), wall bending moment M (30%), 
displacement vectors D (25%), and prop load F (17%). It is very unusual for wall deflections 
not to be shown (one case being for rigid walls undergoing prescribed translation/rotation). 
Horizontal or vertical stress distributions are often required in earth pressure studies but not so 
often in embedded retaining wall design (except when comparing with classical earth pressure 
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envelopes, and/or attempting to cross-check wall bending moments or wall shear forces). 
Crest settlement/heave is clearly vital in urban areas, and has become something of an "acid 
test" for retaining wall analyses - especially the constitutive model component. Wall bending 
moment is the most commonly reported internal structural force quantity (for calculating 
reinforcing steel quantities), though wall deflection and ground surface settlement may actually 
govern design. 
2.3.10 Finite element code 
The range of FE codes used for the retaining wall analyses described in the literature is wide 
and varied. Some codes such as CRISP, PLAXIS, SAFE, and ABAQUS are commercially 
available and much more likely to be used by the industry-based analyst. Others such as 
ICFEP, NEST and EXC" are used almost exclusively by the university-based group that 
developed it. In many cases (mostly universities), the code has no particular name. Where the 
code is identified in a given reference, this is fisted in Table 2.3. 
CRISP emerges as the most widely used commercial geotechnical finite element package in 
published retaining wall analysis. This does not necessarily mean that CRISP is used more in 
practice than any other program - it could simply be an indication that its users are more likely 
to publish their endeavours. It is part of the "opeW' philosophy which the developers of 
CRISP have encouraged (described fiulher in Chapter 3). ICFEP comes out almost equal in 
terms of overall numbers, but is not commercially available. As such, other engineers are 
unable to verify analyses independently using the same code. Investigators using code written 
elsewhere are less likely to hesitate to publish results which are at variance with reality - than 
are the authors of that code. The latter have a vested interest in portraying their program as 
accurate and capable - which is possibly behind the comments cited earlier from Van Weele 
(1989) and Ho and Smith (199 1). 
2.3.11 Contribution to main areas of interest 
In Section 1.4, five main areas were identified where the writer considers guidance to be most 
needed and/or most problems have been encountered in finite element analysis of retaining 
walls. In Table 2.3, letters "a! ' to "6" are used as appropriate to indicate in which area(s) a 
significant contribution has been made: 
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a geometric modelling and discretization 
b constitutive modelling and parameter selection 
C modelling of construction and long-term effects 
d computational difficulties 
e obtaining required design output 
Constitutive model (b) and construction modelling (c) receive most attention, mentioned in 
50% of the references. This is followed by geometric representation (a) at 3 1% and obtaining 
design output (e) at 21%. Numerical issues (d) were only mentioned in 2% of cases. The 
prominence of (b) and (c) is understandable and reflects the point made in Section 2.1 - that 
over the past decade, investigators have been refining either the constitutive model or the 
method of construction simulation. The low showing of (d) is not an assurance that numerical 
problems are not occurring -just that they are not being noticed (and the writer would 
contend that most engineers do not know what to look for). Obtaining design output (e) is 
only highlighted for a reference if it makes a useful contribution, rather than merely includes 
FE output. This might include how to compute secondary quantities (e. g. wall shear force), or 
a novel way to display results thought particularly helpful in a design context. 
2.3.12 Overall relevance/quality 
This final category is the only subjective item in the table. The writer has attempted to place 
himself in the position of an industry-based retaining wall designer attempting FE analysis, and 
to judge what would be useful to a novice. A number in the range 1-5 has been assigned to 
indicate the quality of the overall contribution of a given reference to finite elements in 
retaining wall design (I =lowest, 5=highest). Used in conjunction with item 11, it would be 
possible (for example) to identify which references might be particularly useful to consult 
when deciding on an appropriate way to model wall installation, or what might constitute a 
"good" finite element mesh. 
Some 43% of the published cases are at grade 4 or above - 70% at grade 3 or better. Some 
10% are reckoned to be of little (if any) relevance to retaining wall designers - generally 
because they deal with numerical studies of earth pressure, verified against laboratory scale 
models, rather than anything closely resembling an embedded retaining wall. Just under 10% 
of the references are rated at grade 5, and in the writer's opinion these should be obligatory 
reading for anyone embarking on finite element analysis of retaining walls for the first time. 
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2.4 Summary 
This chapter has: 
traced the historical development of FE applied to earth-retaining structures over the 
past 35 year, identifying the major areas of progress and the key contributors 
2) defined both the state of the art and the state of practice; describing the various 
categories of FE usage in retaining wall analysis, as well as the motivations for (and 
objections to) such usage 
3) provided a succinct guide to the important literature in the field of finite element analysis 
of retaining walls; abstracting key items of information from each reference, and 
indicating its usefulness and relevance to the industry-based designer/analyst 
With reference to (1), it has been shown that most input has come from university-based 
investigators in Europe, N America and SE Asia. However, there has been significant 
involvement of practising engineers from the private and public sectors and this is important 
for the credibility and acceptance of FE as a legitimate retaining wall design aid. Field 
observations and physical modelling have played an important part in the development of 
understanding, providing vital calibration and verification of numerical models. 
Regarding (2), there is clearly a significant gap between state of the art and the state of 
practice. Whilst this is not unusual, the writer believes that the situation is exacerbated by the 
paucity of modelling guidance available for the industry-based designer/analyst. There are also 
conflicting signals from some authorities as to the merits of FE compared with simpler/cheaper 
methods of analysis. Added to this, many civil engineering consultants lack a coherent policy 
for developing and retaining in-house expertise in geotechnical finite elements. The growth in 
FE analysis of retaining walls (predicted, for example, in CHUA 104) has not reaNy 
materialized. FEA is attempting to dispel the "sub culture" image attributed to it by Peck, but 
progress is slow. Finite elements were invented in the same year (1960) that the annual 
Rankine Lecture series was established - yet it has been over 40 years until a Rankine Lecture 
was wholly devoted to FE analysis in geotechnical engineering (Potts, 2003). 
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Objective (3) has been met by compiling a table summarizing such things as type of wall and 
support system, ground conditions, and what modelling assumptions were made. Some 40% 
of publications on finite element analysis of retaining walls are rated (by the writer) as being 
very good or better (ý: grade 4), from the viewpoint of usefiilness/relevance to the novice 
analyst. About 30% were graded 2 or less, suggesting they are of little use (e. g. insufficient 
detail of the modelling). Because of the complexity of FEA, guidance on which publications 
should be consulted by beginners is potentially invaluable. The "filtering" of publications 
involved is inevitably subjective, and so should be performed by a panel rather than an 
individual (as done here). SAGE began a similar work in 1996 with the release of the CRISP 
"Publications Directory", but this was simply a collection of the original papers and stopped 
far short of providing any sort of commentary or critique. 
Having considered the wider context of finite elements in retaining wall design, the next 
chapter will focus specifically on the CRISP FE package. From the literature review, CRISP 
was cited more than any other commercial code, accounting for around 30% of retaining wall 
analyses where the code used was reported. The features of CRISP will be examined in detail 
with a specific bias towards the modelling issues and requirements for embedded retaining 
walls. 
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Summary legend for Table 2.3 (taken from Sections 2.3.1 - 2.3.12) 
Usage category described by a composite code having the format [A-C] [0-3] [1-6] [a-d] 
A I checking/calibrating simpler methods (e. g. Winkler spring) 
2 making predictions (e. g. for observational method) 
(design/ 3 studying parametric variations (e. g. soil stiffness) 
predict') 4 investigating alternative designs (e. g. propping sequence) 
5 to analyse complex problem not covered by standard methods 
B I fidl-scale retainingwall 
(back- 2 centrifuge model wall 
analysis) 3 other model wall 
C nI parametric study (e. g. mesh refinement, number of increments) 
n2 modelling details (e. g. wall installation, 2D v 3D, element type) 
(T'heor- n3 numerical development (e. g. excavation technique, soil model) 
etical n4 comparison with other methods (e. g. numerical, analytical) 
study) n5 new wall type/construction (e. g. berms, relieving platform) 
n6 f 
derivation of design charts, rules, correlations, etc. 
where "n" indicates if a comparison has been made with physical data 
0= no comparison (purely hypothetical wall) 
I= full-scale wall 2= centrifuge model 3= other model 
a wall installation only 
b wall installation and excavation (incl. any propping/anchoring) 
c wall installation, excavation and post-construction behaviour 
d- up to and including wall failure / collapse 
Wall and suPport type 
BFL backfilled ESP[x] embedded singly-propped 
EBC embedded backfilled cofferdam 
I 
ESA[x] embedded singlyýanchored 
EUC embedded unpropped cantilever EMP[n] embedded multi-propped 
EMA[n] embedded multi-anchored 
[x] indicates the prop/anchor location t= top level, f formation level 
[n] is the number of props/anchors 
Other possible suffixes are b= temporar y berm, and r relieving platform. 
Wall section 
MCG mass concrete gravity PDP plane diaphragm panel 
TLC T or L-shaped cantilever TDP T-section diaphragm panel 
CBP contiguous bored pile SHP sheet-pile 
SBP secant bored pile SPL soldier pile + lagging 
CDP contiguous driven pile I 
Soil type clay (soft or stifl), silt, sand, gravel, fill, etc - or any combination 
Analysis type 2D (plane strain/axisymmetry), 2D+ (plane strain/stress), 
2-34 
Drainage conditions 
UD undrained (total or effective stress) - no volume change 
DR drained (effective stress) - no pore water pressure change 
U+D both types of drainage present (e. g. in stratified soil) 
U/D indicates separate drained and undrained analyses carried out 
CP coupled consolidation - loading and drainage rates comparable 
Constitutive model 
elastic ý RN I homogeneous/nonhomogeneous I I/A I isotropic / anisotropic 
hehaviour L/N linear / non-linear E elastic 
plasticity D Drucker-Prager vM I von Mises 
models only 
11 
TR Tresca MC Mohr-Coulomb 
Wall installation method 
WIP wished-in-phice (installation effects ignored) 
ELS element swapping (soil removed / concrete placed - simultaneously) 
FIM full installation method (bentonite support, tremied concrete, etc. ) 
FCM full construction method (for cofferdams, backfilled walls, etc. ) 
Output quantities 
wall surroundi ground 
8 wall displacement V excavation heave 
M wall bending moment S surface settlement/heave 
Q wall shear force H surface horizontal movement 
A wall axial force E strain levels 
I D displacement vectors 
support tem a earth pressures 
F prop load K earth pressure coefficient 
B prop bending moment P stress path 
T anchorload u pore water pressures 
I principal directions 
miscellaneous Y zones of plastic yield 
* nodal forces f factor of safety 
* other L stress (or mobilization) level 
I ff G groundwater 
levels 
Finite element code I name of computer code used (if specified) 
Contribution to main areas of interest 
a geometric modelling / discretization d computational difficulties 
b constitutive modelling / parameter selection e obtaining required design output 
c modelling of construction / long-term effects 
I 
Overall relevance/quality I (very low) 5 (very ýgýh) 
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CfL4, PTER 3 
THE CRISP FINITE ELEMENT PACKAGE APPLIED TO RETAINING 
WALL ANALYSIS 
3.1 Development of the CRISP Package 
The suite of geotechnical finite element programs known as CRISP was written and developed 
by various workers in the Cambridge Soil Mechanics Group over the past 25 years. The 
origins can be traced back to MZSOL, a pair of finite element programs written by Zytynski 
(1976) who drew heavily on the conclusions from earlier work at Cambridge by Simpson 
(1973) and Thompson (1976). Zytynski was responsible for the original system design, one 
example of which was the decision to separate the geometry processing and equation solution 
into distinct programs -a division remaining to the present day. 
Before becoming known as CRISP' in early 1981, the original Zytynski programs were 
renamed CRISTINAin 1976, and CRISTINA-1980 in 1980. A variant of CRISTINA, called 
GEA (General Earth Analysis), was available for a time through the now-defunct 1-fighways 
Engineering Computer Branch (HECB) of the Department of Transport. This early 
association with the DTp was not altogether successful, for two reasons. Firstly, the code was 
not entirely validated, and one or two bugs were discovered leading to a partial loss of 
confidence in the program. Secondly, the BECB was really unable to support the use of a 
sophisticated geotechnical finite element code, which represented a big advance on the slope 
stability and retaining wall programs previously offered. A more fiuitful and longer lasting 
association with the DTp did develop subsequently through the Transport and Road Research 
Laboratory (TRRL), who funded a programme of research at Cambridge - much of which 
provided direct financial support for the development of CRISP. 
The CRISP package was first released generally in 1982, and was acquired mostly by British 
universities, along with some consultants and public utility companies. CRISP 82 (as it came 
to be known) comprised two programs; GEOM which carried out the geometry processing, 
and MAIN which formed and solved the finite element equations. This version offered only 
'. The name CRISP is actiially an acronym for"CRItical State Program(s)" - slightly misleading in that it 
is not restricted to critical state constittitive models (e. g. Carn-clay), but reasonable in that CRISP was 
probably the first commercially available program implementing such Models- 
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2D analysis in wdsymmetry or plane strain, using linear or cubic strain triangle elements. A 
range of constitutive models was incorporated, ranging from simple isotropic linear elasticity 
to the elasto-plastic work hardening Schofield model (Schofield, 1980). Other principal 
features included automatic element numbering optimization ffront squashing"), 
computations in effective stress terms, coupled loading and consolidation (Biot, 1941), 
changing geometry capability, and an incremental tangent-stiffness solution scheme. Lastly, 
prompted by the demands of another growing geotechnical research activity at Cambridge, 
CRISP 82 permitted the modelling of centrifuge tests by varying the gravity field. 
A second version, CRISP 84, emerged two years later, providing the additional facility of 
linear strain quadrilaterals and full 3D analysis using linear brick elements. For no apparent 
reason (and without explanation) the Schofield model and the front squashing routine were 
both withdrawn. This version of CRISP went on to enjoy widespread use - especially in 
universities and research organizations. 
To coincide with the full publication of the source code in text book form (Britto and Gunn, 
1987), a shortened form of the program, CRISP-S, was released. What was significant about 
this version was that it was distributed on floppy disk and was the first serious attempt to put 
CRISP onto an EBM PC-compatible desk top computer. However, there were some 
confusing aspects of this release - for example, the decision to unite GEOM and MAIN in one 
program, thus doing away with the intermediate binary "link" file and changing the input data 
structure. Some of these changes were motivated by a desire not to publish work already 
covered by others, such as the implementation of elastic-perfectly plastic models, described by 
Owen and Hinton (1980). 
A third major release occurred in 1990, when a 386-PC based version, CRISP 90, was made 
available. Major advances in modelling capability were in the soil-structure interaction realm, 
offered through the inclusion of beam, bar and interface elements (albeit for use in 2D analyses 
only - and requiring manual insertion into the data files). A large number of pre- and post- 
processing utility programs were also included to improve the user interface; an hitherto 
notorious deficiency in CRISP. The Schofield soil model and the front squashing routine were 
both reinstated (though the latter now in a separate program, rather than being part of 
GEOM). CRISP 90 grew directly out of work commissioned by the TRRL and initially 
incorporated in a restricted release version of the program. Consequently, CRISP 90 was 
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jointly owned by Cambridge University and the TRRL (or TRL as it is now caUed). NEnor 
modifications to the user interface resulted in new versions being released in each of the years 
1992-1995 (CRISP 93 etc. ), known by the generic title CRISP 9x. 
Gunn (from 1977) and Britto (from 1980) have been responsible for a large number of 
revisions and extensions to the programs, and are generally credited with being the authors of 
CRISP. The versions of CRISP described above are those which have been "officially" 
released and subsequently supported by Cambridge. However, it is important to realize that a 
very large number of customized versions are in existence, in which have been implemented 
new constitutive models, element types, solution routines, etc. The openness with which 
CRISP was originally made available encouraged a great deal of experimentation and 
development that may not otherwise have been possible. The Cambridge group are to be 
commended for this - it is possibly one of their most significant contributions to the 
geotechnical community. Various research groups have been able to make genuine progress in 
new areas, without having to "reinvent the wheer' first. 
A new departure came in 1995, with the total rewriting of the user interface to run under 
Microsoft Windows. This was undertaken by SAGE Engineering Ltd, and was the first time 
that a commercial company became involved with the evolution and distribution of CRISP. 
The product was launched in September 1995 and named SAGE CRISP, though, strictly 
speaking, this only referred to the user interface; the underlying "engin6" was unchanged. 
However, the change in appearance was so radical that the new name was generally assumed 
to apply to the whole product (engine and chassis). The SAGE CRISP interface was a major 
improvement, but the product was far from complete on original release and a series of bug 
fixes were issued in subsequent months. Furthermore, Eke its predecessor, the new interface 
was unable to cope with 3D analysis, thus limiting its usefulness. More significantly, the 
CRISP Consortium was established in 1996, creating an industrial and academic partnership to 
steer (and seek funding for) development of the CRISP "engine". 
At the time of writing, around 400 registered copies of CRISP are in use in commercial, 
academic and governmental establishments. Gunn and Rahim (2003) estimate that the total 
number of copies in circulation is at least double this figure, considering that earlier versions 
were unsecured. An independent User Group (established by the writer in 1984) provides a 
forum for exchanging experiences in using CRISP, and holds annual meetings in the UK. The 
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first Developer's Conference was held in 1996 and attracted a large group of delegates from 
around the world. By virtue of these numbers, CRISP is one of the most widely used and 
important geotechnical finite element programs in the world. The literature survey reported in 
Chapter 2 certainly found CRISP to be prominent in embedded retaining wall analysis. Other 
Programs in this category commercially available in Europe include PLAXIS (Delft/Plaxis bv), 
SAFE (Ove Arup/Oasys), VISAGE (VIPS), 2ý_SOIL (Zace Services), and DIANA (TNO). 
It should be noted that IFE codes have been written and developed at other UK universities, 
such as ICFEP (Imperial College). This program is particularly distinguished in the retaining 
wall area and its successful application to many such problems has been widely reported by 
Potts and his co-workers. However the program is not commercially available, and so its use 
in the geotechnical community cannot be gauged. In fact, the owners of ICFEP are opposed 
to the program ever becoming commercially available, on the grounds that FE analysis is far 
too risky for the average engineer to attempt by hirn/herself (Potts, 2003). 
The retaining wall analyses conducted by the writer and described in this thesis were 
performed both with CRISP 84 running on Prime and Hewlett Packard mainframe computers, 
and CRISP 9x on EBM-compatible PCs. A more detailed description of CRISP will now be 
given, with particular emphasis on those aspects which are relevant to the modelling of 
embedded retaining structures. As the computational "engine" and modelling features of all 
the different versions of CRISP are essentially the same (until very recently), the following 
description is applicable to all versions except where noted. 
3.2 Structure of the CRISP Package 
The CRISP "engine" comprises two distinct programs, GEOM (or GP) and MAIN (or NP). 
To ensure a high degree of portability between different hardware platforms and/or compilers, 
these were written initially in standard FORTRAN 66, with some FORTRAN 77 extensions 
added later on. By 2003, the engine had been completely rewritten in Fortran 90. 
3.2.1 GEOM program 
GEOM is a "pre-program" which reads the geometric details of the finite element mesh 
defined by the user in terms of vertex node co-ordinates, element-node connectivity, and 
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element types. After carrying out basic checks on the permissibility of the data, GEOM 
generates mid-side and interior nodes, and creates a permanent binary "link" file of geometric 
data to be subsequently read in by MAIN. 
Care must be taken with mesh data files that have been generated (or altered) manually, as 
there are several basic mistakes that GEOM will not detect at present. One encountered by 
the writer is the inability to detect "holee' in the mesh - where an element might be completely 
missing but appears to be present when the mesh is plotted because aU neighbouring elements 
have been drawr?. Another is if a node number occurs twice in the list of nodal links defining 
an element - effectively collapsing (say) a quadrilateral into either a triangle or an "L" shape - 
which will cause numerical errors (i. e. a zero Jacobian), but only when an attempt is made to 
carry out an analysis with this mesh. Such errors are fairly easily trapped; indeed the writer 
has developed software capable of doing this. 
As mentioned above, some versions of CRISP include a so-called automatic "front squashing" 
routine, and it would be appropriate to include a brief description at this point. All versions of 
CRISP use the frontal solution technique (Irons, 1970), which is a form of Gaussian 
elimination especially devised for solving large systems of simultaneous equations. The frontal 
method reduces the memory (core storage) requirements of a finite element analysis by 
nunmimng the number of element stiffness matrices which need to be considered at any time 
during the assembly or back-substitution procedures. This is achieved by assembling the 
elements in a particular order, and it is the function of the front squasher to determine this 
order. In CRISP 82, this was done automatically within GEONL users of CRISP 84 had to 
use a separate program called SQUASK- CRISP 9x included a utility program called SQ9x 
which performs the same task. The code for the current element assembly order optimization 
was written by Sloan (Sloan and Randolph, 1983). 
3.2.2 MAIN program 
MAIN calculates the displacements of a soil body caused by the loads being applied to it, 
under specific boundary conditions. Secondary quantities, such as stresses, strains and pore 
pressures follow on from the primary solution. In a coupled analysis, excess heads will be 
I Of course, it may be the intention to introduce a hole in a mesh if tying, for example, to model a 
Uumel - but such openings are more likely to be formed by omitting several elements from the mesh. 
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computed along with displacements, and drainage will be an additional boundary condition. 
User input defines the material properties, in-situ stresses, boundary conditions, construction 
sequence and applied load steps, to be used with the mesh processed by GEOM and stored in 
the "finle' file. 
3.2.3 Pre- and post-processing 
Originally, CRISP came with no pre- or post-processing capabilities whatsoever. At 
Cambridge, a suite of programs was written for use with the mainframe implementation of 
CRISP; by 1984 this had been superseded by the use of FEMGEN and FEMVIEW with 
suitable interfacing. Later still CRISP 90 offered a suite of utility programs aimed at mesh 
generation, analysis data preparation, and results visualization. With each new upgrade of 
CRISP 90 (or 9x), the range and capability of the post-processing software in particular 
improved significantly. The latest offering (SAGE CRISP) has further enhanced the data 
generation and results processing, but still lags behind the more powerful (and expensive) 
systems like MYSTRO, PATRAN, or FEMGEN/FEMVIEW. These other packages are 
general purpose, and their wider market justifies heavier investment in development. 
Commencing in 1984 at City University, the writer developed a suite of pre- and post- 
processing programs to work alongside the GEOM and MAIN programs. In addition to being 
used by workers at City and (subsequently) Surrey University, these programs were 
distributed to a number of other universities and industrial organizations. Being written in 
standard FORTRAN and making use of GINO graphics libraries, they proved to be reasonably 
portable (mostly between mainfi-ame installations where GINO libraries are more likely to 
exist). For the PC, this suite of programs was converted to make use of the NAG PC 
Graphics Library in 1989, but was not widely used as CRISP 90 was released the following 
year. The suite of programs (Woods, 1990) provided for simple mesh generation within 
rectangular regions, undefortned mesh plotting and labelling, extraction/output of specific 
numerical quantities, deformed mesh and displacement vector plotting, contour plotting of 
cOmPuted/derived quantities, and XY graph plotting of computed/derived quantities. A 
collection of utilities was specifically created for retaining wall analyses, including bending 
moment and shear force diagrams, heave and settlement profiles, and distributions of 
horizontal stress and pore water pressure on the wall. 
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3.3 Features of the CRISP Package 
3.3.1 Element types 
CRISP offers ID, 2D and 3D elements, as summarized in Table 3.1 and illustrated in Fig. 3.1. 
The ID elements were not present in earlier versions, they were added between 1986-94 (the 
2-noded bar and beam being the last to appear). 
All elements are isoparametric, and are numerically integrated with full integration rules (e. g. 
3 x3 for the linear strain quadrilateral). Reduced integration can be implemented if desired, 
although this does not seem to have been done by many (if any) CRISP users. Interestingly, 
the use of reduced integration seems to be well established in other major geotechnical FE 
codes (e. g. ICFEP, SAFE, VISAGE) - with the exception of PLAXIS. 
For the so-called "consohdation7' elements, some nodes possess the additional degree of 
freedom (d. o. f ) of excess pore water pressure. The assumed variation in this is one order less 
than that assumed for the displacement field; for example, in the cubic strain triangle where the 
displacement variation is quartic (order 4), excess pore pressure variation is cubic (order 3). 
Elements of the same order but different topology can be used together (e. g. LST and LSQ) as 
can elements of the same order but different consolidation d. o. f. (e. g. LST and LSTp). This is 
of particular relevance and usefulness in the coupled consolidation analysis of a soil-structure 
interaction problem (see next section). 
The interface element available in CRISP is of Goodman type (Goodman et al., 1968), and 
permits slip and separation. Its principal uses are in providing relative (shear) movement on 
soil-structure interfaces (e. g. the back of a retaining wall), and in modelling a no-tension 
surface which will separate if stresses cease to be compressive (e. g. a rock joint). 
It is not essential that a mesh be composed ofjust one type of element. Triangles and 
quadrilaterals can be mixed together. Elements possessing consolidation d. o. f can be used 
with those which do not; bar and beam elements may be combined freely with solid plane 
elements. The only restriction is that elements sharing a common edge must have the same 
number of nodes, which effectively prevents the use of cubic strain and liner strain elements in 
the same mesh. Constant strain bars need only be connected to other elements at each end, 
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which gives more flexibility in using them as compression/tension members, compared with 
their linear strain counterparts. 
3.3.2 Drainage conditions 
CRISP provides for both fully drained, fully undrained and coupled loading-consolidation 
(Biot, 194 1) analyses to be carried out. Drained loading permits overall changes of volume to 
occur without the generation of excess pore water pressures. This would be appropriate for 
analyses involving relatively free-draining materials such as sands and gravels. Undrained 
loading, on the other hand, gives rise to changes in pore water pressure whilst maintaining 
constant volume of the soil mass. These two cases represent extremes that are rarely (if ever) 
achieved in practice, although in some cases the loading and drainage rates win be such that 
one or other idealization is sufficiently valid. In between the these two limits exist a large 
number of cases where loading and drainage rates are comparable and it may become 
important to "couple" soil deformations and fluid flow (Woods, 1986). 
Drained and undrained analyses are simulated by means of the effective stress method, which 
appears to have been devised independently by Simpson (1973) and Naylor (1975). The 
essentials of the method (referred to elsewhere in this thesis) will now be outlined. 
The stiffness matrix for a particular element K! is obtained from the integral JBTDB over 
the volume of the element, where B depends only on element geometry and relates increments 
of internal strain Ae and nodal displacement Aa : 
BAa 
and D relates increments of internal total stress Acy and strain Ae : 
Acr =D As = DBAa (3.2) 
Terms in the B matrix are obtained by partial differentiation of the shape function matrix N, 
which relates internal displacements Ad at a given point to the nodal displacements Aa : 
Ad =N Aa (3.3) 
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The D matrix is expressed in terms of total stresses, and represents the combined response of 
the soil skeleton and pore fluid. If the effective stress stiffness of the soil skeleton is known a 
matrix D' may be defined, which is related to D through the expression: 
D D' + mm T Kf (3.4) 
where m= [I I 10 0 Of and Kf is the bulk modulus of the "equivalent" pore fluid. Kf is 
related to the bulk modulus of the pore water K, by: 
Kf [(I+e)/e] K, (3.5) 
where e is the voids ratio. 
In the effective stress method D is obtained from Eqn (3.4). A drained analysis is achieved by 
setting Kf = 0, implying that the pore water is infinitely compressible and all applied stress is 
taken by the sod skeleton. An undrained analysis is achieved by setting Kf >> 0 (typically 100 
x K', the effective bulk modulus of the soil skeleton) implying that the water is virtually 
incompressible and can carry applied total stress. The selection of a value for Kf is not quite 
as arbitrary as it may seem -a value too low implies partial saturation; too high and spatial 
oscillations in pore pressure profiles have been known to occur. 
Once strains have been calculated, effective stresses and pore pressures are obtained from: 
Aa' = A& 
T'Ag Au = Kf As, = Kf ni ni 
This method can be used for both elastic and elastoplastic analyses without restriction. 
If a fhfite element program does not work in terms of effective stresses but rather in total 
stresses, it is still possible to conduct an undrained analysis of an elastic problem. Soil 
Parameters must be in terms of total stresses, and if these are available they can be input 
directly to the programý. If only the effective stress stiffhess parameters are known, these 
must be converted to equivalent total stress parameters via the relationships: 
(3.6) 
(3.7) 
3 If total stress parameters are input to a program based m the effective stress method along, "ith Kf = 0, 
then the "effectiv6" stresses dw calculated are in &ct the total stresses, and the "pore pressures" are 
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G G' (3.8) 
K Ký + Kf (3.9) 
G E/2(1+v) (3.10) 
KE/ 3(1-2v) (3.11) 
v (3K - 2G) / (2G + 6K) (3.12) 
where G, K and E are the shear, bulk and Young's moduh respectively, and v is Poisson's 
ratio. Eqns 3.10-3.12 are valid for effective or total stress. 
Such a total stress analysis will not yield the effective stresses and pore pressures explicitly, 
but the latter may be assumed equal to the change in mean total stress Ap with reasonable 
accuracy (again, in an elastic analysis only - once yielding occurs Au = Ap - Ap'). 
In a coupled analysis (Bioý 1941), the standard equilibrium equations are augmented by the 
continuity equation which, for the 2D case, can be written as: 
I[k,, O-Ouc 
+ 
ky a2u. a (C,, ) 
YW 
-ý2 5; T 
at (3.13) 
A convenient means of implementing coupled theory within finite elements was proposed by 
Booker and Small (1975) and adopted in CRISP. Additional degrees of freedom (d. o. f) for 
excess pore water pressure are introduced into the relevant elements, with internal and nodal 
excess pore pressure increments, Au, and Ab respectively, related through: 
Au. =N Ab (3.14) 
The interpolation matrix N can be (and often is) different to N; in CIUSP it is one order lower, 
and hence fewer nodes need have excess pore water pressure d. o. f than displacement d. o. f. 
For example, the 6-node LSTp only has excess pore pressure d. o. f at the three vertex nodes. 
The overall stiffhess equations still involve the conventional stiffness matrix K but now involve 
extra terms which "couple" the deformation and seepage quantities over a time step At. 
calculated to be zero (because Kf = 0). This may be cmvenicnt if total stress distributions are required from 
an undrained analysis, but the program gives effective stresses and pore pressures separately. 
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Following Britto and Gunn (1987), the governing finite element equations generally take the 
form: 
KL Aa Af 
(3.15) 
C 
-(D. At Ab AS 
where 
Aa incremental nodal displacements 
Ab incremental nodal excess pore water pressures 
K skeleton stiffhess matrix 
La "flow" matrix 
Af normal incremental load terms 
As loads corresponding to prescribed seepage on boundaries, plus additional terms 
(D depends on excess pore water pressure gradients 
In essence, the first line in Eqn (3.15) represents the equilibrium requirements, whereas the 
second represents the continuity condition. 
Various schemes for carrying the analysis forward in time are in use and these are mostly 
based on a finite difference approximation. In the case of "two point" formulae the equations 
are solved at an intermediate point t+ OAt between times t and t+ At, where 0<0<1. 
Stability of the computational scheme depends on the value of 0 chosen; G. -z, V2 gives 
unconditional stability (Booker and Small, 1975). The authors of CRISP have adopted 0 
(see Britto and Gunn 1987 for further details, including the derivation of Eqn 3.15). 
Elements with excess pore pressure d. o. f must be deployed in the appropriate regions of the 
mesh, and drainage boundary conditions set where necessary. Additional parameters which 
the user has to specify are the coefficients of permeability (fixed) for the materialsaffected and 
the time step (usually variable throughout the analysis) for each increment. 
3.3.3 Constitutive models 
The following constitutive models have been available in CRISP since its initial release: 
* linear elastic, cross-anisotropic, homogenous 
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" linear elastic, isotropic, nonhomogeneous, stiffness varying with depth (Gibson, 1974) 
" linear elastic-perfectly plastic with Von Mises, Tresca, Drucker-Prager, or Mohr-Coulomb 
yield criteria (plus stiffness and cohesion varying with depth in CRISP 9x) 
" Cam-clay (Roscoe and Schofield, 1963) 
" modified Cam-clay (Roscoe and Burland, 1968) 
" Schofield soil model ('82 & '90 versions) (Schofield, 1980) 
" special models for bar, beam and interface elements 
Whilst not totally comprehensive, this range of models is adequate for a large number of 
retaining wall problems and their relative merits are discussed further in Section 3.6. 
CRISP is amenable to the introduction of new constitutive models, with clear guidance being 
provided in the user's and programmer's documentation. This facility has been exploited 
mostly by research workers, leading to a large number of customized versions of CRISP 
existing in various university groups. A representative Est of models implemented by UK 
workers is given in Table 3.2 (see also the proceedings of the I st CRISP Developer's 
Conference, 1996). Versions 3 and above of SAGE CRISP implemented some of these 
models, such as 3-SKH (Stallebrass, 1990) and the power law model of Gunn (1993). 
3.3.4 In-situ sttesses 
In CRISP, initial stresses can either be set to zero, defined on a single vertical profile, or 
specified at every integration point in the mesh. 
a) zero stresses 
This option sets all initial stresses and pore pressures to zero throughout the mesh. 
vertical profile 
This option requires the specification of Cartesian effective stresses, pore pressure, and an 
optional measure of stress history - at two or more elevations in the mesh. The variation with 
depth can be as simple (or complex) as desired; values at intermediate elevations are obtained 
by linear interpolation. No lateral variation is provided for, the stresses at any given elevation 
are applied across the mesh. The values required at each user-specified elevation are: 
a', (yy &Z rxy upfc 
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The co-ordinate system adopted by CRISP dictates that aY is the vertical effective stress, a'. 
is the horizontal effective stress, and a'z is the out-of-plane effective stress. Hence a',, = cr'z 
K. &Y. The pore pressure is given by u, and p', is the previous maximum mean consolidation 
pressure - required only for critical state models. In many cases, TXY will be set to zero, as 
principal planes often coincide with the Cartesian directions. (NB: it is also possible to define 
non-hydrostatic in-situ groundwater conditions if these exist; see Section 3.7.4. ) 
C) every integration point 
This option requires stress specification at every I. P. in the mesh - which is highly impractical, 
unless generated by a previous analysis (a so-called "sto'p-restarC' analysis) 2r earlier in the 
current analysis - such as forming a sloping ground surface which exists in the present day. 
If non-zero stresses are specified, CRISP will carry out an equilibrium check at the beginning 
of the analysis. At each node, the inferred in-situ stresses are interpolated from the defined 
vertical profile, converted to forces and then compared with the resultants of applied forces: 
fv 
BTa dV =v NTbdV +sNTt dA (3.16) 
where all symbols have their standard meaning (see, for example, Zienkiewicz and Taylor, 
1989). The LHS term represents the resultants of element internal stress distributions a; the 
two RHS terms represent the resultants of body forces b (usually just self weight) and of 
tractions t along element boundaries, respectively (see also Section 3.3.6). 
Any imbalance is normalized by the largest applied nodal load (horizontal or vertical as 
appropriate) and notified to the user as a percentage equilibrium error. This is a useful cross- 
check at the in-situ stage, and non-zero values generally indicate a gross error of some sort. 
3.3.5 Boundary fixities 
a) Displacement boundaries 
Nodes can be fixed in the X and/or Y (or Z) directions along the appropriate mesh boundaries, 
and this is normally a straightforward process. Whole element sides are fixed in CRISP 84 and 
9x, rather than individual node points as permitted in CRISP 82. The real difficulty lies in 
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positioning the boundaries in the first place; ennuing that they are a sufficient distance from 
the r4on of interest so as not to influence its bcbaviour. 
Displacement-wntmfled loading can be applied through prescribing movements in the X 
andlor Y (or Z) directions, on the appropriate boundaries. 
b) Drainage boundaries 
In a coupled consolidation analysis, sufficient Mtn POre, ", ater pressure ffidties must be 
prescribed in order to establish free-draining and impermeable boundaries. it is the equivalent 
of ensuring that there are sufficient displacement fficities so as to avoid creating a mesh %ith a 
mechanism. However, this is potentially a very difficult area and has probably caused more 
confusion than any other single item in the input data to CRISP. 
The first problem arises over the term "excess pore pressur6". which has a very specific 
meaning to most geotecWcal engineers; i. e. that pall of the total pore pressure Mich is above 
(or below) the long-term steady state %-alue - the part which is dissipating with time during the 
process of consofidation (or swelling). As used in CRISP. it is really the total head h 
multiplied by the unit weight of water, y. a definition adopted by Britto and Gunn (1987)4 
U. -hy 
m (U/T. +Z)T. - U+zT. 
where u is the pore water pressure, and z is the elevation. 
(3.17) 
The second source of confusion arises from the fact that (up until 1993) the CRISP manual 
identified two different types of excess pore pressure fixitY. "incremental" and "absolut6". T'he 
first of these would be used at the beginning of an analysis to specify which boundaries are to 
be regarded as "fixed" throughout the analysis. The second of these is used to specify actual 
knQ-wm values of excess pore water pressure at specific nodes - usually (but not alv%mys) on the 
9 Mutas am not helped by the fact dw the equ3non quoted by Britto and Gunn cortim a 
47*9mPhical C, nx %hich rendm it dancnskxuUy incomct - the M'sion quOW h= is the =Trctcd We- 
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mesh boundary. A third fixity was added in 1993 and allows the user to specify directly those 
boundaries %%Ech have zero pore water pressure. 
The writer cannot see any merit in continuing with the phrase "excess pore water pressure" to 
describe something which is more aldn to a total head (albeit multiplied by y. ). The confusion 
is understandable. If a drainage boundary is created at the base of an excavation, for example, 
most geotechnical engineers would consider the surface to have zero excess pore pressure (as 
well as zero pore pressure) - and yet for many years CRISP required the specification of a 
negative quantity (-u. ) with fudty code 2. 
Sophisticated numerical modelling packages may well require sophisticated input, but 
descriptive terms need to be selected %ith care - especiaDy if they are Rely to clash with 
established nomenclature (aUough see Gibson ef aL, 1989). 
3.3.6 Applied loading 
Applied loads may take the form of, 
3) forces applied directly at nodes, resolved into Cartesi3n cOmPOnelt-% 
b) tractions along element edges, resolved into shear and normal components, or 
0 self weight body forces (i. e. gravity loading), produced by the processes of excavation 
or fifl construction. 
Throughout the analysis, applied loads must be'L"equilibrium with internal stresses, when the 
latter have been converted to equivalent nodal forces (Eqn 3.16). At the in-situ stage- this 
helps identify any input errors; during the analysis stage it pro%ides a means of monitoring the 
development of "out-ofýbalance" forces. which normally wise due to excessive yielding in 
Plasticity models. Out-of-balance forces at any node are expressed as a percentage of the 
maximum applied load in the corresponding X andlor Y directions. 
BOdY forces b and sLuf= tractions t are con%vned to equi-mlent nodal forces using standard 
relationships: 
fb m 
fv 
NT bdV 
ft 
fs 
NT t dA 
(3.18) 
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These produce some counter-intuitive results in higher order elements. For example, a 
uniform normal stress distribution of unit magnitude acting along the edge of a linear strain 
element of unit length will produce forces 116,2/3,1/6 at vertex, mid-side and vertex nodes 
respectively. Whilst this need not concern the user under normal circumstances, knowledge of 
such things becomes important when attempting to interpret nodal force output (or calculating 
wall forces from external soil pressures). 
3.3.7 Changing geometry 
CRISP provides for geometric alterations to be carried out in any part of the analysis. In this 
way, the full construction of an embankment (element addition) or the excavation of a cut 
slope (element removal) can be modelled with relative ease. 
When defining the original finite element mesh, all elements that will be required at any point 
in the analysis must be specified. This so-called parent mesh is processed through GEOM and 
presented to MAIN via the link file, described earlier. In the situ stage, elements not present 
must be notified to MAIN - these could be parts of a future embanlanent, or perhaps structural 
components to be installed later on in the analysis. This defines the primary mesh i. e., that 
which corresponds to the start of the analysis. At any subsequent point stage, the current 
mesh will comprise the primary mesh plus/minus any elements which have been added/ 
removed since the start. 
Elements can be overlaid on the same physical space in the mesh without conflict. A part of a 
mesh which will ultimately comprise a segment of a concrete bored pile may initially be soil, 
followed by bentonite fluid, then wet concrete, 7-day strength concrete, and finally full 
strength concrete. In all, five different material types will occupy this particular part of the 
mesh. Normally only one element/ material would be required in any given location at a time. 
However, it is possible for more than one to be present simultaneously, and care must be taken 
that this does not occur inadvertently. 
When an element is removed from the mesh, its contribution to the global stiffiiess matrix is 
cancelled immediately, whereas the forces due to unloading are spread over the whole 
increment block in which the removal is specified. This is equivalent to instantaneously 
converting the element to a fluid of equivalent density but zero strength/stiffness, and then 
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gradually reducing the density to zero (but with cr. # cry, rather than q. = cry). The correct 
equation (as implemented in CRISP) for nodal loads due to excavation is: 
Fexc ývBT adV - 
fv 
NT b dV - 
fs 
NTt dA (3.19) 
(which may be compared with Eqn 3.16). When an element is first added to the mesh, it is 
initially unstressed, but its full stiffhess is immediately available to the global matrix, and the 
forces due to self weight loading are spread over the increment block concerned. 
To some extent geometric alteration can be simulated through extemally apphed boundary 
loads. Many texts describe the process involved (e. g. Naylor et al., 1984) and it provides a 
fall-back position when using an FE program which does not provide for element removal or 
addition. However, there is little point in using this altemative approach in CRISP when the 
explicit facility is already provided. 
3.3.8 Solution Scheme 
CRISP uses a tangent stiffhess solution scheme, in which the global stiffness matrix K is re- 
evaluated in each increment. As no iterative corrections are applied, increments must be kept 
small for non-finear materials to prevent excessive "drifr' from the true solution. Updating K 
requires every element stiffhess matrix to be evaluated because, for non-linear and elasto- 
plastic constitutive models, the contents of the D matrix will depend on stress and/or strain 
level. It is also possible that a nodal co-ordinate update analysis has been requested (where 
large deformations are expected), in which case the B matrix will need to be re-evaluated. 
The process is rather inefficient in that matrices for elements which have undergone very little 
stress change or deformation wiU have to be reformed. However, this is no worse than the 
inefficiency of computing the displacements of nodes which are remote fi7om the region of 
interest; a well-documented drawback of finite elements. 
For elastic-perfectly plastic models, CRISP has adopted the approach described by Owen and 
Hinton (1980) for dealing with elements which have yielded. Briefly this is as follows: 
For each element, at the end of the current loading increment, check the stress state in 
each integration point (I. P. ) against the current yield surface 
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If the stress point is within or on the yield surface, no further action is taken 
If the stress point lies outside the yield surface, the yield function has been violated and 
the stress point must be corrected by bringing it back to the yield surface. This is done 
along the vector normal to the yield surface (in 3D stress space) passing through the 
stress point in question. The resultant load which is taken off that I. P. (plus all the others 
in the element) to do this correction must obviously be redistributed. CRISP calls this an 
"out-of-balance" or correcting load and it is applied in the next increment. 
(NB: there are several different techniques for correcting stresses back to the yield surface - 
for example Potts and Gens, 1985 - the one employed by CRISP is by no means unique. ) 
Geometric non-linearity (e. g. large displacements) can be accommodated by updating nodal 
co-ordinates and revising the B matrix (relating internal strains to nodal displacements - Eqn 
3.1) in each load increment, although this may not be rigorous enough for some problemss. 
The decision on how many increments are to be used has a direct bearing on the duration (and 
hence cost) of the analysis - it is normally kept to the minimum number thought necessary for 
an acceptable analysis. However, there is little information available on how many increments 
are enough, or on what the criteria of acceptability might be. In general, more increments will 
give a "better" analysis, but it is not easy to quantify. In a commercial setting where speed of 
tum-around is paramount, numbers of increments are likely to be too few, in academia, it is 
often possible to rerun the analysis several times in order to evaluate the influence of numbers 
of increments. 
3.3.9 Summary 
The preceding sub-sections (3.3.1 - 3.3.8) have sought to review the salient features of the 
CRISP program, without specific reference to any particular application. in the following 
sections (3.4 - 3.11), a closer look is taken at the stages in creating and running an FE model 
of an embedded retaining wall using CRISP. The order followed in describing the features 
corresponds to that encountered when physically using the program. 
IA more rigorous formulation for large displacement problems is provided by Green's strain tensor 
Vienldewicz and Taylor, 1989), which includes the higher-order terms usually neglected. How=, limited 
evidence provided by Templeton (2002) suggests that the nodal co-ordinate updating in CRISP can produce 
results which are very similar to those from more sophisticaW schemes in other FE codes. 
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3.4 Selection of Finite Element Mesh 
The vast majority of finite element analyses of retaining walls are 2D plane strain; very 
occasionally they might be 3D, or possibly 2D axisymmetric (for example, in the case of a 
large diameter shaft fining). The main reason for this is cost, but closely allied to it is the extra 
complexity of data and results visualization for the user. Most FE "engines" are capable of 
performing 3D analyses, but not all users are able to understand them. Of course, it is 
important to question whether a 2D model can ever be a satisfactory representation of a truly 
3D problem. In the context of retaining walls, 2D plane strain can be justified for long runs of 
wall, where end effects have little influence on the majority of the structure. However, a 
retained rectangular excavation (deep basement, etc. ) may give rather misleading results if 
only 2D sections are considered (St John, 1975). Once again, it is another modelling decision 
to be made. 
Throughout the remainder of this chapter, the discussion will focus on 2D plane strain 
retaining wall analyses, except where noted otherwise. There are three basic components 
which will need to be modelled; the soil, the retaining wall, and any support system. In some 
cases the interface between the soil and the wall n-dght be given special attention, but this is 
not thought to be common at present. 
3.4.1 Soil 
In terms of accuracy versus computational effort, it seems generally accepted that linear strain 
elements offer the best value on a "per node" basis, (Naylor etal., 1984). Retaining wall 
analysts favour the use of either linear strain triangles or quadrilaterals (LSTs or LSQs) to 
represent the soil, and in the absence of any published evidence that one topology is 
computationally superior to the other, the choice is largely one of convenience or personal 
preference (or even prejudice). 
A mesh generated predominantly from rectangles on a regular grid will generally be able to 
cope with most retaining wall geometries, Fig. 3.2. Small adjustments may have to be made to 
cope with sloping strata interfaces (Fig. 3.2b), bermed excavations (Fig. 3.2c), moment-free 
connections (Fig. 3.2d), dished prop slabs (Fig. 3.2 e), and prestressed ground anchors (Fig. 
3.21). For rather more effort, greater efficiency of mesh can be achieved if closely spaced grid 
fines are graded out prior to reaching a far boundary, Fig. 3.3. 
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One important consequence of adopting a rectangular grid with quadrilaterals is that the 
element integration (Gauss) points will lie on vertical and horizontal lines through the mesh. 
This has both good and bad features. On the positive side, columns (or rows) of Gauss points 
in the soil immediately adjacent to a wall (or slab) will provide for a very convenient way of 
plotting distributions of lateral (or uplift) pressures on structural elements. This would allow a 
designer to assess earth pressure distributions obtained from simpler methods (e. g. Rankine 
theory). On the negative side, a number of contouring packages (e. g. GINOSURF) have great 
difficulty with data points which have a "tracked" layout in the region of interest; a more 
random distribution of points suits the contouring algorithm far better. 
Triangular elements could be generated within a basic rectangular grid, by subdividing each 
rectangle into two or four triangles, Fig. 3.4. There is little point in doing this fforn a 
computational view point, but it may facilitate some of the features illustrated in Fig. 3.2a-d. 
A more sensible meshing with triangles would follow a free-form mesh grading, such as that 
adopted by Powrie and Li (199 1a and 199 1 b). The integration points are no longer "tracked", 
which improves the contour production but makes earth and pore pressure profiles more 
Micult to construct from basic stress output. 
3.4.2 Retaining wall 
Again, the choice of solid elements for modelling the wall is usually one of quadrilaterals 
versus triangles. A column of LSQs is most commonly used; the 3 x3 integration points 
provide three horizontal sections per element at which bending moments can be derived from 
the shape of the transverse stress distributions, Fig. 3.5, via the equation: 
-EI d2x/dy2 
= 
+t/2 
-t/2 
cry. x. dx ay 14 1 d4 
22 
, -, t2/4 I ayi wi ti 
; tý t2/4 1 (5/9)A(3/5) ay. + (5/9). 4(3/5) cry,. 
} 
; -_ t2, A (5/9) q(315) (-ay,, - ayj (3.20) 
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It is stiff far ftom proven that Eqn (3.20) is the best way of computing bending moments in a 
wall, but it is quite widely adopted. To many engineers, it would be the obvious way. 
Occasionally shear force distributions are also sought, and these can be obtained from: 
+t/2 +1 
-El d3 x/dy3 = -ry,,,. dx -ry. 1 dt 
f 
-t/2 
2 
; tý t/2 Z Tyi wi 
t/2 { (5/9) Ty, + (8/9) Ty., b + (5/9) 'ry, 
-- t/18(5, rym+8Tyxb+5Tyxc) (3.21) 
However, shear force distributions obtained in this manner are often quite erratic, if sections 
through every triplet of Gauss points are used. Distributions are much smoother if only the 
central triplet is used. Better sA some form of stress smoothing should be carried out first 
on the raw Gauss point values, as described later in Section 8.5. 
Other questions for quadrilateral elements used to model the structural wall relate to maximum 
permissible aspect ratio, and whether two or more columns of elements would be a significant 
improvement on the more commonly used single column. 
Triangular elements could be used to form the wall, but there is no obvious advantage over 
quadrilaterals. A number of studies have been presented in the literature concerning the 
relative performance of these two different types of element in bending. One study reported 
by Cook et at (1989) has examined the performance in bending of some simple meshes for a 
cantilever beam, comprising either quadrilaterals or triangles. The general conclusion was that 
quadrilaterals would perform better than triangles when the former were rectangular, but the 
reverse was true when the quadrilaterals became trapezoidal. The difficulty in obtaining 
bending moments via some equivalent of Eqn (3.20) makes the use of triangles unattractive - 
raw Gauss point data would have to be interpolated to produce horizontal sections. 
Beam elements, with bending degrees of freedom (i. e. rotation) could be used to model the 
wall; they would be best suited to very slender walls (such as sheet piling) where conventional 
2D solid elements would need very high aspect ratios. 
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As noted earlier, the vast majority of FE retaining wall analysis are 2D plane strain, where the 
wall is effectively being modelled as a panel of uniform thickness in the out-of-plane direction. 
If the wall is of conventional diaphragm type, this representation is quite accurate, and the FE 
model thickness would be the same as that of the true wall. A very common structural form 
for a retaining wall is that of a contiguous bored pile wall, Fig. 3.6. If the piles are of diameter 
V and a centre-to-centre spacing of T, then the second moment of inertia I per metre run of 
wall is given by: 
d 4.1 
64 s 
(3.22) 
The equivalent thickness of wall It' to use in a plane strain FE analysis is then obtained from: 
3 412-1 (3.23) 
One drawback which is relevant when considering drainage conditions is that, in reality, a 
contiguous pile wall is not truly impermeable - water can seep through the gaps (although with 
low permeability soiL this may be a small effect) - whereas a solid equivalent panel would not 
allow this. If considered important, the wall material can be given a small, finite permeability. 
If a secant wall is used, the second moment of inertia can be calculated with Eqn (3.22), if the 
secondary (female) piles make little or no contribution. In the Southwark Station Ticket Hall 
(Case 4A, Appendix A), the female piles were unreinforced and were constructed 20mm off- 
centre from the males piles; consequently their contribution to the flexural rigidity of the wall 
was ignored. If male and female piles are of a similar stiffness, then computation is very much 
more complicated, though bounded by Eqn (3.22) and e112 (see Fig. 3.6). 
T-section diaphragm panels represent yet another way of constructing an embedded wall, in 
situations where high stiffhess is called for, Fig. 3.7. For a 'T' section: 
Wt3 + Wt (d + t12 _ yc)2 + bd 
3+ bd (yc - d12Y 
12 12 (3.24) 
here y, wt (d+t/2) + bd2/2 
bd + wt 
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Equivalent wall thickness is then obtained from Eqn (3.23). The T-section is probably the 
most difficult wall to model realistically in 2D, because it deviates so significantly from a wall 
of uniform thickness. In field situations, the stepped profile (in plan) of the rear face of the 
wall will give rise to active earth pressure distributions which are nonuniform along the run of 
the wall, and these will not be modelled in a 2D FE idealization. (A further point of relevance 
is that care has to be taken in the interpretation of field measurements of earth pressures which 
may be made on the retained side of T-section walls. ) 
3.4.3 Support system 
Supports comprise props acting in axial compression (possibly with some bending) and ground 
6 
anchors acting in axial tension. In practice the former are generally used either to provide 
temporary (construction) or permanent (long term) support to the wall, whereas the latter 
nearly always provide support continuously from the moment they are installed. Props and 
anchors behave very differently, and need to be modelled quite distinctly in an FE analysis. 
3.4.3.1 Props 
In general, props are not prestressed and will be installed as passive structural elements, 
developing load only as the wall attempts to move. Formation level props will nearly always 
be in the form of a continuous slab, and so the plane strain representation is fairly realistic. 
Permanent props not at formation level, such as floors in a multi-level basement or the roof of 
a cut-and-cover tunnel, will also tend to be continuous slabs. In contrast, temporary props (in 
the form of hollow steel tubes, universal beam sections, or timbers) are usually placed at 
discrete intervals along the length of the wall. The correct a)" stiffness must be modelled 
within CRISP by ensuring that the FE representation gives the equivalent value per unit run of 
wall. 
Take, for example, hollow steel tubes of 600mm. external diameter, 10nim wall thickness, and 
a horizontal spacing sh of 3.5m. This gives an axial stiffhess EA/L = 200 x 7c(. 602-. 582)/4 = 
3.707AL GN/rn for each prop. If in the FE mesh solid elements of depth 0.8m (but of the same 
length) were to be used for the prop, the required Young's modulus would be E* = 3.707 x 
0 Soil nailing and other forms of soil reinforcemat are rarely used with structurul walls (except for 
remedial purposes), and are not considered in this thesis. 
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1/3.5 x 1/0.8 = 1.324 GPa. If 2- or 3 -node bar elements are used, the true E for steel, 
together with the area of steel per metre run (=A/sh), are supplied directly to the program. 
The connection between prop and wall may, in reality, allow a full, partial or zero moment 
transfer connection. All of these conditions can be simulated in CRISP: 
a) full moment transfer is affected by using solid elements for the wall and slab, with a full 
connection between the nodes along the common edge, Fig. 3.8(a) - e. g. Southwark 
Station Ticket Hall (Case 4A, Appendix A) 
b) partial moment transfer requires a number of elements to create a "necle' whose width 
can be varied, Fig. 3.8(b) - e. g. A406 Walthamstow (Case 1, Appendix A) 
C) zero moment transfer is modelled by having the wall and slab meet only at a common 
node, rather than a common edge, Fig. 3.8(c-f) - e. g. Regents Park Road Junction 
(Case 6, Appendix A). The point of contact introduces a stress concentration, which is 
undesirable but probably not critical as it will normally occur within materials which 
are wholly elastic. The main question for the analyst is whether the slab should be 
tapered to a point in line with the top edge, bottom edge, or neutral axis of the slab. 
The first two, strictly speaking, introduce an eccentric loading (and hence moment) in 
the slab; a problem which does not arise in the third method. 
Prop slabs are normally straight but may occasionally be cranked, Fig. 3.9. - e. g. Regents Park 
Road Junction. As the cranking is usually asymmetric, it is not possible to considerjust a half- 
section of the excavation. The action of "axial" forces at the ends of a cranked slab will cause 
rotation of the slab, which must be resisted by shear forces at the ends. 
In addition, prop slabs are normally horizontal but may occasionally be sloping or dished, Fig. 
3.9. (also, see A406 Walthamstow and A331 Alder-shot Road Underpass, Cases I&7, 
Appendix A). There is no particular problem in modelling this, and it may still be possible to 
consider just a half-section as the dishing is often symmetrical about the centreline. Another 
feature of prop slabs is that they may be uniform or of varying thickness (although the latter is 
not very common), but again this presents no particular obstacles to CRISP. 
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The choice of element in CRISP is between solid 2D elements with the appropriate thickness 
(depth) and elastic modulus, or ID bar elements in which E and A are input as "material 
Parametere'. For either choice, the remote end of the prop must be fixed to give the required 
reaction and (where applicable) rotational restraint. If a 2-node bar element is used to model a 
prop at formation level, it will be unconnected to the soil below it and so will not prevent 
heave occurring between the ends of the bar. The 3-node bar should not be used, unless it is in 
contact with another element along its entire length (e. g. soil surface at formation level). 
Often, the axial load in a prop needs to be estimated, and for a solid 2D element this can be 
obtained on any vertical section through a triplet of Gauss points from: 
EA du/dx 
+W2 
a,,. dy 
f +1 
a. h dTj 
-h/2 -1 2 
-- IV2 I a,,, wi 
h/2 1 (5/9) cr, .,, 
+ (8/9) cr. b + (5/9) cr. 
%t; 18 (5a,,,, +8 cr,, b +5a,, ) (3.25) 
(Shear forces and bending moments can be obtained from Eqns 3.20 and 3.2 1, merely by 
transposing x and y subscripts and substituting t with h). If a permanent prop slab is inclined 
at an angle 0 to the horizontal, Eqn (3.25) does not yield the true axial force, though for 
relatively shallow inclination (say, 0 :5 20') the equation is sufficiently accurate. 
If ID bar elements are used, CRISP will output directly the load in the prop at any given 
increment of the analysis. (More precisely it will output the change in load subsequent to 
installation - if there is any prestress load, this must be added to give the actual load in the 
prop. This latter point is more relevant to the modelling of ground anchors). 
A perfectly rigid prop can be simulated by fixing the appropriate node on the wall against 
(usually) horizontal movement. The fixing of a single node was possible is CRISP 82 and 9x, 
but not in CRISP 84, where only a whole element side could be fixed. To overcome this 
restriction, the prop could be modelled by a single (very stiff) triangular element which had 
one vertex node in contact with the appropriate wall node, and the opposite edge fixed against 
horizontal movement (thus preventing shear transfer, Fig. 3.10). 
3-25 
In some instances, it may be preferable to apply a prop force which can either be constant 
(easy) or varying (more difficult) throughout the analysis. This is achieved by applying a point 
force of the desired magnitude at the appropriate wall node; applied forces are discussed more 
thoroughly below. 
3.4.3.2 Anchors 
Ground anchors may be either prestressed or passive. Prestressed anchors comprise a free 
length (which is unbonded with respect to the surrounding soil) and a fixed length (which is 
fully bonded - normally by some kind of grouting), Fig. 3.11. Passive anchors have only an 
unbonded length, connecting the wall with some relatively fixed object, such as a concrete 
block or a pile. 
Both types of anchor require a substantial head detail, to make sure that anchor loads are 
transmitted properly to the structural wall. An individual anchor is made up of several 
tendons, each comprising many strands of steel wire. Prestress loads Will be applied via the 
anchor head when the grout around the fixed length is sufficiently stiff to restrain the distal end 
of the tendons. For a prestressed anchor, stress transfer takes place along the fixed length - 
between the steel tendons and the grout, and between the grout and the soil. This is a very 
complex interaction, and although rigorous finite element modelling is feasible and can be 
justified for a single anchor (e. g. BarkhordarL 1998), some simplification is necessary for a full 
earth-retaining system, as discussed below. 
Two aspects of geometry are the spacing (vertical and horizontal) and the inclination of the 
anchor. Vertical spacing will be tied in with the magnitude of the excavation lifts, and the FE 
mesh will normally be detailed to cope with this. Horizontal spacing is determined by such 
things as pile spacing (contiguous walls) or panel widths (diaphragm walls). Operational 
anchor cross-section areas and prestress loads will have to be factored by the inverse Of Sh, the 
horizontal spacing, to give a correct plane strain representation. 
There are four principal ways in which the anchor could be modelled: 
a) refening to Fig. 3.12(a), a single 2-noded bar element linking point A to B, C or a 
point midway between B and C. This is perfectly adequate for the proximal end at A, 
but is quite incorrect at the distal end - load transfer occurs over some (if not all) of the 
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grouted length, and not at a single point as this form of modelling would imply. The 
attraction of this approach is the simplicity with which it can be incorporated into the 
mesh -a regular mesh will usually need only minor adjustment to accommodate the 
distal. end. The concentrated load transfer would result in excessive yielding of the 
soil, leading to an overprediction of ground movement. 
b) referring to Fig. 3.12(b), a single 2-noded bar element links points A and B, plus a 
number of additional bars modelling the length B to C. This provides a much better 
representation of load transfer at the distal end, with a more gradual transfer of load. 
However, it requires considerable adjustment to a regular grid mesh, as exemplified by 
the mesh used by Creed (1979) for the Neasden Lane Underpass, Fig. 3.13. 
C) an extension of method (b) would be to. use a single 2-noded bar to link A and B, plus 
a number of solid 2D elements modelling the length B to C. This is probably as 
accurate a representation as is possible, but with rather more adjustment to a mesh 
than with method (b). 
d) a very crude approximation dispenses with any form of anchor element altogether. 
Point loads equivalent to the initial prestress are applied at the node points 
corresponding to the distal, and proximal ends. Whilst very simple, this provides no 
"tying" of the loads and does not allow for changes in anchor load (which can be 
expected for further excavation stages and long term equilibration) - yet it requires the 
same amount of mesh adjustment as method (a). 
3.4.4 Soil-wall interface 
There are two different aspects of interface behaviour which are of interest to the retaining 
wall modeller; slip and separation. The former may occur (in reality) on either side of the wall; 
on the retained side due to self-weight compression in back filled walls, and on the excavated 
side due to swelling and heave in embedded walls. Separation may occur with unpropped 
cantilever walls, as the wall moves away from the soil under initial (undrained) conditions. 
This thesis is not concerned with backfilled walls, and therefore the settlement of fin need not 
be considered further. Swelling and heave are, however, very relevant in the case of 
embedded walls used to support excavations. The soil immediately in front of the wall, at 
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formation level, is likely to heave quite considerably; undrained rebound in short term, 
followed by swelling in the longer term. The level of movement expected will be more than 
sufficient to mobilize full wall adhesion and/or friction, so relative slip is almost certain to 
occur in the soil-wall interface over the first few metres below formation level. 
In the FE model, this slip is effectively prevented if standard continuum elements are used, as 
full connectivity of the soil and wall elements will be maintained throughout the analysis. 
However, this need not imply that excessive shear stresses are mobilized at the interface. It is 
quite common to use some form of yield criterion in the soil constitutive model (e. g. Mohr- 
Coulomb) which would help ensure that the soil shear strength is not exceeded. This may be 
somewhat higher than the interface values encountered in practice, where c', < c' and 5' < 
is often thought appropriate. 
The most serious consequences of these excessive shear stresses is that the bending moments 
in the wall will be increased (or reduced) depending on the position being considered. Fig. 
3.14 shows an highly idealized lateral earth pressure distribution on a cantilever wall, together 
with a simple uniform shear stress distribution acting upwards on the passive side and 
downwards on the active side. About the neutral axis of the wall, the shear stresses on the 
active side will be acting in the opposite sense to the lateral pressures, whereas on the passive 
side they will be acting in the same sense. 7 
As an illustration, 10 kPa of shear stress acting over a height of 8m in aIm thick wall would 
change the bending moment by 10 x8x1x 1/2 = 40 kN-m /m run. This might not be 
considered excessive relative to the moments of several hundred (or thousand) kN-m 
encountered with diaphragm walls in stiff clay. But if the excess shear strength on the 
interface were nearer 20-50 kPa, significant errors in bending moment could arise. 
Next, possible separation between soil and wall should be considered. In practice this could 
conceivably happen over the upper few metres on the retained side, after top level propping is 
removed. If interface elements are not used, and the soil is fully elastic, the retained soil can 
I The presence of these shear stresses is partly responsible for the differences sometimes observed 
wbcn comparing bending moments fiom finite elemat and Winkler spring calculations. In Winkler models 
(e. g. FREW, WALLAP) the wall usually has zero thickness, as ID beam elemmts are employed. So even if 
non-zero shear stresses were allowed, they would have no lever arm about the neutral axis. 
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restrict forward movement of the wall. This can be partly mitigated by the incorporation of 
plastic yield in the soil model, but the soil and wall elements will remain connected. 
The main consequence of "no-separation7' is likely to be reduced wall deflections. To estimate 
the magnitude of the effect consider a concrete diaphragm wall of thickness Im retaining a 
height of 8m. Take EI = 15 x 106 x 14/12 125 x 104 kN-mý and assume validity of the 
standard cantilever deflection expression 5 P12 / 3EI. If a 10 kN "tensile" force were to act 
at the top of the wall, the normal outward deflection would be reduced by 1.4 mm. Of course, 
the lower part of wall will not be fully fixed, and forces much higher than 10 kN might develop 
in the FE analysis - both of which would tend to reduce movement even further. 
3.5 Type of Analysis 
3.5.1 Uncoupled 
If it is only the construction (short term) situation which is being analysed (e. g. an 
investigation of different temporary berm geometries or propping sequences), an undrained 
analysis in terms of total or effective stresses will suffice. Time steps will not be relevant. 
However, the actual period during which swelling takes place is uncertain and may be quite 
short if the soil contains silt or sand lenses and the groundwater level is high. It may therefore 
be prudent always to carry out a fully-coupled analysis in terms of effective stress, with 
realistic coefficients of permeability and time steps, even if it is only the construction stage 
which is of interest. 
Long term behaviour (alone) could be investigated by carrying out a fully-drained analysis in 
terms of effective stress. However, this is likely to permit excessive movement prior to 
installation of the permanent support system, and so is probably not satisfactory for fine- 
grained soils. 
3.5.2 Coupled 
Modelling the short term (construction) and long term (equflibration) aspects of a retaining 
wall in one continuous analysis is much more elegant, and is made possible in CRISP by the 
coupled consolidation facility (one of the first commercially avaable FE codes to provide 
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this). After converting the element types in the affected regions, the only additional input data 
required are the time steps for each increment, the permeabilities of the relevant materials, and 
the location of drainage boundaries. It is then possible to check the assumption of undrained 
behaviour during construction, to trace the development of wall displacements, bending 
moments, prop forces, excavation heave, etc. with time, and to investigate the effects of 
changing permeability (essential in view of the inherently huge variability of this parameter). 
One further advantage of the fully-coupled formulation is that seepage forces are explicitly 
taken into account. These forces can constitute a significant loading on the soil skeleton 
(highly relevant to excavation basal stability). Furthermore, when the full three-dimensional 
theory is applied to consolidation problems, it is observed that in certain regions the excess 
pore pressure rises before it decays. The phenomenon is known as the Mandel-Cryer effect 
(MandeL 1957; Cryer, 1963) and has been observed experimentally. The author has 
demonstrated the importance of this effect by simulating the loading and consolidation of 
triaxial test samples with CRISP (Woods, 1986). Radial non-uniformities in water content, 
strength and stifffiess were predicted, depending on the drainage conditions and the rate of 
application of total stress. Similar non-uniformities had been observed experimentally by 
Atkinson et al. (1985). The implications of Mandel-Cryer for embedded retaining wall 
analysis are not fully understood, but could be very significant. 
For strata where pore pressure changes are not expected during the period of time being 
modelled in the analysis (e. g. unconfined sands and gravels), it is inefficient to use 
consolidation elements. The introduction of excess pore pressure d. o. f increases the size of 
the global system of equations (see Eqn 3.15); unnecessary deployment of consolidation 
elements will lead to a gratuitous increase in storage requirements and processing time. 
However, there may be occasions where manipulation of pore pressure in unconfined 
sand/gravel layers is required, such as rising groundwater levels. 
An example which occurs quite often is that of an unconfined free-draining layer over much 
less permeable material, such as gravels overlying clay (common in London). In this case, 
consolidation elements must be used for the clay, but either kind could be used for the gravel. 
Nonconsolidation elements (together with drained material properties) would maintain initial 
groundwater conditions in the gravels throughout the analysis (which may be exactly what is 
required). A drainage boundary would then be located at thejunction of the gravel and clay 
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with condition ue = 0, indicating that the pore pressures just at the top of the clay cannot 
change during the analysis and will be maintained at the hydrostatic head in the gravel. 
Alternatively, consolidation elements (together with high permeability) could be used for the 
gravel, with a drainage boundary (of condition ue = 0) located at the initial ground water level. 
This would leave the gravel free to experience pore pressure changes, but these would be 
unlikely with normal rates of construction. 
The wall itself will often be considered to be an impermeable boundary, modelled by non- 
consolidation elements. However, for contiguous bored pile walls, exposed strips of soil 
between piles at the excavated face provide a drainage path to the atmosphere, and it may be 
necessary to permit some drainage through the wall elements. Furthermore, in the full wall 
installation process of Gunn et al. (1993), water should be permitted to flow from the wet 
concrete into the surrounding soil, necessitating the use of consolidation elements. (Bentonite 
slurry forms a filter cake, so such flow is not possible and non-consolidation elements would 
be sufficient. ) For further discussion on the location and type of boundary conditions needed 
for a coupled analysis, see Section 3.8.2. 
3.5.3 Other approaches 
Drained, undrained and coupled analyses provide for most conceivable short- and long-term 
situations encountered in retaining wall modelling. One exception to this is when attempting 
to follow the recommendations of CIRIA Report 104 (Padfield and Mair, 1984) for a mixed 
total and effective stress analysis. This is straightforward with Winkler spring programs like 
WALLAP (Borin, 1988) and pseudo-continuum analyses Eke FREW (Pappin et al., 1986). 
However, in CRISP it would involve a so-called "Stop-Restarf' analysis, in which total stress 
undrained parameters are used for the construction stage and effective stress drained 
parameters used for the long term. This "switclf', which must be carried out in a single 
increment block (immediately following the restart), causes a "shocle' throughout the mesh as 
excess pore pressures are released suddenly, and massive effective stress changes occur. 
In a sense, it is completely unnecessary to do this in an FE code which has fully-coupled 
consolidation facilities. Non-coupled programs could model the transition from short- to 
long-term in a rather better fashion, through a "known-change-of-pore-pressure" analysis 
(Naylor et al., 1984). Indeed, in the writer's exTerience, the need for such a "switch" has only 
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arisen when attempting to benchmark Winkler spring analyses (which have followed the 
CIRIA 104 recommendations) against a more rigorous continuum analysis. 
3.6 Choice of Constitutive Model 
3.6.1 Elastic models 
The elastic models have the main advantages of simpficity and robustness. Their principal use 
is in giving an initial indication of behaviour, without the user needing to be concerned with 
plastic yielding, increment size, etc. Obviously in some cases it WHI not be possible to advance 
beyond simple elastic models because the available data may not warrant orjustify it. 
The linear elastic, cross-anisotropic, homogenous model requires: 
Young's modulus in horizontal direction Eh 
Young's modulus in vertical direction F, 
Poisson's ratio in v-h plane VA 
Poisson's ratio in h-h plane Vhh 
shear modulus in v-h plane Gvh 
The linear elastic, isotropic, nonhomogeneous model parameters are: 
Young's modulus at reference elevation Eo 
y ordinate of reference elevation YO 
rate of change of Young's modulus with depth M 
Poisson's ratio V 
(these parameters may be entered in consistent effective stress or total stress terms - see 
Section 3.3.2. for further explanation) 
A major problem (not unique to these models) is the selection of appropriate stiffhess values. 
With only one stiffness permitted in any given direction, the user must anticipate the strain 
level fairly accurately. The selection of Poisson's ratio (and indeed the values of at least two 
of the five required parameters) for cross-anisotropy is not a trivial exercise if attempting to 
work in terms of total stress (see Bishop and Ilight, 1977). 
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3.6.2 Elastic-perfectly plastic models 
The incorporation of some sort of soil (shear) strength limitation provides an extra level of 
realism to a retaining wall analysis. The elastic-perfectly plastic models are the most 
commonly used in practical retaining wall analyses, possibly because shear strength parameters 
are as readily inferred from typical site investigation data as stifffiess parameters. They are 
also reasonably robust models, unlikely to experience major numerical problems. 
The parameters required for a linear nonhomogeneous elastic-perfectly plastic model arc: 
Young's modulus at reference elevation E,, 
Poisson's ratio V 
cohesion intercept at reference elevation co 
angle of internal friction 
y ordinate for reference elevation YO 
rate of change of Young's modulus with depth ME 
rate of change of cohesion with depth nic 
yield criterion type 
Von Mises, Tresca, (total stress) 
Drucker-Prager, Mohr-Coulomb (effective stress) 
(NB: prior to CRISP 88, the linear elastic-perfectly plastic model did not incorporate 
nonhomogeneity of stiffness or strength) 
The load increments in CRISP need to be reasonably small, to avoid problems associated with 
excessive yielding in any one increment. However, automatic load correction is normally 
carried out, which reduces potential errors considerably. 
Excessive dilation (or negative pore pressure change) may occur with Drucker-Prager and 
Mohr-Coulomb models, because the flow rule is associated. This will lead to the soil having a 
stfffer and stronger response than could be realistically expected. More recently, a non- 
associated Mohr-Coulomb model has been implemented in SAGE CRISP to address this 
deficiency. In addition to the above parameters, the angle of dilation W' must be specified. 
3.6.3 Critical state models 
The Cam-clay family of models in CRISP offer a more sophisticated representation of soil 
behaviour, and have been particularly successful when applied to embankment-on-soft-clay 
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problems (e. g. Pickles and Woods, 1989). Their use in retaining wall analysis is relatively 
rare, and most reported cases have been for hypothetical structures, such as centrifuge models 
(e. g. Bolton et al., 1989; Powrie and Li, 1991 a; Richards and Powrie, 1994). 
The parameters required for all critical state models are: 
gradient of normal compression line in v: ln(p') % 
gradient of swelling-reload line in v: ln(p') IC 
specific volume on normal consolidation line at p'=l N 
specific volume on critical state line at p'=l IF 
gradient of critical state line in q: p' M 
shear modulus or Poisson's ratio G or V 
effective preconsolidation pressure pC 
The Schofield model additionally requires: 
gradient of Hvorslev surface in q p' H 
gradient of tensile crack line in q p' s 
The Cam-clay models in CRISP do not have stress corrections at the end of an increment, due 
to the difficulties in correcting back to a yield surface which may be hardening or softening 
(Britto and Gunný 1987). As a consequence, the increments need to be kept very small if 
reliable answers are to be obtained. Some investigators (notably Potts et al, 1990) claim that 
such stress corrections can and should be done, and that it is potentially misleading to rely on a 
tangent stiffness scheme without any corrections. 
Generalization of the critical state models in 3D stress space is achieved by simple rotation 
about the isotropic axis. This means that the failure conditions will be incorrect for several 
orientations in the deviatoric (p) plane. For example, the strength in triaxial extension would 
be overestimated if M is based on a ý' measured in compression. 
3.6.4 Structural materials 
Constitutive models which can be used with structural (ID) elements are, of necessity, 
relatively unsophisticated. Simple Hooke's law is available for the bar and beam elements, 
with the addition of elastic moment-rotation relationships in the latter. 
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The constitutive relationships built into the interface element are a little more interesting, 
based on those developed by Goodman et al. (1968). The normal and shear load-deformation 
characteristics are defined in Fig. 3.15. 
The parameters required for bar and beam elements are: 
Young's modulus E 
Poisson's ratio v 
cross-sectional area A 
second moment of area (beam only) I 
For the interface element: 
cohesion intercept c 
angle of internal friction 
normal stiffness k,, 
shear stiffness k. 
residual shear stiffness krres 
thickness (height) of slip element t 
In general, the use of bar and beam elements in retaining wall problems is straightforward. 
One difficulty which has arisen concerns the (erroneous) use of 3-node bar elements as props 
spanning between two points. The end nodes will generally be fixed to structural components 
(wall, prop slab, etc. ), but the mid-side node is usually left free and this lack of restraint can 
cause a fatal numerical error. 
Interface elements, on the other hand, have been far from trouble-free. Powrie and Li (1990b) 
reported a number of difficulties with the slip and separation performance. When the shear 
stress exceeds the limiting value, slip occurs but the shear stress is not corrected back to the 
limiting value. When a tensile stress is developed between soil and structure, they separate - 
but tensile stress is carried through to successive increments and is not zeroed. An exhaustive 
evaluation of the CRISP slip element, and various extensions to it, has been carried out by Ng 
et al (1997) in the context of buried pipes. 
3.6.5 All continuum materials 
Additional parameters required by soil models used for 2D and 3D elements are: 
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bulk unit weight y 
bulk modulus of the pore fluid K,, 
Coupled consolidation analysis additionally requires: 
unit weight of water TW 
permeability in the horizontal direction k. 
permeability in the horizontal direction ky 
Bulk unit weight has its conventional meaning, and K,,, has been discussed in Section 3.3.2. 
The coefficients of permeability k,, and ky play a paramount role in governing drainage rates. 
In the standard versions of CRISP, k,, and ky are constant throughout the analysis, regardless 
of changes in voids ratio. Some researchers (e. g. Almeida, 1984) have modified CRISP to 
incorporate a form of voids ratio dependency for k. and/or ky, as this can be particularly 
important when dealing with highly compressible soils. A cruder way of modifying k would be 
through a "stop-restart" analysis, as outlined in Section 3.5. 
A major difficulty when dealing with stiff fissured clays is estimating how k will be affected by 
cracks and fissures opening due to stress relief, especially beneath the excavated region. A 
more fundamental issue concerns the selection of k values for normal intact ground, when k is 
known to vary over several orders of magnitude - more than any other engineering material 
parameter. Laboratory measurements are often completely misleading, and field 
determinations can be highly location-specific. In view of these difficulties, it would seem 
mostappropriate to select upper and lower bounds for k, both to gauge the sensitivity of the 
analysis to k, and to bracket the likely behaviour. 
3.7 Definition of Initial Stresses 
The zero in-situ stress option has very little practical application in retaining wall analysis, as it 
can only be used for linear elastic analysis where changing geometry is simulated by the 
manipulation of boundary stresses. Non-linear or elasto-plastic models require the 
specification of starting stress levels; excavation or filling by the removal/addition of elements 
requires those elements to possess self weight. 
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The vertical profile specification option can accommodate fairly complex variations of K. with 
depth. However, because the stress distributions are in effect being defined on a single vertical 
section, there can be no horizontal variation of stresses across the mesh using this option. 
3.7.1 Strata boundaries 
At some strata boundaries (e. g. made ground overlying stiff clay) there may be a change of K. 
leading to a discontinuity in the distribution of horizontal effective stress. This is best handled 
by defting two points with a small vertical separation (say 0.0 1m apart), using the appropriate 
K. values at each. CRISP will not accept two or more in-situ points at the same elevation. 
Strata boundaries can be stepped or sloped in CRISP, as there is no requirement for element 
boundaries to be horizontal (or vertical). However, there Will be problems if there is a switch 
in unit weight y and/or &,, Fig. 3.16. 
3.7.2 Sloping ground surface 
One feature of real sites which arises occasionally is that of a sloping ground surface. This 
implies that directions of principal stress are no longer horizontal and vertical, and that -ry can 
no longer be assumed zero. The picture is actually quite complex and, of course, there win be 
lateral variations in stress levels along any given elevation due to the changing overburden. 
The only satisfactory way of modelling a ground surface which is originally sloping prior to 
retaining wall construction is to create it as part of the analysis. The analysis would start with 
a level ground surface and a uniform variation of stress with depth. Then, sufficient elements 
would be removed to create the desired sloping surface profile (obviously the mesh would 
have been devised to allow this). The time steps and increments used to achieve this would 
have to be selected with care, to create conditions which are properly in equilibrium. 
3.7.3 Sloping water table 
Curved phreatic surfaces tend to be associated with side-long ground, and must be treated in 
the same way. If a sloped ground surface is being created in the initial part of the analysis, an 
initially horizontal phreatic surface can also be drawn down by the use of appropriate excess 
pore pressure boundary conditions, Fig. 3.17. 
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3.7.4 Non-hydrostatic conditions 
Underdrainage and artesian conditions arise not infrequently and it is possible that an FE 
analysis will also have to cope with some future change in pore water pressure regime. One 
example of this encountered by the writer was for the A406 Walthamstow (see Case 1, 
Appendix A), where pore water pressure on site prior to construction showed strong evidence 
of underdrainage, and the design had to anticipate future rising ground water levels, restoring 
profiles to full hydrostatic values. The actual pore water pressure profile prior to construction 
is defined with as many "in-situ points" as necessaty to capture it faithfully. 
Pore pressure fixing codes are initially set around the boundaries in such a way as to maintain 
this under-drained profile through the early stages of construction and subsequent long term 
equilibration of pore water pressure. Then, any future ground water level rise is simulated by 
increasing excess heads on the boundaries (base and side) and causing this to move inward and 
upwards through the mesh. In Fig. 3.18, area [a] represents a distribution of total head which 
implies head loss vertically downwards. Area [b] shows the additional total head required to 
provide a full recharge to the hydrostatic condition. (In an initially artesian situation, the 
reverse manipulation would be carried out. ) 
This approach to a moving phreatic surface is not totally rigorous, but there is no better way at 
present of approximating it with CRISP8. Another query relates to the correctness of starting 
with an underdrained profile which implies steady state seepage downwards; prior to SAGE 
CRISP v3.02, an analysis was intended always to start with hydrostatic conditions?. However, 
as far as can be judged, correct effects have been achieved (including future recharge to ffill 
hydrostatic) where this procedure has been followed in earlier versions of CRISP. 
Artesian conditions are encountered less frequently, to the writer's knowledge and in his 
experience. Artesian pressures were encountered at depth at the Aldershot Road underpass 
site (Case 7, Appendix A), but the proximity of the River Blackwater ensured high hydrostatic 
groundwater levels; no attempt was made to include artesian pressures in the analysis. 
a Between 1993-97 the writerjointly developed more rigorous techniques for modelling rising/falling 
groundwater under an EPSRC contract (not yet iniplerriented. in CRISP), Gum et al. (1997). 
In SAGE CRISP v3.02 and later versions, excess heads can be prescribed as part of the in-situ 
conditions - pennitting an analysis to cumnence with steady seepage. 
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3.8 Boundary Conditions 
3.8.1 Displacement 
Typical displacement boundary conditions for a retaining wall problem are straightforward and 
are shown in Fig. 3.19; the bottom boundary is fixed against vertical movement and the side 
boundaries are fixed against horizontal movement. It is conceivable that the remote vertical 
boundary could be load controlled, but the potential advantages of this are unclear. 
It is difficult to think of a situation in a practical retaining wall analysis where displacement 
controlled loading would be of particular use, although more fundamental FE studies of earth 
pressure generation have made use of the facility to cause a wall to rotate about toe or top, or 
to translate (e. g. Evgin and Eisenstein, 1985) 
3.8.2 Drainage 
Initial drainage boundary conditions can only be located along element edges where 
excess pore pressure d. o. f exist. For an embedded retaining wall, the location of possible 
drainage boundaries is shown in Fig. 3.20. Boundary A may correspond to: 
a) the ground surface - if low permeabflity soil extends to the top of the mesh and the 
GWL is high 
b) the interface between two layers of contrasting permeability - if the upper (more 
permeable) layer is water-bearing and is modelled with non-consolidation elements 
C) the phreatic surface - if this is within a layer of consolidation elements 
The normal requirement will be for pore pressures to remain at their initial values (ue = 0, 
fixity code 1) throughout the analysis. In cases (a) and (c), it is also expected that u=0. 
Boundary B is nearly always artificial, in the sense that it rarely corresponds to a real physical 
feature in the ground. It is normally located at a sufficient distance from the wall that it will be 
reasonable to assume pore pressures are always governed by regional groundwater conditions. 
The usual requirement will be for pore pressures to remain at their initial values through the 
analysis (u. = 0, -fixity code 1), although in general u#0. 
Boundary C, unlike B, may well correspond to a true physical feature. It may be a relatively 
rigid layer (e. g. very dense gravel or rock) which, from the point of view of displacement 
conditions, would form a logical lower boundary to the mesh. The drainage characteristics 
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could range from impervious (e. g. fresh granite) to pervious (e. g. jointed chalk). The former 
case is a flow boundary and it would be unnecessary to define any excess pore pressure 
boundary conditions - pore pressures are then free to change as they wish through the analysis. 
The latter case is a seepage boundary (at constant head if conditions in the basal layer are not 
changing), and the excess pore pressures would be set to zero (fixity code 1). 
Boundary D will only exist for symmetrical excavations. It is another artificial boundary in 
that respect, but one which is, in effect, a flow boundary. Pore pressure changes are generally 
unrestricted, so it is unnecessary (and would in fact be incorrect) to define any excess pore 
pressure conditions on this boundary. 
Boundaries E and F do not exist at the in-situ stage, but only come into being during bulk 
excavation. They are dealt with in Section 3.11. 
3.9 Applied Loading 
Applied loads in CRISP can take the form of point, line, patch and strip loads. True point and 
patch loads are only possible in afull 3D analysis, Fig. 3.21(a-b). Given that most retaining 
wall analyses will be 2D plane strain, the two types of loading which can be applied are fine 
and strip, Fig. 3.2 1 (c-d). (Which, in a plane strain section, appear as a point and patch 
respectively). A "fine' load is defined by the node at which it acts, and its horizontal and 
vertical components, Fig. 3.21 (e). A "strip" load is defined by the element side(s) along which 
it acts, and the magnitude of the normal and shear components at each node on the element 
side(s) - thus allowing for non-uniform distribution, Fig. 3.21(f-h). 
In CRISP, all applied loads are incremental; they are considered active until increased, reduced 
or cancelled altogether. For example, the Southwark Station Ticket Hall analysis (Case 4A, 
Appendix A) required a short term construction plant surcharge of 12 kPa extending 16m 
back from the wall, and a long term 7 kPa footpath load from 04m together with a 12 kPa 
road pavement surcharge from 4-16m. This was achieved by specifying a normal stress of 12 
kPa over the appropriate elements right from the start of the analysis, followed by the 
application of -5 kPa over the 4m adjacent to the wall. 
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Surface tractions can also be used to simulate excavation and fill construction, though this has 
no advantage over element removal/addition. On one section of the cut-and-cover tunnels at 
the Regents Park Road Junction (Case 6A, Appendix A), the rotational stiffness at the top of 
the wall was required to check the assumed stiffness input to another program. This was 
achieved by applying a pure moment to the upper edge of the top element representing the 
wall and dividing this by the resulting rotation. The pure moment was created writh a double- 
triangular stress distribution (+q, 0, -q, kPa), but could equally well have been generated with 
a couple - equal and opposite forces applied to the end nodes. 
CRISP provides the option to specify the proportion of load applied in each increment of the 
block. The default is a uniform weighting, so that if a block contains N increments, the load(s) 
introduced in that block will be applied IIN per increment. Alternatively, individual ratios R(i) 
could be specified, e. g. 0.40,0.25,0.20,0.10,0.05"(E = 1.00) - forcing more load to be 
applied at the beginning. Another possibility might be to specify 0.25,0,0.25,0,0.25,0, 
0.25,0 - in which the loads are effectively applied over four increments, with the intervening 
increments (where R(i) = 0) being used purely to help redistribute out-of-balance loads. 
3.10 Construction Modelling 
3.10.1 Wall installation 
The wall can be instaUed in one of three ways: 
a) wished in place 
b) swapping concrete for soil elements 
C) full replication of boring, concrete placement (by tremie) and subsequent hardening. 
If installation effects are thought to be minimal, option (a) is quite reasonable. To overcome 
an initial lack of stress equilibrium, the unit weight for concrete would have to be equal to the 
unit weight of soil. The problem is that it is not known, aptiori, if the installation effects are 
going to be minimal. 
Option (b) would appear to be an improvement and is probably what is done in most practical 
retaining wall analyses. Little is known about the effect of numbers of increments in this 
context, and the writer is unaware of any published studies which have addressed the issue. 
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The element stiffness matrix K! is based on the original mesh (unless co-ordinate update is 
invoked); i. e. the components of B (Eqn 3.1) are calculated using undeformed geometry. In 
CRISP elements are initially unstressed when placed (a problem in modelling fill construction), 
so in the installation increment block the wall is simply present providing vertical nodal loading 
through self-weight effects. Options (a) and (b) can be used in a coupled or non-coupled 
analysis 
The most faithful modelling of the installation process via CRISP - option (c) - has not been 
used by the writer in any design scenario, but has been investigated by Gunn et al. (1993). In 
their work they first replaced each soil element with equivalent pressure distributions to 
replicate the bentonite slurry support. Then worldng from the bottom upwards, new elements 
of heavier material (still without strength) were placed to represent fresh concrete being 
tremied in. These concrete elements subsequently underwent further transitions to acquire the 
stiffness and strength of fully-cured structural concrete. This ldnd of representation normally 
requires a coupled analysis; it is discussed in greater detail in Chapter 6, as a considerable 
amount of investigation has been carried out by others. 
3.10.2 Excavation 
Users of CRISP will generally model excavation in an explicit manner, whereby elements 
representing layers of soil will be removed from the mesh in some appropriate sequence. For a 
number of years, CRISP was the only commercially available geotechnical FE program which 
calculated forces due to excavation correctly. Erroneous advice given by Christian and Wong 
(1973) was propagated widely, and led to solutions with an apparent dependency on number 
Of excavation steps - even in an elastic analysis, which Ishihara (1970) had proven could not 
be the case. Gunn (1982) identified the problem and explained how it had arisen. 
Layer thicknesses 
Several aspects of the modelling will have been pre-determined by FE discretization in the 
zone concerned. In CRISP-90, using the ADG prograni, minimum excavation thickness are 
based on super elements, which is not particularly convenient - SAGE CRISP allows removal 
of individual "domain7' elements through the graphical interface. The excavation of soil layers 
must be carried out over a sufficient number of increments to ensure reasonable accuracy. 
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Clearly this is a rather subjective assessment and, in common with many aspects of retainirig 
wall analysis, little work has been done to establish firm guidance. 
Take for example a 2m layer of soil which is to be excavated. In the mesh, this might have 
been represented as a single row of elements 2m high, or two rows of elements each 1ra high, 
Fig. 3.22. The question for the analyst is whether excavating the 2m thick row of elements 
over, say, 20 increments gives the same result as excavating the Im thick elements over the 
same number of increments. In addition, in the second mesh, both Im rows could be taken 
out in one increment block comprising 20 increments, or each row could be taken out 
sequentially in separate increment blocks comprising 10 increments each. All three schemes 
might be expected to give similar results, as the same overall thickness of soil is being removed 
in the same total number of increments. But is this the case? Certainly in an elastic analysis 
the answer must be the affirmative, or the FE code is simply wrong. In an elasto-plastic 
analysis, there might well be variations between the different schemes outlined above, but this 
will require numerical investigation. 
Geometric issues 
Another issue concerns the implications of a plane strain idealization. Removing an element or 
row of elements implies the removal of a strip of soff which is infinitely long in the out-of- 
plane direction. This is most unrealistic (even if the wall structure itself is very long) as 
excavation will normally take place in bays. This win generally lead to overestimation of wall 
deflections during construction, but there is no easy way of avoiding it in a 2D analysis. 
It is becoming increasingly common in retaining wall construction to use temporary berms as a 
means of reducing short term wall deflections and moments. This is relatively easy to 
incorporate in an FE analysis, simply requiring manipulation of the mesh in the zone of 
excavation to accommodate the trapezoidal shapes usually employed, Fig. 3.23. The typical 
procedure is to excavate to maximum dig level across the site, leaving in a soil berm resting 
against the wall. A central ground slab will then be cast, allowing the top of the wall to be 
strutted off the edge of the slab - thus keeping the centre of the excavation relatively clear. 
There are no special difficulties or provisions in CRISP concerning the modelling of soil berms 
(see, for example, Powrie et al., 1993; Powrie and Daly, 2002; Gourvenec and Powrie, 2000). 
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Rates of excavation 
Given the time scale normally associated with excavation in clay, the conventional wisdom is 
that conditions remain largely undrained. Typical time scales for (say) a dual caniageway 
underpass in stiff clay would be for construction to take 18-24 months, and the intended 
design life to be 120 years. During construction, no more than 5-10% of the total excavation - 
induced excess pore water pressures would be expected to dissipate, leaving 90-95% to occur 
post construction. An uncoupled, undrained analysis would, therefore, be adequate. However, 
in-situ drainage in stiff clay can often be controlled by fabric features such as lenses/ partings 
of much more permeable material (silt, sand), and fissures which can open up due to stress 
relief This could accelerate dissipation so that the ratio (between construction and long term) 
might be nearer 40: 60 or even 70: 30. In these circumstances, the assumption that no drainage 
takes place can be n-dsleading and unsafe, and it would be more appropriate to model the 
excavation as partially drained. One possible approach to this would be to use a value of v or 
K,, which was in between the drained and undrained limits (e. g. v=0.4 or Kv;: ts I OK'). This 
has the attraction of being uncoupled, but would require calibration - and, strictly speaking, it 
would deliver partial saturation (B<I) rather than partial drainage. - 
A more elegant approach is to use a coupled analysis to specify expected excavation times and 
drainage characteristics. This has the advantage that the post-excavation phase can also be 
examined as a part of the same analysis. When performing a coupled analysis, time steps are 
allocated according to the expected field duration. This can normally be estimated with 
reasonable accuracy when carrying out forward prediction (barring unforeseen delays) - in 
back-analysis, actual durations will be known and can be used. Time steps are discussed 
further in 3.11.3 in the context of long-term equalization. 
In order to capture a truly undrained response in a coupled analysis (perhaps to compare with 
an undrained/uncoupled model), time steps At must be sufficiently small - but how small? 
Britto and Gunn (1987) warn against malcing At too small when changing excess pore water 
pressure fixities at a drainage boundary as it will lead to numerical instabilities - this has been 
confirmed independently by Woods (1986). In the context of bulk excavation, however, 
drainage boundary conditions are not normally changing - the upper surface (original ground 
level) is the only drainage boundary and this is specified from the in-situ stage, so any excess 
pore water pressures induced by wall installation (and subsequently by bulk excavation) are 
always able to dissipate towards it. Even so, there might still be a lower limit on At when 
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removing elements to simulate excavation; the novice user might think "the faster, the better" 
if they were attempting to achieve undrained conditions, but this could lead to problems. 
3.10.3 Temporary supports 
Temporary supports can be installed at any time during the analysis; whether they be 
compression (prop/strut) or tension (tietanchor) members. The various ways of representing 
temporary supports for retaining walls was described at length in an earlier section; it is 
aspects of installation and removal which are relevant here. 
Before a prop can be installed, soil must be excavated to the appropriate level. The only major 
decision which has to be taken is whether prop installation and soil excavation should be 
handled sequentially or concurrently. This is illustrated in Fig. 3.24. Scheme A and B have 
exactly the same first increment block, in which soil is excavated to some convenient distance 
below the intended temporary prop location. Scheme A then goes on to install the prop in an 
increment block of its own, followed by the second stage of excavation in a separate increment 
block. Scheme B on the other hand installs the prop and excavates the second lift in the same 
block (in CRISP this means that the element change list includes the numbers of elements to 
be excavated along with the prop element number). 
The two schemes ought to be identical (in a non-consolidation analysis), for reasons that have 
been discussed in the context of wall installation and bulk excavation. Installing the prop in 
Scheme A, step (ii) has no effect on the rest of the mesh, as it is installed unstressed (like any 
other element would be) - load is put into the prop (and wall deformation will be inhibited) 
when the next stage of excavation proceeds, step (iii). In Scheme B, step (ii), element 
stiffnesses are assembled or ignored (as appropriate) at the beginning of the block, so the soil 
is "out" and the prop is "in" prior to the commencement of excavation. 
In a consolidation analysis, all increment blocks have to be given non-zero time steps. It is 
conceivable that some differences could be introduced between the two schemes, because 
scheme A would experience the passage of time (albeit brief) with just the prop in place and 
before any excavation. However this difference is likely to be very small, unless the time 
interval was large enough for significant pore water pressure change to take place. 
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One of the most important aspect of temporary props is their removal, and how this is 
modelled in the analysis. Temporary props will be removed at some point in the construction 
sequence, usually after permanent props/anchors have been installed and (in the case of 
anchors) prestressed. A high-level prop will be carrying a significant proportion of the lateral 
thrust from the retained soil, depending on the ability of the wall to redistribute loads to soil 
finther down on the passive side. It therefore follows that the removal of such a prop can 
cause a lateral unloading (on the wall) which is of a similar magnitude to the original 
excavation. 
The selection of the number of increments over which the prop removal takes place must, 
therefore, be accorded due care. When non-linear or elasto-plastic constitutive models are 
being used in CRISP it is most important that such stress changes are applied in small 
increments. When a top prop is removed from, say, an 8m retained height, it may be carried 
out in 10-20 increments at most, whereas the excavation will probably have taken 40-50 
increments. However, prop removal may cause the equally significant load changes on the 
wall-soil system. 
There is no published guidance on this matter, and the writer is unaware of any detailed study 
in the public domain. The increment block load ratio feature might be used to advantage here, 
providing a means of having a non-uniform distribution of load change in the prop removal 
increment block(s). The question for the analyst is, given a fixed number of increments in a 
block, what is the best way to organize the load distribution? If smaller ratios are used at first, 
will this be undone if larger ratios are used later on? Perhaps the only satisfactory approach is 
simply to use more increments in the block concerned. 
3.10.4 Permanent supports 
Similar comments as those made in Section 3.10.3 apply, except that permanent supports are 
not removed after installation. 
Props are usually passive when installed and must strain before load is generated in them. 
Some anchors (e. g. "deadmarf' anchors) are also passive, and their installation into the mesh 
simply comprises element addition connecting the relevant wall and anchor block nodes. 
Prestressed anchors, however, will require the application of forces to the mesh, in addition to 
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element installation. Using a single bar element, prestressing is carried out in the following 
manner (see Fig. 3.25): 
calculate the horizontal and vertical components of the prestress load P as Ph -`ý P cosO 
and P, =P sinO respectively, where 0 is the angle of inclination 
H) apply these loads to the nodes corresponding to the distal and proximal ends of the 
anchor, in such a way as the two nodes are being pulled together 
iii) install the bar element representing the anchor, which will then be put into tension by the 
required amount of prestress by virtue of the loads applied in step (H). 
As the prestress is often large, attention must be paid to the number of increments over which 
it is applied, as the ground around the distal end may experience significant deformation. 
3.11 Long Term Equalization 
Following bulk excavation and completion of the retaining structure, the ground around a 
retaining wall will go through a process of adjustment as excess pore water pressures (positive 
and/or negative) dissipate and long term conditions are approached. Depending on the 
permeability of the wall and any permanent supports in contact with the ground, the new 
construction will alter the original drainage boundary conditions, thus affecting the equilibrium 
pore pressure distribution. The nature of the soil obviously plays a crucial role; in fine-grained 
soils equilibration may take many tens of years; in coarse-grained materials, very small excess 
pore pressures may be left to dissipate post construction. The only way to do this is with a 
coupled analysis 
3.11.1 Drainage boundary conditions 
The drainage boundary conditions are the same as those identified in Fig. 3.20 and discussed in 
Section 3.8.2, except that bulk excavation and installation of structural elements may create 
new boundaries E and F. 
Boundary A will not normally undergo any change in specified excess pore pressures after the 
start of the analysis. One possible exception would be if the upper strata were dewatered, 
which would effectively require A to move downward at the appropriate stage in the analysis. 
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The specified conditions at nodes along the original line of A could be left in place with a 
second row of nodes defined lower down along which u=0 (u. = -ywHL, where HL is the 
amount by which the head is lowered). The upper row at A are effectively redundant, but 
would not cause errors if left in. 
Further manipulation of excess pore pressures on boundaries B and C may be specified if 
attempting to model a recharging aquifer, for example (see 3.11.2). Boundary E is of 
particular interest, and has probably caused the most misunderstanding among CRISP users. 
It is a real boundary, corresponding to the excavated surface, but it does not come into 
existence until excavation begins. During excavation, it is not normal to specify any particular 
drainage boundary conditions on this moving surface, but rather to wait until final dig level is 
reached. The net effect of this is to prevent the soil from draining to this boundary at any 
intermediate stage - which could lead to an unsafe result if partial drainage is anticipated, and 
bulk excavation proceeds over a significant time period. 
When final dig level is reached, boundary E will either become an impermeable boundary with 
u=u, (e. g. under a deep basement floor) or a long term drainage boundary with u=0 (e. g. a 
permanent prop slab with under-drainage). The former case is straightforward - the structure 
will eventually experience uplift (buoyancy effects), and the user need not specify any 
particular conditions on boundary E once the structural elements are in place. The latter case 
involves the establishment of steady-state seepage, and is achieved by specifying an 
incremental excess pore pressure (fixity code 2) equal to -u., Fig. 3.20(b). 
The misunderstanding can arise because most engineers would consider it a surface of u=O, 
whereas CRISP considers it as a surface along which excess pore water pressure is <0 (u. = 0- 
u. ). Since CRISP 93, it has been possible to specify the absolute pore pressure on the 
boundary (= 0 in this case) using fixity code 3- particularly useful where the excavated surface 
is inclined. These two approaches are identical and need not be checked - but the potential for 
making mistakes is present, so care is needed. 
Pore pressure fixities are generally specified in the increment block immediately following the 
completion of excavation. Often, this block will comprise many increments of successively 
larger time step - typically adding up to a total time of 60-120 years. The excess pore pressure 
fixities are applied right at the beginning of the increment block (unlike load changes, which 
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are spread over all the increments), so there is no need to specify boundary conditions in one 
block, followed by the time steps for long term equilibration in a subsequent block. 
Boundary F, if it exists, evolves with excavation. In most cases it will not actually become a 
drainage boundary-, concrete is generally considered impermeable, even in relation to clays. 
However, contiguous bored piles often have gaps of up to several centimetres between 
adjacent piles and it may be appropriate to model the wall with consolidation type elements of 
suitable permeability; F would then comprise nodes down the rear of the wall. Alternatively, a 
certain drawdown of the ground water levels behind the wall could be assumed, and this could 
then be imposed by introducing a drainage layer to the relevant depth; again, down the back of 
the wall. 
3.11.2 Fluctuating groundwater levels 
Rising groundwater levels may occur because of increasing pore water pressures in an 
underlying layer, infiltration at the ground surface, or recharge pumping via boreholes. Falling 
levels are generally due to the same phenomena acting in reverse. Where the near-surface 
layer(s) of soil is coarse-grained, water can usually flow relatively freely and movements of the 
phreatic surfacelo take place in a relatively short time. In fine-grained soils, however, the 
situation is rather different. Seepage is much slower, and it is normally the piezometric" level 
which is said to be rising or falling. 
Take, for example, the London clay overlying the chalk aquifer in the London basin, where 
underdrainage was caused by abstraction from the aquifer in the late 19th and early 20th 
centuries. By the 1930s, the phreatic surface in the London clay was close to the top of the 
clay layer, but the pore water pressure profile was considerably less than hydrostatic (culaz < 
Y, ) - implying head loss (andseepage flow) downwards to the underlying chalk. Effective 
stress levels in the clay were higher, relative to the original groundwater conditions. 
Following the cessation of abstraction from the chalk just after the Second World War, the 
aquifer began to recharge. In some parts of London, the piezometric level in the chalk was 
rising faster than I m/year in the late 20th century. 
10 defined as the surface connecting points where the pore water pressure is zero. 11 the level to which water would rise in a standpipe inserted in the soil layer concerned. 
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Modelling rising (or falling) piezometric levels in CRISP is actually quite straightforward. 
Referring to Fig. 3.20, one would first establish the current pore water pressure profile (u. (z)) 
on boundaries B and C. Typically this would be the "long term" profile to which the analysis 
had initially come into equilibrium following wall installation. Then, the new (elevated or 
depressed) profile (u. (z)) would be determined, and the difference between the two (Au(z)) 
computed. This computed difference is then specified along boundaries B and C as an 
incremental excess pore water pressure, using fL-, dty code 3. The change of pore water 
pressure will move into the interior of the mesh Eke an advancing "front" until the new steady 
state (hydrostatic or non-transient seepage) is attained. In some cases, it may be adequate to 
specify changes on the bottom boundary (C) only - an aquifer recharge being a case in point, 
where the true physical source of the pore water pressure change is from below. 
In the aforementioned example of the London basin, piezometric levels were rising at I m/year 
in some places, implying an increase in pore water pressure of 10 kPa/year at the top of the 
chalk (boundary Q. If the drawn-down piezometric level had been close to the top of the 
chalk prior the cessation of pumping, it would take of the order of 50 years for the piezometric 
level to reach the ground surface (assuming a London clay thickness of about 50m), at which 
point aquifer pore pressures would have increased by some 500 kPa. 
In the writer's experience, the need to model future rising groundwater levels arising from 
underlying aquifer recharge is not common, and has only happened on one of the commercial 
retaining wall analyses he has conducted. In that instance (A406 Walthamstow; Appendix A, 
Case 1), the former of the two strategies above (i. e. instantaneous recharge) was used, with a 
period of 120 years allowed for equilibration - which followed on from a period of similar 
length to allow equilibration to the present-day (underdrained) pore water pressure profile. 
The modelling appeared successfid and was able to show some important consequences of this 
long-term recharge of pore water pressures. In particular, the changing pore water pressures 
on the wall caused it to rotate about the single permanent prop at formation level, as the line 
of action of the resultant water thrust moved upward. 
3.11.3 Time steps 
The analyst must decide both the length of time (Q and number of increments (N. ) to allow 
for equalization, as well as the size of the individual time steps (At) to be used (EAt = t. ). 
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Equalization time t. is often specified as part of the analysis brief (e. g. I-fighways Agency 
structures with a 120 year design life), or fixed by an interest in a particular date (e. g. back- 
analysis of present-day field data from an earth-retam'ing structure constructed some years 
earlier). Sometimes there may be a genuine desire to achieve t9s, perhaps to compare with a 
drained analysis. In this case, the analyst will not know how much time is required, and must 
guess. There is then the risk of using insufficient or'excessive time, leading to inaccurate or 
inefficient results respectively. 
Within the overall duration of the equilibration block (4), the individual time steps can be 
uniform or variable. This means that for increment 'T in the block either Ati i (t, 'ý) or Ati 
f(i), where f is a function. Uniform steps are the default in CRISP if the individual At are 
not specified (ITNE=O), but this would be an unusual choice. It is widely known that the rate 
at which excess pore water pressures dissipate decays with time, so the At should be small to 
begin with and gradually increase in size - but what weighting scheme is best? Conventional 
wisdom is to start off with small At and increase them using a log scale (1,2,5,10,20 etc). 
Time steps must be large enough to avoid pore water pressure oscillations (both temporal and 
spatial) yet small enough to prevent unacceptably high changes in effective stress (bearing in 
mind the possible lack of stress corrections; e. g. with CSSM models). The first (lower) limit 
on At arises from the fact that a "front" of pore water pressure change must be given sufficient 
time to move in from a drainage boundary to the nearest line of nodes with excess pore water 
pressure degrees of freedom (Britto, and Gunn, 1987). Take the example illustrated in Fig. 
3.26 which shows a prop slab overlying soil with a drainage boundary at the junction. The 
nearest line of nodes with excess pore water pressure d. o. f is situated a distance Ay below the 
drain. Using one-dimensional consolidation theory and parabolic isochrones, Schofield and 
Wroth (1968) established a relationship between the time At to travel a distance Ay : 
At = (Ay)2 / 12 C, (3.26) 
where C, is the coefficient of consolidation (= k/y,, m., ; t; k E' / 
When manipulating boundary excess pore water pressures to simulate rising/falling 
groundwater levels, the restrictions on size of time step are no different to those which apply 
when specifying drainage boundaries. In increments where drainage boundary conditions are 
not being specified, a lower Emit on At will stiff apply but will be more to do with preventing 
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numerical ill-conditioning. In a design situation, however, it is more likely that there will be a 
temptation to exceed the upper limit on time step, as the transition to long term equilibrium 
(Commonly specified as 120 years) is normally modelled in as few increments as possible. 
There is no correspondingly simple rule-of-thumb which can be applied to estimate this upper 
limit form, and in practice a form of retrospective check is applied, depending on the 
constitutive model (discussed in the next section). 
3.12 Analysis Verification 
For elastic-perfectly plastic models, scrutinizing the equilibrium errors at the end of each 
increment (see Section 3.3.6) and deciding whether or not they are acceptable is the only form 
of validation normally carried out. The critical state models offer an additional means by 
which the time step can be judged, in the form of the yield ratio (Y. R-). If plastic yielding is 
taking place and the soil is strain hardening (or softening), the yield locus will be growing (or 
shrinking) and the linear scale factor for this transformation is defined as the yield ratio. As all 
hardening/ softening is isotropic, yield ratio can be calculated from: 
Y-K = (P, )B / (P'e)A (3.27) 
where the terms (p'c)Band (P"JA are defined in Fig. 3.27 (NB: YR can be greater or less than 
unity, depending on whether the soil is hardening or softening. ) 
For changes in effective stress to fall within acceptable limits, Gunn and Britto (1982,1984, 
1990) recommend that the yield ratio must fall within the range 0.95: 5 Y. R. :51.05. Thus the 
yield locus is allowed to change size by ± 5%, beyond which unacceptable errors are reckoned 
(by the program authors) to start entering into the analysis. This may seem rather stringent, 
but in the writer's experience it is necessary, in view of the fact that no iterative corrections 
are applied to the critical state models in CRISP for stress states which move outside the yield 
locus. Further discussion on this can be found in Woods (1986). 
The check on elastic-perfectly plastic models is rather more arbitrary. Stress points which 
move outside the yield surface are corrected back (see Section 3.3.8), so the amount of out- 
of-balance force generated in any given increment is not so critical. The authors of CRISP 
recommend (Gunn and Britto 1982,1984,1990) that the percentage equilibrium error be kept 
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below 10% but unlike the yield ratio (which is reported for every element) the percentage 
equilibrium error is a summary figure given for the whole mesh. This makes it very difficult 
for the user to assess how much the mesh is suffering from excessive out-of-balance forces -a 
very large reported error (say ý: 100%) may only apply to one single node out of the several 
thousand present. 
3.13 Summary 
CRISP is a widely distributed and used geotechnical fmite element package. Almost certainly 
this is due principally to the open availability of the code, which has encouraged both 
practitioners and researchers to use it. The former group are able to validate its use on 
commercial work because it is not a "black box", whereas the latter are able to modify the 
code and add new models. Although CRISP has never enjoyed major commercial backing, it 
continues to thrive and has a committed following from some of the leading UK and overseas 
universities and civil engineering organizations. 
However, much of the development and testing seems to have neglected many of the issues 
which face the designer on a regular basis. The sophistication of CRISP is increasing 
continually, but many problems relevant to commercial users go unaddressed. This thesis aims 
to make a contribution in this area; specifically when applied to the analysis of embedded 
retaining walls. 
This chapter has sought to 
a) explain how the CRISP package has come to exist in its present form 
b) summarize the main features and facilities of CRISP, and 
C) describe current practice in modelling retaining walls with CRISP - the main issues 
which arise, and how practitioners usually tackle them. 
Examples from commercial retaining wall analyses conducted by the writer have been referred 
to as appropriate, along with other published examples in the literature. 
However, it should be clear to the reader that, although FE (and CRISP in particular) are used 
for commercial retaining wall analysis, there are still major uncertainties in many aspects of the 
modelling process. The attention of many investigators has focused on constitutive modelling, 
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but the writer is convinced that other modelling issues are just as important. Running through 
the main features of CRISP in order (Section 3.2), the uncertainties which are dealt with in the 
remainder of this thesis are as follows. 
The element provision in CRISP is adequate for most geotechnical problems, perhaps with the 
exception of a stable and versatile interface element. Another area of contention is that of 
reduced integration, but the writer is not convinced that a clear-cut case exists for this. 
Ultimately it is the mesh selection (grading, boundary location, etc. ) which still causes most 
difficulty - and has received little attention. This will be tackled in Chapter 4, whilst issues 
surrounding element aspect ratios (which are numerical in nature) are examined in Chapter 7. 
Constitutive models are plentiful in the commercial release of CRISP, with a commitment to 
include more in future versions. The writer would contend that it is the use, understanding 
and parameter determination for these models which is somehow lacking and needs to be 
addressed. For example, an appreciation of the influence of anisotropy will assist in deciding 
whether or not it should be incorporated in an analysis. An investigation on these factors is 
presented in Chapter 5. 
The facility for drained, undrained and coupled-consolidation analyses covers every eventuality 
for saturated SoiIS12 . The real uncertainty surrounds the choice of K,, in an undrained analysis 
and of At in a coupled analysis, which is considered in Chapters 6 and 7. 
Definition of in-situ stresses and boundary fixities is flexible enough for all cases likely to be 
encountered, based on the writer's experience (see all cases in Appendix A). Side-long 
ground will always be a problem, but there is little alternative to starting with a level ground 
surface and creating the profile as part of the analysis. The boundary fixity which frequently 
causes confusion is that of excess pore water pressures, but this is more a question of user 
understanding than program deficiency. A range of example cases and documentation would 
be helpful. 
12 The heightened awareness of unsaturated soil mechanics in recent years suggests that this is one of 
the next areas to be tackled, but its relevance to embedded retaining walls has yet to be demonstated. 
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Applied loads are straightforward - especially if their use for simulating excavation/filling is 
avoided. There are few reported or experienced problems here; therefore the thesis need not 
examine them fiinher. 
Changing geometry presents various modelling dilemmas - element size, increment numbers, 
etc. More specialist problems include installation effects with cast in-situ walls, prop insertion 
and removal, and adding elements which cannot have a stress history. Investigations on this 
are presented in Chapter 6. 
The solution scheme in CRISP, from the user viewpoint, cannot be changed. However, 
understanding the role of increment size is vital in conducting a proper analysis. This too is 
explored in Chapter 6, whilst load ratio schemes are studied in Chapter 7. 
Any finite element analysis produces a large quantity of output, and a retaining wall analysis is 
no exception. The wall and ground movements, stress distributions and structural forces 
require varying levels of manipulation of the "raV' output. There can be various ways of 
doing this, but the user is given little guidance. Obtaining output for use in design is covered 
in Chapter 8. 
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Table 3.1 Element types in CRISP 
Element name Desig- No. of Type Displ. Excess Rotn Total 
nation Nodes no. d. o. f. P-w-P- d. o. f. d. o. f. d. o. f. 
Constant strain bar -2 14 4- - 4 
Constant strain beam -2 15 4- 2 6 
Linear strain bar -3 1 6- - 6 
Linear strain beam -3 12 6- 3 9 
Linear strain interface -6 13 12 - - 12 
Linear strain triangle LST 6 2 12 12 
Linear strain triangle LSTp 6 3 12 3 - 15 
Linear strain quadrilateral LSQ 8 6 16 - - 16 
Linear strain quadrilateral LSQp 8 7 16 4 - 20 
Cubic strain triangle CuST 15 4 30 - - 30 
Cubic strain triangle CuSTp 22 5 30 10 - 40 
Linear strain brick LSB 20 8 60 - - 60 
Linear strain brick LSBp 20 9 60 8 - 68 
Table 3.2 Some of the constitutive models implemented in CRISP by researchers 
Constitutive model University Reference 
3 -surface kinematic hardening (3 -SKID city Stallebrass (1990) 
Naylor continuous plasticity critical state Surrey Hillier (1992) 
K,, -consolidated Cam-clay Cardiff 
Newson (1992) 
Power law (non-finear elastic) Surrey Gunn (1993) 
Duncan-Chang hyperbolic Surrey Woods (1993) 
Partially saturated Sheffield Ali (1993) 
Simpson "bricks on strings! ' QMWC Chandler (1995) 
Jardine (Imperial College) model Surrey Woods (1995) 
Hyperelastic Sheffield Pierpoint (1996) 
S-CLAYI (plastic anisotropy) Glasgow Wheeler et al. (2003) 
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Linear strain triangle with excess p. w. p 
unknowns (LTSp) :6 nodes, 15 d. o. f. 
Linear strain quadrilateral (LSQ) 
8 nodes, 16 d. o. f. 
displacement d. o. f. 
Cubic strain triangle with excess p. w. p 
unknowns (CuSTp) : 22 nodes, 40 d. o. L 
Linear strain quadrilateral with excess p. w. p. 
unknowns (LSQp) :8 nodes, 20 d. o. f. 
Linear strain brick with excess p. w. p 
unknowns (LSBp) : 20 nodes, 68 d. o. f. 
excess pore water pressure d. o. f. 
Fig 3.1 Continuum element types available in CRISP 
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Linear strain triangle (LST) 
6 nodes, 12 d. o. f. 
Cubic strain triangle (CuST) 
15 nodes, 30 d. o. f. 
Linear strain brick (LSB) 
20 nodes, 60 d. o. f. 
F. "I-I 
(a) basic mesh 
(b) modification for sloping strata interface 
(C) modification for bermed, excavation 
Fig 3.2 Simple retaining wall mesh on a rectangular grid 
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(d) moment-free connection 
(e) dished prop slab 
(f) prestressed ground anchors 
Fig 3.2 Simple retaining wall mesh on a rectangular grid (contd) 
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Fig 3.3 Simple mesh on a rectangular grid, with more sophisticated grading 
superimposed 
INI 
IN. 
ZIL 
Fig 3.4 Triangular elements generated within a rectangular grid 
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excavation wall retained soil 
A---- -- 
(a) location of Gauss points in linear strain quadrilateral forming part of wall 
-------------- 
ab 
---------------- 
(b) section AA through 3 Gauss points 
Gya Cyyb (Tyc 
t"'I 
kW typical stress diagram (pure bending + compression) 
iiix global axes 
-t/2 0 +t/2 
iiý localaxes 
NB: x= (t/2) 4; dx = (t/2) dt 
(d) relationsMp between global (Cartesian) and local (element) axes 
Fig 3.5 Transverse stress distribution in a retaining wall 
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(a) contiguous wall (s 2: d) I (7r/64) d 4(1/S) per m run 
. ... ... .. -------------- 
secant wall (s < d) I= (d 
4 /64)(7c-2p/3)(1/s) per m run 
where 0= 3oc - 3sinacosa - 2sin 
3 
OLCOS(X 
a= cos-'(s/d) 
Fig 3.6 Bored pHe waHs 
excavated side 
w 
wt 3+ wt (d+t/2-yc) 2+ bd 3+ bd (yc-d/2 
1-2 T2- 
yc = wt(d+t/2) + bd 2 /2 
bd + wt 
Fig 3.7 T-section diaphragm wall 
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(a) fuff moment transfer 
(^N zero moment transfer (concentric) 
(e) zero moment transfer (eccentric) 
(b) partial moment transfer 
zero moment transfer (concentric) 
(f) zero moment transfer (eccentric) 
Fig 3.8 Wall-prop connection details 
3-63 
(a) horizontal 
(b) dished 
(c) cranked (split-level) 
Fig 3.9 Different permanent prop slab geometries 
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simple trianciular element 
wall 
Fi93.10 Rigidpropdetail 
free (unbonded) length fixed (bonded) length 
Fig 3.11 Components of a prestressed ground anchor 
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single 2-noded bar 
(b) single 2-node bar for free length; multiple bars for fixed length 
Fig 3.12 FE representations of a prestressed ground anchor 
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-V- 
Fig 3.13 Mesh detail for Neasclen Lane Underpass (Creed, 1979) 
Fig 3.14 Idealised stress distributions on a cantilever wall 
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a tension 
KK rs, 
8y 8x 
Kn V1 
compression 
Ks 
(a) normal stiffness (b) shear stiffness 
Fig 3.15 Normal and shear load-deformation characteristics of the Goodman 
interface element 
zone 1 
.................. zone 2 Z2 
0 ............... ...... 
c 
7A 
' *"*"' " «' * .. 
(ýý: 
zý 
OvA "ý 'fIZI + T2Z2 C7VB ý TI (Zi + Z2) 
to the left of C: CT'h K%02 Cy'v 
to the dght of C: Cy'h KO, crl, 
Zi 
Fig 3.16 In-situ stress definition in the vicinity of a sloping strata boundary 
//A\\V// 
hi odginal ph reatic surface h2 
--- ........ ................. 
must coincide with a Iline of nodes which 
possess excess pore pressure d. o. f. 
Fig 3.17 Modelling a non-horizontal phreatic surface 
3-68 
depth 
z 
(a) comparison of present (underdrained) and future (hydrostatic) pore water 
pressure profiles 
---- ---------------------------------------- 
\_ 
(b) distributions of boundary pore pressure before [a] and after [a+b] a rising 
phreatic surface 
Fig 3.18 Modelling a present-day underdrained pore water pressure profile, followed 
by future recharge to full hydrostatic conditions 
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pore water pressure u 
q 
D 
C 
Mesh Boundary Horizontal Movement Vertical Movement 
A free free 
B fixed free / fixed 
c free / fixed fixed 
D fixed free 
E (depends on FL slab) 
B 
Fig 3.19 Typical displacement boundary conditions for an embedded retaining wall 
IE 
--------------------------------------------- --------- -- E 
D 
C 
Mesh Boundary Drainage Condition Au (incr) Au (abs) 
A permeable 0 
B permeable 0 
c permeable 0 
D impermeable - 
E permeable # 
F impermeable 
# depends on FL slab etc - see Fig 3.20(b) 
B 
Fig 3.20(a) Typical drainage boundary conditions for a retaining wall analysis 
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If XXXXX is a free-draining 
layer, under the slab u=0 
now u=u,, + u. 
and u. = y,, h,, 
o= 7whw + Ue 
Ue = -y, h, 
if XXXXX is not free-draining 
(or is absent), under the slab 
u# 0 and nothing needs to be 
specified in CRISP 
Fig 3.20(b) Drainage boundary conditions on excavated surface 
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P 
(a) patch load (b) point load 
q 
(c) line load 
14 Fy 
Fx 
(e) line load in 2-D 
normal stresses 
(d) strip load 
(f) stress distribution 
(h) shear stresses 
Fig 3.21 Extemally applied loads in 3 dimensions 
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2m 
(a) removal in Ix 2m layer 
lm 
lm 
(b) removal in 2xIm layers 
wall 
wall 
Fig 3.22 Different excavation layer thicknesses 
(a) primary mesh - prior to excavation 
intermediate mesh - partial excavation 
Fig 3.23 Incorporation of temporary berms into FE mesh 
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Scheme A Scheme B 
excavate lift 1 (ii) excavate lift 1 
(ii) install prop 
(iii) excavate lift 2 
install prop and excavate 
lift 2 (same inc. block) 
Fig 3.24 Possible excavation and propping sequences 
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PCOSO 
............. .................. .................. ................. ................. ................. ...... 
PsinO 
.................. .................. 
f 
L ................. .................. .................................... ...... ............... ................ 
................. .................. .................. ......... ........................................................ . ........................................................ 
(a) apply horizontal and vertical components of prestress load 
(b) install anchor (bar element) 
Fig 3.25 Installing and prestressing a ground anchor 
Fig 3.26 Mesh detail near a drainage boundary 
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qT ýý 
CSL 
......... .......... hardening 
(Y. R. > 1) 
...... ------- 
fte ing 
(Y. R. < 1) 
( (P'C)b P'C)b 
current yield 
locus 
............................... 
W. 
NB: q= deviatoric stress = (CF1 - C73) 
P, = mean effective pressure = (a', + 2a'3) /3 
pIC = preconsolidation pressure 
CSL = critical state line 
Y. R. = yield ratio 
Pcic P 
Fig3_27 Definition of yield ratio for Cam-clay models 4ý1 
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CHAPTER 4 
GEOMETRIC MODELLING AND DISCRETIZATION 
4.1 Introduction 
The first decision confronting the retaining wall analyst is how to convert the actual, 
continuous physical system (comprising the wall, support system, and the surrounding soil) 
into an assemblage of finite elements. This process is called "discretization7 and involves the 
following stages: 
decide if a 3D representation is necessary, or if a 2D (plane strain or axisymmetric) 
model will suffice 
judge how much of the surrounding area needs to be modelled (this will become the 
"domain" of the problem) 
locate any axes of symmetry, in order to reduce the size of the domain which must be 
modelled 
iv) determine which strata boundaries need to be reproduced, based on significant changes 
in engineering properties 
V) if the existing ground surface within the domain is partly or wholly sloping, define a 
horizontal surface overlying the existing ground surface (the surplus ground to be 
excavated at an early stage of the analysis to create the requifed proffle'). 
vi) if the structural geometry is complex, consider how it can be simplified without 
introducing significant error 
vii) if any stage of the analysis will involve manipulation of ground water levels and/or 
drainage boundaries, identify lines within the domain which will need to coincide with 
nodes possessing excess head degrees of freedom. 
At this point, no firm decision has yet been made on number of elements, element type, mesh 
grading etc. The decisions taken thus far serve to define the framework within, around and 
a this is a more convenient alternative to attempting to defte in-situ stresses under a sloping 
ground surface, where principal planes are no longer horizontal and vertical. 
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upon which the finite element mesh will be generated. Before arriving at the final mesh, 
several further stages are required: 
viii) decide roughly how many elements are to be used, within the constraints of computer 
memory and processor speed - and without compromising accuracy to unacceptable 
levels 
decide which type(s) of element(s) are going to be most suitable for the various 
components of the domain (soil, wall, support system, and soil-structure interface) 
X) decide on the approximate grading (i. e. variation of element size) by locating principal 
element boundaries running through the domain and identifying the approximate size of 
element that would be appropriate in each sub-region 
xi) as it is easier to generate a mesh based on a regular grid of horizontal and vertical fines, 
decide if it is feasible to create such a mesh first and adjust it later to accommodate the 
real geometry 
xii) examine the mesh to locate any elements with unacceptably high aspect ratios, or to 
identify areas where elements are being used inefficiently (the former may lead to 
numerical problems; the latter to excessive memory/disk space requirements) and carry 
out local adjustments as necessary 
xiii) for elements which form the wall, support system and interface, check the detailed 
geometry - paying particular attention to connections, etc. (if overlay elements are to 
be used, define them at this stage) 
xiv) finally, check for any errors such as holes in the mesh, wrongly-positioned nodes, 
missing props, consolidation-type elements being used for structural components, etc. 
The key point to note with all of these steps is that a decision has to be taken, and/or an 
approximation made - and every single one will have an effect on the results of the subsequent 
analysis. The inexperienced user will have very little (if any) information on which to base 
these decisions, and will not be able to distinguish a "good" mesh from a "pooe' one. Even 
the more expert user is unlikely to have detailed knowledge of the consequences of varying 
these assumptions, or of making different decisions. In a design situation, it is fair to say that 
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the analyst will select a "best shot" mesh which "looks about right". This mesh will then be 
used for the analysis (or analyses, if parametric studies are to be carried out). Rarely, if ever, 
will the mesh be adjusted and a re-analysis performed - time and budget will not permit. 
Virtually all texts on FEA recommend the user to experiment with mesh grading, starting with 
a relatively coarse mesh and refining it, in order to find the optimum grading. In an 
unbounded physical problem (e. g. most geotechnical cases) there is a further issue of boundary 
location. And yet less than 1% of reported finite element analyses of retaining walls (fisted in 
Table 2.4) make explicit mention of any such studies having been carried out. The implication 
is either that mesh grading etc. has been varied but not reported, or that the mesh used (and 
perhaps shown in the reference) was selected and used without any sensitivity checking, Any 
errors introduced through discretization are therefore unquantified. It must be assumed that 
such errors may exist, until studies reveal the opposite. 
Morgenstern and Eisenstein (1970) carried out numerical studies on mesh base location, for a 
rigid wall in front of which excavation was carried out. The base condition was either rough 
or smooth. However, the wall had no embedment, and the studies were considering the mesh 
base to be a real rigid boundary rather than an arbitrary cut-off in an unbounded medium. The 
only output quantity observed was the lateral earth pressure distribution on the wall, so the 
usefulness of this study to embedded retaining wall analysis was very limited. 
Ou et al (1996) conducted studies into how many elements (N) were needed in and around 
the excavated area for a 3D analysis, Whilst keeping boundary location and condition fixed. 
They examined 5: z profiles as N was increased and concluded that only a relatively modest N 
was required for the profile to converge to (presumed) correct values. However, the writer 
believes that their boundaries were too close to the wall and to formation level, and thus 
convergence was premature and not to the correct profile. 
So, the most fundamental of questions relating to finite element analysis of retaining walls 
goes unanswered in the literature. it is puzzling that no investigators appear to have validated 
their meshes - surely a prerequisite to demonstrating the validity of an analysis. This chapter 
will investigate this issue in detail, along with many of the decisions (i)-(xiv) listed above. In 
Particular, attention is paid to those decisions which may appear quite arbitrary; viz., (H), (viii) 
4-3 
and (x). This has been done by conducting a number of numerical experiments with the 
CRISP finite element package, which was described in the previous chapter. 
4.2 Location of Boundaries 
The first numerical study was conducted in order to address the question: "how far away 
should the mesh boundaries be placed? "' The inexperienced analyst may consult a paper or 
text book to see examples of meshes used by others, but the ground profile, stress history, soil 
properties etc. may be quite different in his/her case. The validity, therefore, of using 
published meshes must be considered rather carefully. 
4.2.1 Finite element mesh 
A relatively large mesh was created, with a reasonably fine grading of elements in both 
directions, Fig. 4.1. The boundary locations have been characterized by two geometric ratios, 
X/H and Y/W, where 
is the distance from the rear face of the wall to the remote vertical boundary, 
Y is the distance from the bottom of the excavation (i. e. formation level) to the bottom 
horizontal boundary, 
H is the wall height (or depth of excavation), 
is the half-width of the excavation. 
The depth Y was normalized with the width W on the basis that, in foundation loading/ 
unloading problems, it is the width of the load which determines the depth of penetration of 
the stress changes. The normalizing of X by H follows a similar argument, applied in the 
lateral direction. 
A wall height H of 8m was selected, which is typical of the dimensions encountered in urban 
underpass schemes and the like (although excavations can obviously go significantly deeper 
than this). A penetration depth D equal to H was adopted - recognizing that unpropped 
cantilever walls may well require D/H >I for stability, whiIst propped cantilevers may be quite 
adequate with D/H < 1. One may consider D/H =I to be a compromise which would allow 
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some simple studies of boundary location to be made for a number of wall support systems. 
The excavation half-width W (symmetry is assumed) was also fixed at 8m, giving D/H =-- W/H 
= 1. A wall thickness t=0.8m was selected (which is again fairly typical) giving t/H = 0.1 - 
The large mesh shown in Fig. 4.1 has X(H = Y/W = 10, and was thus denoted xlOyIO. The 
discretization of mesh xlOyIO was arranged to incorporate smaller meshes with XM and Y/W 
ratios of 8,6,4, and 2. Hence meshes with various combinations of X/H or Y/W could be 
obtained effectively by removing rows and/or columns of elements. In the first series of these 
analyses (referred to as Series A), the mesh size was varied in such a way that its overall 
(global) aspect ratio was kept constant, Fig. 4.2. This generated five separate meshes, 
designated by the X/H and Y/W ratios as x2y2, x4y4, x6y6, x8y8, and xlOyIO (smallest to 
largest overall domain size). 
4.2.2 Analysis parameters 
Even in an idealized analysis such as this, there are potentially a large number of parameters 
which could be varied. In order to make progress, it was decided to fix selected parameters at 
typical, representative values. Examples of these are the wall thickness (which would be more 
or less fixed in a real design situation), and the in-situ lateral earth pressure coefficient. There 
were other parameters or aspects of the problem which were more likely to influence the 
present area of interest, and these were varied over a reasonable range to avoid arriving at 
conclusions with little general applicability. (Even so it is recognized that the present study is 
far from exhaustive. ) Tables 4.1 and 4.2 summarize the problem parameters, distinguishing 
between those which were fixed and those which were varied, respectively. A justification and 
discussion of the parameters selected is given in the following subsections. 
Wall mipportlpropping 
The propping arrangements referred to in Table 4.2 are illustrated in Fig. 4.3. All props were 
rigid, comprising a single, stiff triangular element with one vertex node connected to the wall 
and the opposite edge restrained against horizontal movement (only). These props were 
installed at the earliest opportunity, which is reasonable for the top prop (cases b, d, e) but 
may lead to unrealistically early wall restraint in two of the cases where a formation level prop 
is used (cases c and d, but not e). However, it was thought that this would stiff produce 
meaningful results in the analyses presented here, and is discussed ftifther under the heading of 
it wall installation! ' later on in this section. 
k-I ) 
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Drainage rates 
Excavations in soils with a high clay content will generally take place under conditions of 
undrained loading, followed by a period of pore water pressure equalization which may last 
several years or even decades. At the other extreme, excavations in coarse-grained soils may 
be considered fully drained, with little if any further pore water pressure changes after 
construction is complete. However, there is growing evidence that excavations in clay soils 
may be accompanied by far more excess pore water pressure dissipation during construction 
than is generally believed. This partial drainage results from fissures opening up under stress 
reliet laminations of coarse grained material, etc. Given that the stability of an excavation is 
controlled by the long-term drained condition, this partial drainage (if not allowed for) can 
have potentially serious consequences. 
To ensure that the conclusions drawn in this particular study were of broad application, both 
loading/drainage limits were considered. Undrained analyses were conducted in terms of total 
stress; drained analyses in terms of effective stress. It was decided not to use the effective 
stress method for undrained loading, whereby drainage is determined by the "switch" of 
setting pore fluid bulk modulus Kw either to zero to a value approximately 100 x K', giving 
the drained and undrained responses, respectively. (This particular modelling decision is 
considered further in Chapter 7, as it has been known to give rise to numerical difficulties. ) 
Soilparameters 
A small but representative set of constitutive models and associated soil parameters were used, 
so that any emerging conclusions on mesh boundary location could be verified over a range of 
soil behaviour. These included nonhomogeneity, anisotropy, and yield. It could be argued 
that a fourth feature, permeability, has been incorporated through the decision to carry out 
both undrained and drained analyses. In a non-coupled framework, drainage rate is essentially 
a Poisson's ratio effect. The undrained condition is characterized by incompressibility (i. e. no 
volume change), which arises from the fact that isotropic bulk modulus is defined by: 
E/3 (1-2v) (4.1) 
and setting v=v,, = V2creates an infinite bulk modulus (via division by zero). This is a well- 
known problem in finite element analysis, and is avoided by using a value close to 1/2such as v,, 
ý= 0.495. Of course, the exact value used for vu in a total stress analysis is another decision to 
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be taken by the analyst. The drained condition is modelled through using an effective stress 
Poisson's ratio V in the range 0.1 - 0.3, and by scaling down the undrained Young's modulus 
through the relationship: 
(4.2) 
The "reference' soil model for these analyses was a simple homogeneous isotropic linear 
elastic MME) undrained model. This was first extended by considering two cases of 
increasing nonhomogeneity, the degree of which was characterized by X (Fig. 4.4): 
X= (EH-Eo)/EH (4.3) 
where EO and EH are the Young's moduli at ground surface and formation level respectively. 
This gives a non-dimensional parameter similar to that devised by Butler (1975), and is more 
general than the rate of change of E with depth (dE/dz) used by Gibson (1974). 
Secondly, two degrees of anisotropy were considered (independently to nonhomogeneity), 
characterized by the two ratios m and n where: 
Gvh / Ev 
Eh/E, 
(4.4) 
Gibson (1974) showed that the undrained elastic behaviour of cross-anisotropic soil could be 
defined byjust three independent parameters F, Eh and Gh, together with the relationships: 
vhh = I-n/2 
vh, = n/2 
(4.5) 
The maximum permissible value for n is 4, at which point vhh is equal to I- 4/2 = -1. This 
defines a material which is incapable of any shear deformation in the horizontal plane because: 
Ghh = Eh / 2(l +Vhh) (4.6) 
A value of n=4 in the undrained case implies that the material can neither deform nor change 
in volume. 
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For the undrained analyses, n values of 2 and 3 were selected, whereas for the drained case 
ratios of 2 and 4 were used (further discussion can be found in Section 5.3.1). 
The final "real soil" feature which was included in the analyses was that of plastic yielding. In 
CRISP, perfectly-plastic yielding can be modelled along with nonhomogeneity but not with 
anisotropy. For the undrained, analyses it was decided to generate a further four sets of 
parameters through having two diffierent ratios of Edc. (thought to bracket the likely range in 
practice) and two different degrees of nonhomogeneity X (the same two used in the My 
elastic analyses). Note that it is generally not possible to have an homogenous profile of shear 
strength with depth unless K, is set to unity. Tresca's yield function may be written as: 
(ah - a, ) - 2q, (4.7) 
To remain in the elastic range requires that f<0, where: 
Kt - 1) - 2c.,, <0 
. *. > 1/2(Kt - 1) cr, (4.8) 
where K,, t is the coefficient of earth pressure at rest in terms of total stresses = 1/2(1+K. ). If 
for example KO =2 and y= 20 kN/m3 (as in the present analyses) then Kt = 1.5 and: 
> 1/2(l. 5 - 1) 20 z=5z 
The profile of undrained shear strength would have to exceed 5z' where z is the depth below 
ground surface, in order for the initial state of stress to be within the yield envelope. 
Otherwise, some or all of the ground would be in a state of plastic yield before any excavation 
commenced. Clearly it would be unrealistic to achieve this with a uniform (homogeneous) 
Profile of undrained strength, as it would have to be set to exceed the highest value of 5z 
encountered in the mesh (i. e. at the base). The special case of K. =I (= Kt) leads to the 
simple requirement that cu >0 everywhere in the mesh, which could be satisfied by any non- 
zero profile. The c. profile implied by "= 1000 when E,, = 5z Wa is indeed c. = 5z kPa. 
It was decided to include this for illustrative purposes - being on the verge of plastic yield at 
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the in-situ stage everywhere in the mesh would make the soil-wall system very sensitive to 
excavation induced load changes. The case of E,, /c,, = 500 implies far less imminent yield. 
For the drained elastic-perfectly plastic analyses, yielding was characterized by a single drained 
angle of friction ý' (typical of a critical state or constant volume condition) together with zero 
cohesion. No particular effort was made to obtain an exact correspondence between the 
drained and the undrained yield surfaces in the present analyses, but this is relatively 
straightforward and is explored finther in Chapter S. A ffirther two cases in total were thus 
generated, by using a fixed ý' value with two degrees of nonhomogeneity. To ensure that in- 
situ yielding was avoided for the drained elastic-perfectly plastic case, the coefficient of earth 
pressure at rest had to be lower than the passive earth pressure coefficient i. e. K, < Kp = 
(I+sinfl/(I-siný'). For ý'= 25", Kp =2.63 which is greaterthan the value of K. used(= 2). 
Soil properties for the linear elastic analyses (undrained and drained) are summarized in Tables 
4.3 to 4.6, and for the linear elastic-perfectly plastic analyses in Tables 4.7 to 4.8. The effects 
of soil nonhomogeneity, anisotropy and yield are explored further in Chapter 5; the models 
and parameters selected here were considered sufficient for the mesh studies described in this 
chapter. 
Structural materialproperties 
The stiffhess of the wall was set to that of reinforced concrete with a Young's modulus of 20 
GPa and a Poisson's ratio of 0.15. In practice, modulus values for reinforced concrete range 
between 15 - 25 GPa; the value selected here falls in the middle of that range. No anisotropy 
of wall stiffness was incorporated; the possibilities of creep, cracking, or elastic non-linearity 
were ignored. This follows standard practice in commercial retaining wall analysis. 
The other structural material in the analyses was that used to form the idealized props. 
Material properties typical of steel were used, with a Young's modulus of 200 GPa and a 
Poisson's ratio of 0.20. 
In-situ stress state 
Having fixed the unit weight of soil at 20 Mmý, the coefficient of earth pressure at rest K. at 
2, and the ground water level at the ground surface, the definition of in-situ stresses was 
straightforward. For non-coupled analyses, CRISP provides for the input of either effective 
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stresses with pore water pressures, or total stresses. The former approach was adopted here 
in defining a linear variation of stress and pore pressure with depth: 
Y, h, loz 
G'V yz-u= (20 - 10) z (4.9) 
a'h K, cr', = 2x 10z 
'Cvh 0 
For the drained analyses, the water table was dropped to the base of the mesh. If it had been 
left at the top (coincident with ground surface), problems would have arisen with the pore 
pressure conditions, post-excavation. Excavations in ground with a high water level will 
normally be made such that the water level inside is kept drawn down to (or below) formation 
level. Steady state seepage will be set up if this drainage is maintained (e. g. to a gravel blanket 
under a road carriageway); this could be handled in a CRISP analysis by specifying appropriate 
excess head boundary conditions along the formation level, but not in an uncoupled, drained 
analysis. In the undrained case, the position of the water level is irrelevant as everything is 
handled in total stress terms. It was placed at the ground surface to simplify the in-situ stress 
conditions; in clay soils, water levels are normally quite high, so this was considered 
reasonable. 
If the water table had been kept at ground level for the drained analyses, negative effective 
stresses would have resulted at formation level. This is because total vertical stress would 
drop to zero (no overburden) but pore water pressure would still be at y,. H and hence a',, = 
-^t,. H. No problem would have arisen in the linear elastic analyses, but in the elastic-perfectly 
plastic analyses, this tendency toward strongly negative a'. would have produced yield very 
early in the excavation process. The movement of the wall and the surrounding soil (especially 
on the passive side) would be very great as a result. This situation could never actually exist 
in practice - the excavation would either flood, be filled with a water-tight structure (e. g. deep 
basement), or be drained to formation level. 
To try to maintain some compatibility with the undrained (total stress) analyses, the same in- 
situ total horizontal pressure on the wall was applied. This was achieved through matching 
the coefficient of total earth pressure Kt (= ah/cr, ). As the primary purpose of these drained 
analyses was to see if the influence of boundary locations was as important as for undrained 
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analyses, this approximate correspondence was considered acceptable. Trends rather than 
absolute values were being examined in these numerical studies. 
Initial boundary conditions 
The selection and specification of displacement constraints on the remote boundaries of a finite 
element mesh is rarely considered a problem for the retaining wall analyst. The argument is 
normally that, if the boundaries have been located sufficiently far away from the region of 
interest, then it should not matter whether they are rough or smooth. But it is exactly this sort 
of assumption which needs to be questioned and investigated. 
There will normally be four boundaries to the mesh, top, bottom, and the two sides. It is only 
the latter three which require displacement fixities to be specified, as the top is usually a free 
surface. Many retaining wall problems are symmetric about the centreline of the excavation, in 
which case one of the vertical boundaries can be fixed against horizontal movement, whilst 
being free to move vertically. However, this still leaves the other two boundaries; at the base 
and at the remote vertical boundary. Obviously there must be fixity against displacement in 
directions normal to the two boundaries concerned, but this leaves a choice of full restraint 
(rough) or freedom of movement (smooth) parallel to the boundary. The choices are 
illustrated in Fig. 4.5. 
Very few design engineers will check both possibilities for these two boundaries; they will 
normally adopt whatever is their personal preference. For the base, it could be argued that a 
fully rough boundary is physically more reasonable; the alternative is effectively suggesting 
that, at some particular depth in the ground, there is a rigid layer with a frictionless upper 
surface supporting the soil mass above it. A similar implication is made of a ffictionless 
discontinuity at the position of the remote vertical boundary. However, a rough vertical 
boundary has a more noticeable effect on the analysis, in that it imposes a fixed point on the 
ground surface settlement profile. The general flow of soil tends to be rotational - from the 
retained side, under the wall, and into the excavation. The boundary conditions will naturally 
have a major influence on this. 
The only justification for smooth boundaries which the writer can suggest is that they may 
somehow compensate for the over-stiff behaviour seen in the FE method, because a 
continuum is being modelled with finite degrees of freedom. In other words it is on a similar 
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level to the arguments put forward for reduced integration of elements. Unless the effects of 
using one or other boundary condition are examined with reference to a real problem, the 
question mark remains. 
For the main body of boundary location analyses presented in this section, fully rough 
conditions have been imposed (Fig. 4.5a). This choice was made on the basis that it is what 
most analysts appear to do; however, it was subsequently examined by re-running a number of 
cases with fully smooth boundary conditions (see Section 4.4). 
Wall installation, propping and excavation 
These analyses (of boundary location) were not particularly concerned with wall installation 
effects per se, so the decision was taken to install the wall in the simplest possible way. The 
elements comprising the wall were present in the mesh at the in-situ stage, having the same 
unit weight (20 kN/m) as the soil, so as not to introduce any unnecessary equilibrium errors. 
The unpropped free cantilever was straightforward; the wall was already in place, and the only 
remaining task was to excavate the soil. 
If a single top level prop was used, it was also present at the in-situ stage, fixed against 
horizontal movement. In practice, top level props may be installed after the first 1-2m of bulk 
excavation have been carried out to expose the top of the wall. Alternatively, narrow trenches 
may be dug between opposite wall panels in the position of the props to allow them to be 
installed before bulk excavation commences. This is usually preferable as it minimizes both 
wall deformations and movements of the surrounding ground. The strategy adopted in the 
analyses represents the earliest possible propping and thus puts a lower bound on wall 
MOvements. 
Single propping at bottom (formation) level is slightly more difficult. In an undrained analysis, 
to excavate to formation level and then install the prop would be pointless. No further 
movement of the ground would occur after final dig level was reached, so the prop would 
make no contribution to the wall-soil system whatsoever. It would only be if subsequent pore 
water pressure equalization was permitted (in a coupled analysis) that the formation level prop 
would actually take up load. Thus, it was decided again to include the bottom level prop as 
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being present at in-situ stage. Subsequent wall movement due to excavation would be resisted 
by the propping action at formation level even before excavation actuaUy reached that level. 
It is Pertinent to enquire whether or not this form of propping can be justified. The main area 
of interest here is how sensitive key results from the analyses might be to boundary location. 
A wall which is propped in such a way that it can only rotate about its n-dd-point will behave in 
quite a dilTerent fashion to one which is propped at the crest. So the inclusion of this type of 
Propping arrangement can be justified on grounds of illustrative behaviour. Also, it is 
perfectly possible to construct formation level props in-situ prior to excavation, through the 
process ofjet grouting (e. g. Newman and Covil, 1993). Not withstanding this, it is recognized 
that this type of propping is unusual, and if any startling trends were to emerge from the 
analyses involved, they would have to be treated with caution. 
The doubly-propped case combines the effects (and the arguments) of the previous two 
propping arrangements. The main purpose for including this case was to look at a rather more 
heavily propped arrangement where the wall could no longer rotate about either crest or 
formation level. It has already been accepted that the formation level prop, installed at in-situ 
stage, is atypical. Nonetheless, it was felt that useful lessons might emerge. 
Finally, the alternately-propped case was considered. The top prop was installed at in-situ 
stage so that it offered very efficient early propping to the wall, but the bottom prop was not 
installed until after final dig level was reached. Following this, the top level prop was removed 
so that the wall was free to move forward at the crest whilst being restrained at formation 
level. This is almost precisely the procedure followed in practice for cantilever walls singly 
Propped at formation level, where one or more levels of temporary propping are installed early 
on to reduce movements. They are removed later on when the permanent formation level prop 
is in place. 
4.2.3 Evaluation of results 
An FE analysis produces a great deal of information; the primary quantities of nodal 
displacements, reactions, excess heads (coupled analyses only), etc.; the secondary quantities 
such as stresses (Cartesian and invariant), pore water pressures, strains, etc.; and the tertiary 
quantities of shear force, bending moment etc. in structural members. A retaining wall 
designer may be interested in some or all of the following: 
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a) wall horizontal deformations 
bending moments 
lateral pressure from soil 
shear forces 
shear stresses from soil 
b) excavation vertical movements (heave) of excavated surface 
C) ground surface vertical movements (settlement and heave) along crest 
horizontal movements along crest 
d) SOU profiles of movement on vertical or horizontal sections 
profiles of stress or pore pressure on vertical or horizontal 
sections 
contours of pore pressures, stresses, displacements, etc. 
zones of plastic yield 
e) props axial forces 
bending moments (if fixed) 
0 anchors tendon loads 
In order to examine the influence of boundary location, the analyses were characterized by the 
following key results (thought to be those most frequently sought in practice): 
wall horizontal displacements (5) 
wall bending moments M 
0 excavation heaves (V) 
0 ground surface movements (S) 
Each of the above comprises a profile of individual data points, and could obviously be 
handled in a number of different ways; two were selected here. 
The first was based on a consideration of the whole profile, in order to evaluate the similarities 
and differences between the individual profiles generated for each separate mesh. The 
comparison was necessarily qualitative and involved the assessment of the level of "scatter" 
between the different profiles. All the profiles for a given propping case and soil parameter set 
were superimposed on a single plot for visual inspection. The values along any given profile 
were denoted IF, with those along the "true' profile denoted P. In this context the "true" 
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Profile was taken as being that obtained for the biggest mesh (xlOyIO; see Fig. 4.1). This 
assumption was questioned and tested separately (see 4.2.5 below). Further plots generated 
from this data were profile difference (r-l"*) and profile ratio (r/T*), in an attempt to 
highlight trends in the data. The concept of scatter defined above, though not rigorous, was 
considered to provide a useful insight into the analysis results. 
The second way of handling results involved characterizing a given profile by its maximum 
value IF. and to compare this with a reference value. Typically this reference value was the 
maximum value of the "tfue" profile r*.. The ratio and the manner of its 
convergence on a value of unity was used as a measure of the sensitivity to (or influence of) 
mesh boundary location on the key value concerned. The X/H (= Y/W = R) ratio at which 
r. x, T*. reached 0.95 (95% of unity) and 0.99 (99% of unity) was identified for each plot as 
a means of quantifying this sensitivity. The two ratios were denoted R95 and R99 respectively. 
Another item of information extracted from the graphs was the direction from which the curve 
of IF..,, /]F*max was approaching unity. Mostly this was found to be from below, indicating that 
the key result was underestimated if the mesh was too small (i. e. boundaries too close) and 
was designated a negative (-) error. Sometimes, the reverse trend was observed with 
rn=AF*. approaching unity from above (key result overestimated), and this was designated a 
positive (+) error. R95 and R99 could be regarded as indicators of having reached ±5% and 
±1% of unity, respectively. 
One further point which should be mentioned about the profiles is the way in which r. was 
identified. Wall displacement, 5 was virtually always towards the excavation, and locating the 
maximum value on a given profile 5. was straightforward. (Some exceptions to this 
occurred with the wall propped at formation level, where sometimes either the upper or lower 
part of the wall rotated backward into the retained soil - this is discussed later). Similarly, 
excavation heave was always upwards so that the maximum point on the profile V. was easy 
to locate. 
However, the bending moment diagram for a cantilever wall (propped or free) will have 
positive and negative values, depending on how the wall bends towards (or away from) the 
excavation. Furthermore, it is not always certain apriori which will be of greater absolute 
magnitude; the maximum +ve moment or the maximum -ve moment (-M. ). The 
designer will normally be concerned to know only the magnitude of the numerically larger 
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maximum moment, as the concrete wall will normally be reinforced symmetrically to give 
equal moment of resistance in either "hogging" or "sagging". In the analyses here, the results 
processing procedure has identified both +M.,,,, and -M. and examined the influence of mesh 
size on the larger of the two. (Normally it was quite obvious that one was significantly larger 
than the other and would tend to govern the design; only occasionally were +M.. and -M.. 
found to be of roughly equal magnitude. ) 
Profiles of ground surface movement will, in general, exhibit both downward settlement (-S) 
and upward heave (+S), relative to original ground level (+/- follows the convention used by 
CRISP for +ve Y upwards). As both directions of movement might be of interest to the 
designer, the effect of boundary location on both -S. and +S. has been summarized. 
. 4.2.4 Results of Analyses 
The key results are presented in Tables 4.9 to 4.12, showing R95, R99 and error direction (+/-) 
for each propping case and for each parameter set. In Table 4.13 an attempt has been made to 
summarize the main points through a fairly crude statistical analysis. In the following sections, 
some brief comments will be made on each of the individual cases/sets. These concentrate on 
the sensitivity of key results to the location of the mesh boundaries, quantifying this by 
convergence and scatter (as defined above). Some selected full-profile plots are given at the 
end of this chapter, whereas examples of typical convergence plots are included in Appendix B 
(Figs BI -B4). 
4.2.4.1 Wall horizontal displacements 
Before examining individual cases in more detail, it might be helpful to take a brief overview. 
From Table 4.13, it can be seen that horizontal wall displacements have, on average, managed 
to reach 95% (or ±5%) of the assumed true value by R (= X/H = Y/W); 4-, 51/2. In other words, 
a modest sized mesh (in terms of the distance to remote boundaries) would be able to deliver 
results which have a relative error of 5% or less - for all likely propping cases and soil stiffness 
and strength distributions. However, in some cases the value required to achieve 95% of the 
assumed true value was R= 91/2, and the R value represented by the mean +Ix standard 
deviation (mean +Is. d. ) almost reached 8. A representative sample of full-profile plots are 
given in Fig. 4.6(a-h). 
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Undrained anaiyses 
For the unpropped case, convergence of was very reasonable, achieving ±5% at R= 
6. Convergence improved and scatter reduced with nonhomogeneity, indicating that the need 
for boundaries to be at a distance became less important. However, the opposite occurred 
with increasing degree of anisotropy, behaviour deteriorated noticeably, with poorer 
convergence and greater scatter. The introduction of yield similarly made convergence and 
the scatter between the 5 profiles worse, with the effects of plasticity being more obvious with 
the larger meshes (yield seemed to be suppressed if the mesh was too small). This was most 
unexpected, because yield is normally considered to be a rather localized event - it seems 
counter-intuitive that the location of distant boundaries should have a bigger effect on 
retaining wall behaviour when plastic yield is permitted. Within the elastic-perfectly plastic 
analyses, increased nonhomogeneity made a small improvement to convergence. 
As an aside, it was quite noticeable (especially for the HILE case) that the 8 profiles had a 
very similar curvature, which suggests that wall bending moments should be relatively 
insensitive to R (and this indeed proved to be the case - see 4.2.4.2). 
Unlike the free cantilever, the top-propped wall was constrained to have the same (zero) 
displacement at (at least) one point on the 5 profile, regardless of mesh size; i. e. at the top. 
This seemed to improve convergence overall with respect to the unpropped case, as can be 
seen from Table 4.9. The same general points can be made about the influence of soil 
properties, in that convergence of B..,, /5*. and scatter between 5 profiles improved with 
nonhomogeneity, but deteriorated with the introduction of both anisotropy and yield. 
However, in contrast to the unpropped case, convergence deteriorated when nonhomogeneity 
was introduced at the same time as plastic yield was being permitted. 
The bottom-propped wall produced something rather different when E, = E. +mz and Eh/Ev: 5 
2, in that horizontal displacements at the top of the wall followed the unexpected trend of 
being too large when R was low. However 5..., was always at the toe and convergence was 
based on this, so apparently the direction of the error was from below. Otherwise, the scatter 
of 8 profiles reduced both with nonhomogeneity and anisotropy. (It was noted earlier that the 
method of installing props adopted here is perhaps unrealistic for the bottom-propped case, so 
it is important to be wary of anomalous behaviour. ) The main effect of yield was to make the 
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scatter between 5 profiles worse below formation level (especially for Eý = mz), but this made 
little difference to convergence as 5.., was at the crest. 
The heavier propping present in the doubly-propped wall appeared to impose better agreement 
between the various 5 profiles (as might be expected), with displacements between the props 
virtually unaffected by boundary location. When E,, = E,,, displacement between props 
followed the unexpected trend of being too large when R was low. (This could, however, be 
explained by the suppressed movement of the toe caused by smaller meshes - this wall is 
similar to a simply-supported beam with one of the supports near mid-span, and reduced 
deflection of the cantilevered end allows more movement between the supports). With 
increasing nonhomogeneity, convergence of (which was at the toe) improved and 
scatter of & profiles reduced. Increasing anisotropy produced small improvements in both 
convergence and scatter, unlike earlier propping cases. Yielding made convergence much 
worse for the case of E,, = niz, but this was because 5. was at the toe and movements below 
formation level are much more sensitive to yield and therefore show greater scatter. 
Finally, the altemately-propped wall led to similar conclusions as for the free cantilever. 
Convergence improved with nonhomogeneity but deteriorated with anisotropy; scatter of 6 
profiles reduced (especially at the toe) both with nonhomogeneity and anisotropy. The 
introduction of yield generally made convergence and scatter worse. 
Drainedimalyses 
When the wall was unpropped and the soil was homogeneous isotropic linear elastic (HELE), 
convergence was rather poor and 8,,. reduced with increasing size of mesh, so that 
convergence was from above. Nonhomogeneity had a dramatic improvement on convergence, 
with ±1% reached at as little as R=4. Anisotropy had quite the opposite effect and made 
convergence even worse, removing any asymptosy. The scatter between 8 profiles was 
reduced by nonhomogeneity, but largely unaffected by anisotropy. Only one elastic-perfectly 
plastic case was run (E' = 40+4z) owing to stability problems with a cantilever wall of this 
D/H ratio. The wall exhibited very little curvature, as it seemed to have undergone rigid-body 
rotation for the most part. Convergence was rather erratic and was from above (as in all 
drained analyses). 
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19P-P-ropp-ing produced generally better convergence than in the unpropped case, which 
improved with nonhomogeneity but was largely unaffected by anisotropy (similarly for 
scatter). When yield was permitted, the direction of convergence was mostly from below (i. e. 
negative error), just rising above =I at R=8. Yielding made convergence and 
scatter very much worse regardless of the degree of nonhomogeneity. 
Scatter above formation level for the bottom-propped case was much improved with 
nonhomogeneity, but only slightly improved by anisotropy (scatter below formation level was 
already reasonable). Convergence, which was always from above = 1, was generally 
improved by nonhomogeneity. Yielding made convergence and scatter very much worse, 
mainly because it pushed 5. below formation level where behaviour was more sensitive to 
boundary proximity. 
The behaviour of the doubly-propped case was the same as the bottom-propped. 
Nonhomogeneity produced more rapid convergence for the alternately-Propped wall, but 
anisotropy had no discernible effect. Scatter was much reduced with nonhomogeneity and 
anisotropy (especially the former). Similar effects arose from the introduction of soil yielding 
as occurred with bottom-propping. 
4.2.4.2 Wall bending moments 
Wall bending moments were the least sensitive to mesh boundary location of all the key results 
examined. The mean value of R(= XJH = Y/W) by which the analyses achieved 95% (or 
: 1=5%) of the "true" value was approximately 4 (Table 4.13). This would indicate that, in a 
situation where the designer was mainly concemed about the structural capacity of the wall, 
useful infonnation could be obtained from even a fairly small mesh. (However, it could be 
argued that FE analysis might not be necessary, as Wirikler spring models are thought to give 
adequate indications of wall bending moment in many cases. ) Some representative full-profile 
plots are given in Fig. 4.7(a-h). 
Undrained analyses 
Convergence and scatter for the unpropped wall was good on the whole, but (in contrast to 
observations on wall movements) deteriorated badly for E,, = mz (X = 1). The scatter between 
bending moment profiles above formation level reduced with nonhomogeneity; anisotropy 
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made convergence and scatter significantly worse. When the soil was allowed to yield, scatter 
reduced a little and there was no change to convergence for Eu = E. +mz. However (again in 
contrast to wall displacements), yield caused a great improvement in convergence for E= mz. 
The introduction of top-proppin brought about a general improvement in convergence and 
reduction in scatter, and diminished the effect which nonhomogeneity had on these two 
aspects of the analysis. Anisotropy caused convergence and scatter to worsen - as did plastic 
yielding (especially for E. = mz) 
Changing to bottom-propping caused further general improvement. There was relatively little 
scatter, and the results indicated only a mild improvement due to increasing nonhomogeneity. 
Anisotropy, unusually, brought about an improvement in convergence and scatter. Yield 
caused a deterioration when Eu = mz, although there was no change for Eu = E,, +mz. 
For the doubly-propped wall. convergence and scatter were both very good for all E profiles 
and were virtually unaffected by nonhomogeneity or anisotropy. However, convergence and 
scatter became worse when yield was permitted, although only significantly when E,, = mz. 
Convergence and scatter were barely acceptable for the altemately: propped wall, but 
deteriorated badly for E,, = mz. Increasing the degree of anisotropy made convergence 
significantly worse, but scatter only slightly worse. However, both aspects were virtually 
unaffected by yield for Eu = E,, +rn7, whereas convergence actually improved for Eu = mz. 
Drainedanalyses 
Both convergence and scatter for the unpropped cantilever were excellent for isotropic cases, 
and were unaffected by nonhomogeneity. However, convergence and scatter both 
deteriorated with increasing anisotropy. The marginal stability of the wall resulted in 
convergence behaviour being poor and rather erratic, with scatter between the bending 
moment M profiles up to as much as 300 kN-m. 
Convergence was reasonable and always from above NI., JM*,,. = unity for top-12ropped 
walls, so M. was actually too big for smaller meshes. Convergence was improved, and 
scatter eliminated, by increasing nonhomogeneity and (surprisingly) anisotropy. The inclusion 
of plastic yield brought about a worsening in convergence, with the M profiles actually 
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deteriorating for larger meshes. Scatter between M profiles increased by up to 200 kN-m in 
the elasto-plastic analyses. 
For the bottom: propped walls, both convergence (which was always from above, and rather 
poor for HME) and scatter improved very significantly with increased nonhomogeneity, but 
only mildly so with anisotropy. Convergence became a little erratic as yielding was 
introduced, but generally no worse than for the elastic cases. Scatter was only really 
unacceptable below formation level. 
Doubbý: ýeqd walls experienced a slight improvement in convergence and scatter as the 
deg ree of nonhomogeneity and of anisotropy increased. However, convergence was much 
worse and from a different direction (below) for E' = EO+mz; convergence was acceptable 
and from below when E'= mz. Scatter between M profiles was as much as 400 kN-m in the 
elastic-perfectly plastic cases. 
Finally, for the case of alternate-propping, convergence (which was generally excellent and 
always from below) and scatter improved slightly with nonhomogeneity, but became 
significantly worse with anisotropy. The only noticeable effect brought about by the 
introduction of yielding was slightly increased scatter. 
4.2.4.3 Excavation heaves 
Excavation heaves had the greatest sensitivity to mesh boundary location of all the key results 
examined. It would be true to say that conclusive convergence to a value of V. /V*. =I 
was not achieved in any of the cases examined. Examination of Table 4.13 shows the mean 
for R95 to be in excess of 8, with the range defined by mean ±I s-d. spanning 7.4 - 9.2. Even 
with a mesh taken up to X/H = Y/W = 16 (see Section 4.2.5), the curve of V... N*. showed 
no asymptosy to a value of unity. In view of this, detailed comments about convergence and 
scatter are unwarranted. A representative sample of full-profile plots are given in Fig. 4.8(a- 
d). Some brief comments are as follows: 
Undrained analyses 
For the first case of the unpropped free cantilever, there was a big scatter between the heave 
Profiles for the different meshes. Convergence was not at all convincing, and was only slightly 
improved by nonhomogeneity. Anisotropy made no discernible difference to convergence. 
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When yield was introduced, there was some worsening of convergence, but it was already 
poor in the wholly elastic analyses. 
As propping was introduced, the same trends were observed. Whether the wall was LgR-, 
bottom- doubly- or alternately-propped, there was generally a modest improvement to 
convergence brought about by increasing nonhomogeneity. Introducing anisotropy had little 
effect, whereas plastic yielding generally brought about a deterioration both in scatter and in 
convergence. 
Drainedanalyses 
Overall, the drained analyses appeared to have somewhat better convergence characteristics 
than their undrained. counterparts. 
Considering the unpropped wall, convergence was almost convincing by E'= mz where the 
scatter was reasonably small. Anisotropy has no effect. Convergence and scatter were both 
quite good for the elastic-perfectly plastic analysis. 
For the top-propped and bottom-propped cases, convergence was improved to some extent by 
nonhomogeneity, and the scatter was quite reasonable at E' = mz. Anisotropy had no effect. 
With the introduction of yield, convergence was unchanged for E'= E. +mz (though more 
erratic), but rather better for E' = mz. 
Similar comments can be made for the doubly: propped and the alternately-propped wall, 
except that with introduction of yielding, convergence was a little better when E' = E. +mz in 
the former propping case. 
4.2-4.4 Ground surface movements 
The profile of ground surface movement has a unique feature relative to the other three key 
profiles being examined; viz., the position of the remote end of the profile depends directly 
upon the location of the far vertical boundary. This has a rather obvious effect on the shape of 
the settlement profile, in addition to the changes made by the whole mesh increasing in size. It 
also made the concept of "scattee' rather less meaningful, unless comparison was confined to a 
distance of 2H (=16m) behind the wall. 
4-22 
L ike excavation heave, ground surface movements were shown to have a high sensitivity to 
mesh boundary location. Conclusive convergence of settlement or heave 
+S nm /+S*. to a value of unity was only achieved in a few of the cases examined. From 
Table 4.13, R95 for settlement is in excess of 8, with the mean ±Is. d. ranging 6.6 - 10. For 
heave, R95 for settlement is almost 9, but the smaller standard deviation leads to mean ±Is. d. 
ranging 7.7 - 9.8. One point to be borne in mind is that none of the drained analyses 
experienced ground surface movement which was downwards in absolute terms (relative to 
the original undeformed ground surface); i. e. there was no settlement, -S. The unloading of 
the mesh due to the excavation is very large (yH = 160 kNW), and causes the whole area to 
heave when volume change is allowed (initially, under undrained conditions, there is only a 
distortion of the retained mass, with some heave and some settlement). Some typical full- 
profile plots are given in Fig. 4.9(a-h). Brief comments on the analysis results are as follows. 
Undrained analyses 
For the case of the unpropped wall, convergence for +S improved noticeably with 
nonhomogeneity, whereas for -S it became much worse. Anisotropy made no apparent 
difference to convergence for either -S or +S. Yield offered minor improvement in -S 
convergence for E' = mz, and virtually eliminated the scatter between the S profiles; +S 
convergence was unaffected. Same comments apply to the top-propped case. 
The bottom- ro ed and doubly-propped walls were slightly different. Interestingly, 
convergence for -S was quite good in the homogenous cases (for any degree of anisotropy n), 
but was from below - i. e. settlement increased with mesh size. Convergence for +S improved 
noticeably (but for -S became much worse) with increasing nonhomogeneity. As before, 
anisotropy made no difference to convergence, but plastic yield offered significant 
improvement; at least in the case of Eu = mz, E. /c. = 1000. +S convergence was unaffected. 
The convergence behaviour for the altematelyzpropped wall was the same as that for the 
unpropped cantilever, i. e. for +S it improved noticeably with nonhomogeneity, but for -S it 
became much worse. The effects of anisotropy and yield upon convergence were the same as 
for the bottom propped wall. 
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Drained analyses 
When the soil was fully drained and wholly elastic the convergence behaviour for the 
Pnar-o-XLed, top-propped bottom- doubly- and alternately-propped walls was virtually 
identical, and was quite similar to the undrained. Basically, convergence for +S improved 
noticeably with nonhomogeneity, whereas anisotropy made no difference to convergence. 
Yield brought about a considerable improvement in convergence for +S for the unProj2Ped and 
19"- fo L- al. and made no 2pped walls, made a small improvement for the doubly propped wI 
difference to the bottom- and altemately: propped walls. In each propping case, the scatter 
between profiles became rather great when yielding was permitted. 
4.2.5 Extension of boundaries 
There was no absolute certainty that mesh boundaries at X/H = Y/W = 10 were remote 
enough to guarantee that the key results of interest (wall displacements, bending moments, 
excavation heaves, and surface movements) had reached a steady value. Indeed the choice of 
mesh XI Oy 10 as a reference may appear somewhat arbitrary, but it must be pointed out that 
the distance to remote boundaries was greater than the vast majority of embedded wall meshes 
shown in the literature. From some of the graphs of F. AF*. against R, it was quite obvious 
that further increases in mesh size would have no effect on that particular value; wall bending 
moments generally being the best example of this. For other key values, such as maximum 
heave, it was equally clear that convergence had not been reached as the relevant curve 
showed no sign of becoming asymptotic to r. /. F*. = 1. It could well have been that, 
regardless of propping system and constitutive relationship, some of these key results were not 
going to converge to the desired level within the range of mesh sizes examined. 
To address this problem, a mesh with boundaries at X(H = Y/W = 16 (designated xI 6y 16) was 
created by adding rows and columns of elements to the base and remote vertical side of mesh 
xlOylO- The unpropped cantileverwall. was re-run with isotropic hear elastic and elasto- 
plastic soil parameters, both undrained and drained, (sets 1,2,3 in Table 4.3, sets I d, 2d, 3d in 
Table 4.5, and sets 12 and 13 in Table 4.7). Key results (wall displacement, bending moment, 
excavation heave, ground surface movement) were examined to: 
verify that the results which had appeared to converge satisfactorily by R= 10 had in 
fact done so, and 
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b) see if there was any evidence of convergence for those results which had obviously not 
converged by R= 10 
The results were examined by superimposing the two different curves of on one 
plot; in the first curve, P was based on mesh xI Oyl 0, and in the second it was based on mesh 
x16yl6- It would be immediately obvious from any discrepancy between the two curves 
whether or not xlOyIO had been an adequate choice. The measure adopted to quantify the 
discrepancy was to determine which value of had been achieved for mesh xI 6y 16 
when R= 10 (at which point the value of for xlOyIO was always unity). A 
summary of these values is given in Table 4.14, with brief comments as follows: 
Undrained analyses 
As expected for the wall displacements, very little extra improvement was obtained by 
extending the mesh boundaries to X/H = Y/W = 16. By R= 10, *,,. using xI 6y 16 as 
the reference was, on average, up to 0.978 for all the parameter sets investigated - suggesting 
that no more than a 2% efforis involved in assuming xlOyIO to be a reference. Bending 
MQOm-- tents similarly showed no real improvement using the 
bigger mesh, with M.. /M*.. 
averaging 0.979 at R= 10. 
For excavation heaves, which could not be considered to have reached convergence by mesh 
xIOyIO, the discrepancy between the two Vni. ý*=" curves was much more pronounced. 
Using xl6yl6 as the reference, V,. N*n. was only as high as 0.89 (on average) by R= 10, 
implying an error of 11% in assuming that xl Oyl 0 had produced the "tru&" heave. 
Surface movements showed significant differences between the two convergence curves, 
except for set 1. Using xl6yl6 as the reference, +S, =/+S*.. was in the range 1.0 1-1.46 with 
a mean of 1.22. For -S. /-S*., the corresponding range was 0.68-0.83, with a mean of 0.75. 
Drained analyses 
Extending the mesh boundaries to X/H = Y/W = 16 confirmed that adequate convergence on 
the maximum value of wall displacement had probably been achieved with mesh xI Oy 10. 
Values of B. /8*. compared with the xlOyIO reference averaged 1.037 which suggests an 
error of about 4%, although examination of Table 4.14 shows that the situation is rather better 
for nOnhomogeneous soil. The satisfactory convergence of bending moments at xlOyIO was 
corroborated by these analyses, with NL.., /M*. averaging 1.002. 
4-25 
Excavation heaves once again, showed that boundaries at Mf = Y/W = 10 may not be 
adequate. The discrepancy between the two V.. N*. curves at R= 10 was such that the 
xl6yl6 curve had only reached an average ratio of 0.923 for the three E' profiles investigated. 
Finally, surface movements, although showing rather less sensitivity to boundary location than 
in the undrained case, still produced significant differences between the two convergence 
curves. By R= 10, +S. /+S*. was in the range 0.78-0.92, with a mean of 0.863. (There 
was no downward movement -S in the drained analyses. ) 
4.2.6 Summary 
It appears that the location of mesh boundaries can have considerable effect on the computed 
profiles of excavation heave and ground surface movement, even with very large meshes. 
Given that xI Oy 10 might be considered an unnecessarily large mesh by many analysts, the 
prediction of ground behaviour away from the wall may be significantly in error in a lot of 
routine analyses. Accurate prediction of excavation heave may not be thought important in 
practice as immediate heave can be compensated by over-dig. However, any concrete slab 
constructed at formation level would be subject to long-term swelling pressure, and this is 
Proportional to the amount of heave which would have taken place without the slab restraint. 
The computed wall displacements and bending moments are rather less sensitive, and in many 
instances acceptable accuracy would appear to have been achieved with far boundaries at 
modest distance. This may, in part, explain why the Winkler spring analyses have enjoyed 
considerable success in retaining wall design. If full continuum behaviour is less important in 
obtaining acceptable results, a method which neglects such behaviour may not suffer unduly. 
FE analysis is often promoted on the basis of its ability to predict movements of the adjacent 
ground, but the analyses discussed herein have shown that this is far from straightforward. 
It should be emphasized that this section has considered an issue which is quite separate from 
that which normally occupies the attention of geotechnical specialists; viz. the constitutive 
model. The shape of the heavelsettlement trough behind the wall is a notorious example of 
how misleading, for example, linear elasticity can be (see Simpson, 198 1; also Fig. 8.5). It is 
clear that errors can be introduced through the choice of mesh alone, before the constitutive 
model is even considered. 
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However, it is probably the case that where the main deficiency in the mesh was that the 
boundaries were too close, this would be mitigated partially by the use of a non-linear elastic 
model,. If stifffiess is linked to strain level, and strain levels attenuate rapidly with distance 
from the wall/excavation, then it follows that remote soil will be significantly stiffer and thus 
boundary location is not so important. Hence, if a mesh is initially assessed via linear elastic 
analyses, and found to be adequate under those conditions, then it is almost certain to be 
adequate for a non-linear analysis. 
4.3 Mesh Aspect Ratio 
All of the meshes considered so far in this Chapter (denoted Series A) have been 
equidimensional. This follows from the way in which the distances X and Y (Fig. 4.2) have 
been made non-dimensional by the excavation width and height, which itself was equi- 
dimensional. As both overall width and depth of mesh have been varied simultaneously, it has 
not been possible to judge their influence independently. 
Consequently, four additional series of meshes with different global aspect ratios (constant X 
with variable Y, and vice versa) were generated, designated Series B to E. In brief, Series B 
involved fixing X at 101L with Y/W taking on values 2,4,6,8 and 10. SeriesCdidthe 
reverse; fixing Y at I OW and varying X/H as 2,4,6,8 and 10. Both of these series terminate 
at the same large mesh of xlOylO, but via different routes. Two further series were used; 
Series D in which Y/W = 2,4,6,8 and 10 (with X fixed at 61T), and Series E in which X/H 
2,4,6,8 and 10 (withY fixed at 6W). Full details are given in Figs 4.10 and 4.11. Theonly 
case considered has been the free cantilever (unpropped) wall with undrained isotropic linear 
elastic soil behaviour (sets 1,2 and 3, Table 4.3). 
For each analysis, the horizontal wall displacements, wall bending moments, excavation heave, 
and ground surface movements were used to characterize the results. Assessment was based 
on a Comparison of the rates of convergence of IF.., T*.. ,a visual comparison of the profiles, 
and a comparison of actual F*. values. The convergence rates are presented in Tables 4.15- 
4.18, with a summary of values in Table 4.19. A few representative full-profile plots are 
shown in Figs 4.124.14. 
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4.3.1 Results of Analyses 
Series B (Fig. 4.12) 
In this series, X was fixed at I OH whilst Y was increased from 2W to I OW. As might be 
expected, because the final mesh in this series (xIOy 10) was the same as that in the reference 
series (i. e. Series A), there were no differences in the various P. values. However, it does 
appear that the rate of convergence has improved consistently for all key values (5, KV and 
S), and increasingly so with a greater degree of nonhomogeneity. This is seen particularly in 
the case of wall bending moments, where NI. /M*... is already at 0.95 at the smallest Y/W 
ratio considered, Table 4. IS. The direction of error has changed for wall displacements, being 
from above rather than from below. 
It would seem that a more efficient use of elements results from having a global mesh aspect 
ratio (XfY) greater than unity. Fi3dng the far boundary at X/H = 10 and lowering the base of 
the mesh allows the sensitivity to boundary locations to be resolved more quickly. 
Series C 
In this series, Y was fixed at lOW, and X varied between 2H to 101-1. Inspection of whole 
profiles, convergence rates, and maximum values indicated unambiguously that Series C was 
identical to Series A (the reference series). This is fascinating, and suggests that even though 
the base of the mesh is quite remote at Y/W = 10, the soil-wall system cannot exploit this if 
the remote vertical boundary is too close. All elements below Y>X are effectively redundant. 
Series D (Fig. 4.13) 
This series kept X fixed at 6H and allowed the base of the mesh to drop from Y/W =2 to 10. 
Convergence showed an even better improvement over Series A than was noticed for Series 
B, b-ut the maxima arrived at were consistently lower than those obtained for Series A/B/C. 
Admittedly the relative differences were not large, but 5% in one place and 7% in another 
contribute to a significant modelling error. This series demonstrates that it is possible to arrive 
at a steady value which is in fact too low and, therefore, misleading. 
Series E (Fig. 4.14) 
This series kept Y fixed at 6W and allowed the vertical side of the mesh to move outward 
from X/H =2 to 10. Convergence showed a deterioration over Series A when considering 
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wall displacements, but was more or less unchanged for the other key values. The maxima 
showed varying trends; the V. were higher than those obtained for Series A, as were the 
+M, 7,.. However, the -M*.., V*., -S*. and +S*. were an lower. Again the variations 
were not huge, but were noticeable. Although the conclusions from Series C suggest that 
mesh depth is of little use if the width is insufficient, obviously adequate depth is still required. 
4.3.2 Summary 
From the foregoing observations, it is clear that boundary location cannot be considered in 
isolation from overall mesh aspect ratio. It would appear that if the remote vertical boundary 
is too close, there are two main consequences. Firstly, there is little point in lowering the base 
boundary as the "deeper" elements will be wasted. Secondly, the analyst can be misled into 
thinking that convergence on a key result has been achieved, when in fact the constraint of one 
or other boundary being too close has produced a false minimum/maximum. 
4.4 Boundary Conditions 
In all the analyses reported so far, the boundary conditions for displacement on the remote 
boundaries have been fully rough, as described in 4.2.2 and illustrated in Fig. 4.5(a). The 
question for the analyst is; with these boundaries at a specified distance, does it actually matter 
if they are rough or smooth? 
To study this further, the unpropped wall analyses (with undrained isotropic linear elastic soil 
behaviour, Table 4.3) were re-run with fully smooth boundary conditions, Fig. 4.5(b). Only 
three of the meshes were used, namely x2y2, x6y6 and xI Oy 10, to give a representative 
spread. As before, wall displacements, bending moments, excavation heave, and ground 
surface movements were used to characterize the results. Assessment was based on a visual 
comparison of the profiles, and a comparison of the IF*. values. A summary of the P. 
values and percentage differences between rough and smooth boundary conditions are 
presented in Table 4.20. Selected comparisons of key results for x2y2 and xl0yl0 (full-profile 
Plo, ts) are shown in Figs 4.15-4.16. 
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4.4.1 Results of Analyses 
Wall displacements 
The introduction of smooth boundary conditions in mesh x2y2 caused an increase in 5.. for 
all degrees of nonhomogeneity, with the increase inversely proportional to X (Fig. 4.15a). In 
the worst case (x = 0), a difference of nearly 10% resulted, but this should be taken in context 
because mesh x2y2 is much smaller than those likely to be adopted in a design context. As 
successively bigger meshes are used (i. e. R= X/H = YAV increasing), the difference in 5. 
caused by changing boundary conditions reduced (as expected, Fig. 4.16a), but there was still 
a 3% difference in the case of homogeneous isotropic soil (x = 0). In fact, for this particular 
E. profile, the sign of the % difference changed, indicating that S.,. was smaller with smooth 
boundary conditions. 
Wall bending moments 
Bending moments, as seen elsewhere, were generally less affected by boundary conditions than 
any other key analysis result. For the smallest mesh (x2y2) removal of boundary roughness 
produced an increase in M. of 8% at worst (X = 0), reducing as X tended to unity (Fig. 
4.115b). For the two bigger meshes (x6y6 and xlOyIO), differences became negligible and 
were under 1% (Fig. 4.16b). 
Excavation heave 
There was a much bigger influence of boundary conditions on excavation heaves, which is 
consistent with observations thus far concerning how other factors affect this particular result. 
The % difference caused by the introduction of smooth boundaries was inversely proportional 
both to degree of nonhomogeneity (X) and size of mesh (R), Figs 4.15(c) and 4.16(c). In the 
worst case (X = 0, R= 2), an increase of over 40% in V. was caused, reducing to only 3% at 
the Other extreme (X = 1, R= 10). 
Ground surface movements 
Positive (downward, settlement) movement -S and negative (upward, heave) movement +S 
have been distinguished in analysing the results, Figs 4.15(d) and 4.16(d). For each mesh 
considered, the difference in both -S,,,,. and +S. reduced steadily with increasing X, and 
actually changed sign by X=1. There was not such a clear pattern of behaviour, however, 
when the three meshes were compared (R = 2,6 and 10) at a given parameter set. For sets I 
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and 3 (X =0 and 1), the difference in-Smaxincreased with P, whereas for set 2 it reduced. For 
+S., though, some normality returned and the percentage difference was inversely 
proportional to R for all sets. 
A note of caution should be sounded about using the summary figures in Table 4.20 in 
isolation. When comparing the actual surface movement profiles in their entirety, rather than 
just considering maxima/minima, it becomes apparent that the major discrepancies occurred at 
the remote vertical boundary itself When fully rough boundary conditions are specified, the 
ground surface profile is effectively "hung up" on the most remote node and exhibits a dished 
shape. The major effect of switching to smooth boundary conditions is to free this remote 
node and allow the whole profile to drop. A plot of S, -S, against distance from wall (where 
the subscripts Y and Y denote rough and smooth respectively) shows this very clearly. 
4.4.2 Summary 
The purpose of this brief study was to assess whether or not boundary roughness could be 
used to establish satisfactory boundary location. In this type of boundary value problem, 
where effects are largely driven by self weight loading, rough boundaries provide a resistance 
to the overall flow pattern and this could be expected to have a bigger effect on ground 
movements than on soil-wall interaction. 
A fully rough boundary is overly restrictive on ground movement if it is too close to the 
wall/excavation. Similarly, a smooth boundary provides too little resistance. The true 
continuum does not have rough rigid interfaces at the physical position of the mesh 
boundaries; neither does it have smooth frictionless surfaces. However, it seems reasonable 
that the switching of conditions on the boundaries provides a qualitative test on the adequacy 
of their distance. Certainly it is a straightforward test. The difficulty fies in deciding what 
amount of variation in, say, maximum bending moment would be indicative of boundaries 
being too close. Boundary proximity affects the different key results by varying degrees, as 
has been shown. 
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4.5 Number of Elements 
After having fixed the position of the boundaries, the next question facing the analyst is: how 
many elements of a given type should be used? A better way of framing the question is not so 
much how many elements, but how many nodes or degrees of freedom (d. o. f ), because this is 
a more relevant figure to work with. For example, a mesh of 100 four-noded quadrilaterals 
will have approximately the same total number of d. o. f as one comprising 50 eight-noded 
quadrilaterals. All things being equal, the first mesh would not necessarily be expected to give 
more accurate results than the second, even though it has twice the number of elements (in 
fact, the reverse could be true). 
It is relevant to consider whether meshes having the same number of d-oT but comprising 
different types (orders) of elements perform differently. It has long been recognized 
(Zienkiewicz, 1977) that the 3-noded constant strain triangle (CST) performs quite poorly in 
most situations. The classic example often quoted is the simple cantilever beam with a UDL 
or point load, for which analytical solutions of displacement, moment, and shear are readily 
available. Even with large numbers of elements, the solution is deficient. A mesh comprising 
higher order triangles or quadrilaterals, but with the same overall number of d. o. f. Will give a 
better performance. In some cases, higher order elements are essential. For example, Sloan 
and Randolph (1982) have shown that undrained collapse analyses of axisymmetric problems 
may require very high order elements before a satisfactory result can be achieved. 
The meshes used so far in this chapter have been based on one master grading pattern and 
element type, as seen in mesh xlOylO (Fig. 4-1). Smaller sub-meshes(x8y8, x6y6, etc. ) have 
been created by effectively deleting rows and columns of elements remote from the wall as 
appropriate. Another way in which the sub-meshes could have been derived would have been 
to scale the dimensions X and Y accordingly - by 80% to get x8y8, by 60% to get x6y6, etc. 
This would have kept the total number of elements (and hence d. o. f. ) constant, whilst simply 
varying their size. In the event, the former method was adopted, using what was believed to 
be a reasonably fine discretization of elements within and around the area of the excavation. It 
did mean, however, that the number of elements was varying simultaneously with mesh size. 
It is generally accepted (e. g. Kikuchi, 1986) that there are three different ways in which a finite 
element mesh can be refined: 
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a) ' h-refinement, 
b) r-refinement, and 
C) p-refinement. 
These can best be illustrated with reference to Fig. 4.17, which shows a simple 4-element mesh 
which is then refined in each of these three different ways. 
h-refinement simply increases the number of elements (and hence d. o. f ) in the mesh by 
incorporating additional grid lines; the type (order) of element is unchanged. In this way, the 
original mesh is contained within the refined mesh; a fundamental requirement of classical 
mesh refinement studies. 
r-rerinement ad usts some/all of the element sizes, whilst keeping the total number of j 
elements (and d. o. f ) constant. It is basically a form of geometric distortion, in which the mesh 
topology is preserved but the positions of the internal (and perhaps some external) grid fines 
change. 
p-refinement increases the order of sometall of the elements, whilst keeping the total number 
of elements (and their size) constant. The number of d. o. f is increased, but the position of the 
grid lines remain unaltered. 
In CRISP, the scope for p-refinement is rather limited as it is only the LST which has a higher- 
order relative; namely the CuST. However, the other two forms of refinement are readily 
carried out, and in the next few sections h- and r- refinement will be used to try to establish the 
optimum number, size and type of elements for a retaining wall analysis. 
4.5.1 h-refinement : Series I 
Before embarking on a more structured and focused programme of mesh refinement studies, 
two'of the earlier meshes (x2y2 and x6y6) were used in a very simple form of h-refinement. 
To check on the adequacy of the original discretization mesh x2y2b was created, in which a 
uniform Im x Im grid was used in each direction, giving a total of 650 nodes and 600 
elements. The second mesh x6y6b used aI rn xIm grid within X= 2H and Y= 2Y, and a 2m 
2m, grid outside this area, giving 1722 nodes and 1640 elements. Interestingly, mesh x2y2b 
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has the same total number of d. o. f as mesh x8y8, and could have been obtained if x8y8 was 
scaled down to create a smaller mesh having X/H = Y/W =2 (as described above). 
The only case examined was an unpropped wall with undrained soil parameter sets I and 3, 
Table 4.3. The key results 5.,,, M,, V., S. are summarized in Table 4.2 1, from which it 
is quite clear that this additional refinement of the mesh has brought no significant 
improvement. Virtually all variations in r. values were under 1% - even for excavation 
heave and ground surface movements, which have been very sensitive to the other mesh 
variations examined thus far. This provided confirmation that the mesh density adopted in the 
boundary location and roughness analyses was probably of adequate refinement for the 
purpose at hand. 
But would fewer elements have sufficed? A designer would wish to use the least number of 
elements with as few increments as necessary to obtain an answer of sufficient accuracy. 
Leaving aside the subjective judgements inherent in this statement, it is clear that the number 
of elements will be limited by the available memory of the computer, whereas the number of 
increments will be limited by the available disk space (as results must be stored for subsequent 
post-processing). Both will affect the time taken for the analysis, which is not unimportant 
even with modem processor speeds. 
As an aside, one rather useful piece of information gained from this investigation concerned 
the bending moment profile. In many analyses seen by the writer, there has been a significant 
non-zero moment at the base of the wall, which seems intuitively wrong. From the results 
obtained here, it would appear to be caused by a change of grading when the column of wall 
elements runs into the underlying soil elements, and can be avoided by having the first element 
below the wall of same (or lower) aspect ratio as the bottom element in the wall column. 
Because Table 4.21 "homes itf' on maximum values, it does not actually show the discrepancy 
at the toe of the wall, where much bigger local percentage differences exist. This point is 
returned to in Chapter 8 when discussing the calculation of bending moments in greater detail. 
4.5.2 h-refinement : Series 11 
The second series of h-refinement analyses used the same geometry and dimensions for the 
wall and excavation as shown in Fig. 4.2. Beginning with boundaries at X= 8H and Y= 8W 
together with a very coarse subdivision of elements, a series of eight finite element meshes 
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were generated, designated x8y8aO to x8y8hO (with x8y8hO being the same as x8y8 used 
previously, and the suffixed '0' indicating this was the original series). Each successive mesh 
was finer than its predecessor; the main details are summarized in Table 4.22, and the meshes 
are shown in Fig. 4.18(a)-(h). The pattern of refinement serves to concentrate additional grid 
lines about two axes running through the mesh. The first of these axes was fixed on the 
centreline of the wall, and the second at the level of the excavated surface. This choice was 
partly intuitive, and partly based on the idea that these two fines are in some way a focus for 
the main areas of stress concentration in the problem. 
All eight meshes were used with a limited selection of the same propping arrangements and 
constitutive behaviour described earlier in this Chapter. Only the unpropped and top-propped 
cases were considered, along with parameter sets 1-5 (linear elastic undrained) sets I d-5d 
(linear elastic drained), and sets 12-13 (linear elastic-perfectly plastic, undrained). In all sets, 
nonhomogeneity was varied in the range 0: 5 X: 5 1; in the fully elastic analyses (only) 
anisotropy was varied in the range 1 :! 5 n: 5 3. 
The purpose of this particular study was to establish the number of nodes (NN) required to 
give r., /r*,. = 0.95 and 0.99, denoted NN95and NN99 respectively, where r is a 
characteristic value or key result from the analysis. For consistency with previous analyses in 
this chapter, the key results of horizontal wall displacement, wall bending moment, excavation 
heave, and ground surface movements were selected. 
After plotting a number of r., /r*,. v NN curves, it became apparent that this particular 
series of refined meshes was not particularly successful. It was found that all the curves for 
V. and S.. converged upon a false "plateaW' by mesh x8y8ý before . 1driking9l 
upwards (or downwards) to the reference value of r. AF*... =I at mesh x8y8 (NN 1899). 
This plateau could be ±2% either side of IF., JT*. =I for wall displacements and moments, 
ý-3% 
-either 
side for excavation heaves, but as much as ±1 5% for surface movements. Typical 
convergence plots are given in Fig. 4.19(a-d). 
Admittedly, most of these errors would not be regarded as severe, but it was decided that it 
would be unnecessary (and quite wrong) to introduce any gratuitous errors into the studies. 
After some consideration, it was concluded that concentrating additional grid fines almost 
exclusively around the excavation area (as described above) paid inadequate attention to the 
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rest of the mesh. A less biased distribution of subdivision seemed to be necessary, and a 
second series of h-refinement meshes was devised to redress this. 
4.5.3 h-refinement : Series IH 
The third series of h-refinement meshes had exactly the same starting point as the second, at 
mesh x8y8a. Successive refinement generated the meshes x8y8b to x8y8f, main details are 
summarized in Table 4.23, and the meshes shown in Fig. 4.20(a)-(e). This time the pattern of 
refinement was more uniform throughout the mesh, though still concentrating on obtaining a 
fine discretization in the vicinity of the wall and the excavation. 
The six meshes in this series were used together with some of the propping arrangements and 
soil parameters described earlier in the Chapter. Unpropped, top-, and bottom-propped walls 
were considered, with parameter sets 1 -5 and 12-13 for the undrained analyses, and sets I d-5d 
for the drained. 
As with series H, the purpose of these analyses was to establish NN95 and NN99, the number of 
nodes (NN) required to give = 0.95 and 0.99 respectively. The key results of 
horizontal wall displacement, wall bending moment, excavation heave, and ground surface 
movements were again used to evaluate the results. 
Froýi the experience of Series III, it was decided to ascertain whether or not the form of mesh 
refinement being used was one which would converge towards the "right" answer, before 
embarking on a detailed examination of the results. Several r. /]F*.. v NN (convergence) 
curves were plotted, and it was clear that the false plateau seen in Series II had been 
eliminated. Following this all the convergence curves were plotted, together with an 
associated plot in which the whole profile in question was shown - with superimposed curves 
for the coarsest (x8y8a) and finest (x8y8f) meshes used. This latter type of plot illustrates the 
likely error in computed result that will arise if too coarse a mesh is used, and representative 
examples are given in Figs 4.214.24. Tables 4.24 to 4.27 summarize the NN95 and NN99 
values for wall displacement, bending moment, excavation heave, and ground surface 
movements. Examples of typical convergence plots are given in Appendix B (Fig. B5a-d). 
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Horizontal wall displacements 
For the undrained elastic analyses, rarely were more than 550 nodes required to reach 95% of 
5.., nor more than 1400 nodes to reach 99%. The introduction of plasticity increased this 
requirement (although presumably only in the areas of yield), causing NN95 tOrise to 650 and 
NN99 to 1400. It is evident from Table 4.24 that the drained analyses have rather lower 
requirements to reach 95% 5., averaging about 400. 
Considering the whole profile as well as the maximum 5 value itself, it is clear that the 
displacements for the coarsest mesh are reduced at all points on the profile relative to the 
finest mesh, so that the direction of convergence for I is always from below (Fig. 
4.21). 
Wall bending moments 
In the undrained elastic analyses of unpropped and top-propped walls, rarely were more than 
550 nodes required to reach 95% of NL., but this extended to sz-, 2000 to reach 99%. This was 
mainly because the M. /M*.. curve exhibited very rapid convergence to start with, followed 
by a shallow trough, climbing up to unity at the very end. 
The situation was not very much different when yielding was introduced, although there was 
actually a small improvement in reaching NN95 (550 for 95%; 1400 for 99%). Switching from 
undrained to drained loading had little effect on the requirements for number of nodes. 
Bottom propping pushed up NN9s significantly to 900, whilst bringing down NN99 to 1200. 
However, as noted earlier in this Chapter the form of bottom propping used in these analyses 
was probably too rigid, so these anomalous results (with respect to the other cases) must be 
treated with some caution. 
The bending moment profile for the coarser meshes was attempting to be a crude best-fit to 
the profile for x8y8f, Fig. 4.22. Most of the "tru&" profiles had a characteristic 'S' shape, and 
in some locations M was less than what it should have been, and in others, more. The maxima 
were normally underestimated, so again convergence was from below. The bottom-propped 
wall, with its pronounced "spike" in the bending moment profile at formation level, proved 
even harder to fit satisfactorily, which accounts for the observed increase in NN95. 
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Excavation heave 
Owin, g to the relatively straightforward shape of the typical heave profile, even the coarsest 
meshes were able to provide a quite a good fit to the "true" profile. This resulted in relatively 
low requirements for total number of nodes, with NN95 :53 00 and NN95 :5 600 for the 
undrained analyses, and NN95: 5 100 and NN95: 5 300 for the drained. Yielding brought little 
change, except for the unpropped wall with Eu = mz, but this may be considered an extreme 
case owing to its marginal stability. 
This relative insensitivity of computed excavation heave to mesh refinement (see Fig. 4.23) 
was in sharp contrast to the dependence on boundary location shown in previous sections. 
Ground surface movements 
Considering positive (downward) movement first, 500 nodes brought -Sn,, to within 95% of 
its true value in most undrained elastic analyses (800 nodes to reach 99%). When E. = 0, 
these requirements increased substantially for the unpropped wall, but this appears to be a 
special case. Plastic yield had little affect on NN95, but made a significant difference to NN99, 
pushing it well over 1000. 
Moving onto negative (upward) movement, NN95 dropped to 100 or less in the majority of 
cases, with NN99 rarely rising over 600. This was pushed up significantly by yield however, 
with 800 or more nodes needed to obtain 95% +S. - except for the bottom-propped case 
which required similar numbers of nodes to the fully elastic analyses. 
For both upward and downward ground surface movement, a switch to drained loading 
brought about a very close matching of profiles regardless of the refinement of the mesh (Fig. 
4.24). As with excavation heaves, the type of mesh used seemed immaterial, provided the 
boundaries were sufficiently remote. In all cases examined, NN95 and NN99 were both less 
than 100. 
4.5.4 Summary 
This study has sought to determine the number of nodes required to give 0.95 
and 0.99, denoted NN95and NN99 respectively. To summarize the findings: 
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for elastic retaining wall analyses: 
5. 
NNgs 550 550 300 500 
NN99 1400 2000 600 800 
and for elasto-plastic analyses: 
5. M. V. Smax 
NN95 650 550 300 700 
NN99 1400 1400 800 1300 
On this basis, there would be a high degree of confidence that, with a mesh possessing about 
700 nodes, the key results from a retaining wall analysis would be within about ±5% of the 
most accurate answer that could be expected. In an arbitrary mesh of reasonable size 
comprising 8-noded LSQ elements, the number of elements is approximately 1/3 the number 
of nodes (and not 1/8 as might at first be thought; see Fig. 4.25). Therefore 700 nodes 
equates to about 233 (say 250) elements, which is modest by contemporary standards. 
The total number of nodes (or elements) in a mesh is only part of the modelling issue. Of 
equal importance is where the nodes are actually located; i. e. in a mesh comprising a given 
number of elements, what should the relative sizes of the elements be? In the series of h- 
refinement analyses just described, it is clear that a pattern of grading has been adopted 
whereby the smaller elements are adjacent to the wall/ excavation. However, no attempt was 
made to carry out this grading in anything other than a simple interval halving, when a new 
grid line was introduced into the mesh. In the next section, further analyses are considered 
which were carried out to examine this question of relative size and grading in more depth. 
An overall trend which is emerging is that profiles such as wall displacement and bending 
moment depend more on mesh refinement than on boundary location. However, for profiles 
such as excavation heave and ground surface movement, the situation is reversed. 
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4.6 Size of Elements 
Having fixed the position of the boundaries, and determined how many nodes (elements) are 
required to obtain a satisfactory solution, the last major question relating to the geometric 
modelling is how should a given number of nodes (elements) be used to obtain the best 
solution possible for that number of nodes (elements). This can be thought of as a question of 
efficient use of elements. It has already been noted from the Series II h-refinement (see 4.5.2) 
that it is not enough simply to concentrate the detail around the wall/excavation area, at the 
expense of the rest of the mesh. 
Depending on the situation at hand, the "best possible solution" required by the designer may 
be with respect to one particular result (i. e. wall displacement), or it may be for the wider 
behaviour of the whole soil-structure system. This should be borne in mind when interpreting 
the results of the mesh size/density/grading studies reported here. 
Investigations of the relative location of nodes (sizes of elements) comes under the heading of 
r-refinement, Fig. 4.17, and two different series have been investigated. 
4.6.1 r-refinement : series I 
The first series of r-refinement analyses started with a "supermesh" having the same wall and 
excavation dimensions as used hitherto, and with boundaries at X= 8H and Y= 8W, Fig. 
4.26. The bare minimum of grid lines is also shown in Fig. 4.26, with various key dimensions 
denoted P, Q, R, S and T. An original mesh was created which had the same total number of 
nodes (elements) as mesh x8y8e from Series III h-refinement, but with the elements being all 
of the same size in any given region- For example, mesh x8y8e had 14 divisions between the 
rear of the wall and the remote vertical boundary. In the starting mesh used here, the width of 
all the elements in this region would be Q/14 (which is different to x8y8e, where the width of 
elements was varied). 
It is necessary to digress briefly to describe the way in which non-uniform grading was defined 
and generated. Let ai be the element side dimension along an interval of length L. There are n 
element sides in total and the ratio of lengths of the first element to the last element is m, i. e. 
a. /ai = m. So it for example, there were five elements, and the fifth element was to be three 
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times as wide as the first, then n=5 and m=3. A uniform grading with all element sides the 
same length would be obtained by setting m=1. The general expression for ai is: 
ai a, ki (4.10) 
where 
ki m (i-1) / (n-1) 
Returning to the present series of meshes, each of the five dimensions shown in Fig. 4.26 can 
be subdivided independently. Starting with x8y8el in which all the m=1, a further seven 
meshes were created, designated x8y8e2 to x8y8e8, in which the rn were gradually increased. 
The two largest dimensions Q and T were both taken up to a maximum length ratio of rn = 
32.0, with the other three taken up to rn = 3.0. All the meshes are shown in Fig. 4.27(a)-(h). 
In general terms, the r-refinement has been concentrated in towards a vertical axis passing 
through the wall centreline, and a horizontal axis coincident with formation level. There are 
clearly some similarities here with what was done in the h-refinement mesh series, and for 
much the same reasons. 
Using these r-refined meshes, a further series of CRISP analyses was conducted with some of 
the propping arrangements and constitutive relationships described earlier. The purpose of 
these analyses was to establish the degree of grading required to extract the best performance 
out of a given number of elements. At the outset, it was recognized that an optimum would 
probably exist. On the one hand, it would generally be accepted that a uniform grading would 
be highly inefficient, and the accuracy of the results in areas of high stress gradient would be 
impaired. However, at the other extreme, it may also be possible to have too large a ratio of 
size between the smallest elements (presumably near the wall) and the largest elements further 
away, for two reasons. 
Firstly, individual elements of excessive aspect ratio C'IengtW'/ "width" in broad terms) may 
result, and this could affect the accuracy of the analysis (depending on where they are 
located). The general rule is to try to ensure that elements are as equidimensional as possible, 
and several authors have gone as far as to suggest Emits for aspect ratios, internal angles, area 
ratio of smallest to largest element in the mesh, etc. (for example, see Fagan, 1992). 
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Secondly, as was seen in the h-refinement studies, certain aspects of the analysis may begin to 
deteriorate if insufficient attention is paid to the mesh in areas remote from the excavation. 
This may be less of an issue if the analyst is not concerned with attempting to predict what will 
happen in the ground some distance away from the retaining wall, but it is possible that the 
quality of results in the area of interest will also be affected. 
Given the relatively much larger volume of the mesh influenced by the grading of dimensions 
Q and T, it seemed reasonable to interpret the results of the analyses in terms of a single length 
ratio LR = mQ = mT. To be consistent with the earlier studies described so far in this chapter, 
the present analyses have been used to establish LR95 and LR99, the length ratios required to 
give r. AF*,.,, = 0.95 and 0.99 respectively. The parameter r can be the maximum value of 
wall displacement, bending moment, excavation heave, or ground surface movement, as 
before. In addition to plotting curves of against LP, complete profiles have also 
been examined, superimposing curves obtained for the uniform (LR=I) and most nonuniform 
(LR=32) meshes, to ensure that misleading conclusions were not drawn. 
The LR95 and LR99 values obtained are summarized in Tables 4.28 to 4.3 1, and representative 
fuU-profile plots are shown in Figs 4.28-4.3 1. Examples of typical convergence plots are 
given in Appendix B (Fig. B6a-d. ) Before going on to discuss the different key values in turn, 
some general comments will be made. The results were somewhat surprising in that there 
appeared to be very little sensitivity to LR on the whole. In other words, having used a mesh 
with a considerable number of nodes Oust over 1400) a modest concentration of nodes into 
the area of interest was all that was required to optimize the accuracy of the analysis. Upon 
reflection, the Series III h-refinement studies indicated that mesh x8y8e would be expected to 
have more than sufficient nodes to give answers to within ±1% of the "true" FE results in the 
majority of propping cases and soil parameter sets (see Tables 4.24-4.27). Mesh x8y8el (r- 
refinement, Fig. 4.27a) was graded a little differently to mesh x8y8e (h-refinement, Fig. 4.20e), 
but these differences seem not to have had a significant effect on the calculated quantities. 
These observations would suggest that, for a generally satisfactory mesh, further r-refinement 
will do little (if anything) to improve results. One possible strategy for testing mesh adequacy 
would, therefore, be to carry out r-refinement and observe the effects. This has the attraction 
of convenience; r-refinement only needs nodal co-ordinate changes, whereas h-refinement 
requires alterations to node and element numbering. 
442 
Horizontal wall displacements 
Virtually all of the undrained analyses had achieved ±5% of 5*. with the initial uniform 
grading (i. e. at LR = 1), the exception being an unpropped wall with parameter set 2 
(requiring LR = 2) and unpropped /set 13 (requiring LR = 16). One can dismiss the latter 
owing to its marginal stability. To achieve ±1% of 5*,,. needed rather higher length ratios, 
, Aith LR99 averaging about 5 for the unpropped and top-propped cases (elastic and elasto- 
plastic alike). The drained analyses showed no change beyond LR = 1. 
Considering the whole profile, the displacements for the uniformly graded mesh were reduced 
at all points on the profile relative to the most highly graded mesh, so that the direction of 
convergence for =I was always from below, Fig. 4.28. 
Wall bending moments 
In the undrained analyses of unpropped and top-propped walls, rarely was it necessary to 
exceed LR =I to reach ±5% of M., although the length ratio required to get to within ± I% 
varied between I- 18. There was some discernible trend for nonhomogeneity and anisotropy 
both to reduce LR99, and for yield to increase it, but beyond that it was hard to draw any 
general conclusions. As with displacements, drained loading (i. e. the removal of the virtually 
incompressible condition) brought both LR95 and LR99 down to below unity. Full profiles 
were generally very similar, except when significant yielding was permitted, Fig. 4.29(a). 
Excavation heave 
The simple shape of the typical heave profile (Fig. 4.30) led to a very good agreement between 
the profiles at LR =I and LR = 32, showing that length ratio made little difference once an 
adequate number of nodes had been selected. As can be seen in Table 4.30, all LR95 were <1, 
and the majority of LR99 were also <1. Yielding had the effect of increasing LR99 up to 5 and 
beyond. 
Ground surface movements 
Changing length ratio had rather Eferent effects on ground surface movements. To achieve 
±5% of -S *.,,. or +S *. generally required no more than LR9s = 1, except when E. =0 (with 
or without yield) at which point LR95wasintherange2-22. To converge upon±S*. 
substantially increased the length ratio, but there was still a wide range. In general, some trend 
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could be seen whereby nonhomogeneity, anisotropy and yielding all increased LR95, but little 
else could be discerned. Profile detail near the wall was most affected by LR, Fig. 4.3 1. 
4.6.2 r-refinement : series 11 
The first series of r-refinement meshes was topologically equivalent to x8y8e (441 elements, 
1408 nodes), with the mesh grid fines adjusted to give a range of element side length ratios. 
For the second series of r-refined meshes, it was decided to select a coarser mesh from the 
third h-refinement series, namely x8y8b (90 elements, 299 nodes) and create meshes 
topologically equivalent to it, Fig. 4.32. A total of six meshes was created, designated x8y8bi 
to x8y8b6, along very similar lines to Series I, Fig. 4.33. There were some n-dnor differences; 
no r-refinement was attempted along lengths R and S (i. e. both mR and ms = 1.0), as it did not 
seem from Series I that any benefit accrued from having the excavation layers of non-uniform 
thickness. Also, there may be an argument in favour of maintaining a uniform length of 
elements making up the retaining wall itself (certainly abrupt changes in size should be 
avoided). Another difference is that the principal length ratio LR (= MQ = mT) was taken from 
I to 32 in slightly fewer steps (LR =12 and 24 were omitted), as it was clear from Series I that 
as many as eight meshes was probably not required. 
The LR95 and LR99 values obtained for Series II are summarized in Tables 4.32 to 4.35, and 
representative full-profile results plotted in Figs 4.34-4.37; some typical convergence plots are 
given in Appendix B (Fig. B7a-d). As a general comment, the length ratios required are 
significantly higher than for Series 1, by a factor of between 2-3, but solutions that are within 
±5% of IF*. can still be obtained with only a modest concentration of nodes into the area of 
interest. A much bigger gap now exists between the LR95 and LR99 values for any given 
case/set combination, indicating that considerable extra refinement has to be performed on the 
mesh in order to achieve ± I% of the "true" value. 
An important point to make here is that the values which these meshes will be 
converging upon can no longer be regarded as close to the "true' values (i. e. those which 
would be obtained with a very fine, well-graded mesh possessing distant boundaries). The 
reason is that the Series HI h-refinement analyses demonstrated that a minimum of 500-600 
nodes were required in order to be sure that those key results examined were within 1: 5% of 
the best answers which could be obtained with boundaries at X/H =Y/W =8. Only 300 nodes 
are present in each of the Series H r-refinement meshes. 
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However, the value of these analyses is to test the hypothesis that a mesh with inadequate 
degrees of freedom will be significantly more sensitive to grading. It does not matter if the 
best solution which can be obtained is, itself, in error - if sensitivity to grading can be 
demonstrated, then this would be sufficient grounds on which to question (and perhaps reject) 
the solution anyway. 
Horizontal wall displacements 
On average, the undrained analyses required the length ratio LR to be at least 2-3 in order to 
reach ±5% of V., and about 10-12 to reach ±1%. Unpropped, set 13 was again rather 
anomalous. If the loading was drained, a uniform mesh (LR=I) was sufficient to provide 95% 
of 8*., with 99% being achieved at LR = 3. 
Considering the whole displacement profile, there was a more pronounced difference between 
the uniform (x8y8b I) and most highly graded (x8y8b6) meshes, than was observed for Series 
1, Fig. 4.34. This is confirmation that there is greater sensitivity to grading when the total 
number of degrees of freedom is on the low side. 
Wall bending moments 
The length ratio required to achieve ±5% of M*. in the undrained elastic analyses varied 
between 1-4; which is both a greater variation and a higher magnitude than was required from 
Series 1. The LR99 values averaged about 7 for the unpropped and 15 for the top-propped 
walls. Yield appeared to have only a small effect on LR95, but almost doubled LR99. 
The drained case was of particular interest; the requirements for ±5% were met without any 
refinement (as per Series 1), but to achieve ±1% M*. required length ratios as high as 15 
(unpropped) or 6 (top-propped). Full profile plots, for these relatively coarse meshes, were 
rather discontinuous though not too dissimilar (Fig. 4.35). 
Excavation heave 
The good agreement observed between the profiles at LR =I and LR = 32 for Series I 
disappeared for Series H, Fig. 4.36. It was still possible to get within ±5% V*.. without 
refining the mesh beyond the initial uniform element sizes (even with yield), but to achieve 
±1% required as much asLR= 10 (unpropped) orLR= 5 (top-propped). Foralldrained 
analyses LR95 < LR99 <1, indicating that mesh refinement made no difference. 
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Ground surface movements 
As might have been expected, Series II r-refinement placed much more onerous demands on 
length ratio than was observed with Series 1. The smoothness of the computed ground surface 
movement profile is heavily dependent on the grading of the mesh in the horizontal direction. 
There are simply fewer node points to fit the profile to, and this accounts for much of the 
discrepancy between meshes which are in the same series, but which possess different degrees 
of refinement (e. g. comparing x8y8b I and x8y8b6) - see Fig. 4.3 7(a) and (b). 
From Table 4.35 it can be seen that, for the undrained analyses, there is not one case which 
gives LR95 below 12, or an LR99 below 25 for settlement -S*n.. The situation improves 
slightly for heave +S*, with most of the analyses achieving ±5% without requiring any 
grading; to reach ±1% may still require a length ratio between 4 to 25. For all drained 
analyses, however, LR9s < LR99 <1, thus mesh refinement makes no difference, Fig. 4.37(c). 
4.6.3 Summary 
Based on the initial series of r-refined meshes, when enough nodes are present to ensure that 
results are within: 1: 1% of IF%., very little relocation of nodal positions is necessary to 
optimize the solution. The same would not be expected of a mesh which was deficient to 
begin with; if there were insufficient nodes, it would be more critical where they were located. 
This was confirmed by the second series of r-refined meshes which showed that, when 
insufficient nodes are present to ensure that results are within ±1% of "true" the 
solution becomes much more sensitive to the positions of the nodes. There was a bigger 
difference between the profiles obtained with a uniform mesh (LR=I) and a highly graded 
mesh (LR=32), than was seen with the first series of r-refined meshes. 
4.7 Type of Elements 
Every mesh considered so far in this chapter has employed the 8-noded linear strain 
quadrilateral (LSQ) with full 3 x3 integration for both soil and wall, with triangular elements 
used only for props (when required). The majority of analysts seem to favour quadrilaterals 
for Soil-structure interaction (SSI) applications, and some of the reasons for tl-ýs have already 
been discussed in Chapter 3. 
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It is difficult to say categorically that the LSQ performs better than its triangular counterpart 
(or vice versa) on a "per node" basis, and the writer is unaware of any studies which have 
examined this in detail, especially in an SSI context. 
This section will not attempt to compare the relative merits of triangles and quadrilaterals, but 
rather will consider the possibility of using triangles as a means of selectively refining a mesh 
originally comprising quadrilaterals, to check its adequacy. Fig. 4.38 shows an LSQ divided 
first into two LSTs (linear strain triangles) and then into four LSTs. In one sense this is a form 
of h-refinement; the number of elements (and hence degrees of freedom) is being increased, 
the original network of grid lines is still visible, and the elements have the same order (i. e. 
quadratic in displacement, linear in strain). 
Alternatively each quartet of triangles could be considered to be forming a new higher order 
element, possessing 13 nodes instead of the normal 8. However, this is not the same as 
replacing the quadrilateral with another (single) quadrilateral which employs a higher order 
displacement approximation, so it is not strictly p-refinement as defined earlier (see Fig. 4.17). 
If each LSQ were replaced by a 9-noded quadrilateral (Lagrangian), that would truly be p- 
refinement, but this is not possible in CRISP with the currently available element types. A 
mesh comprising LSTs could be p-refined in CRISP, if each LST was replaced by a 15-noded 
CuST. The subdivision proposed in Fig. 4.38 is thus a hybrid of h- and p-refinement. 
Two of the meshes encountered previously where refined in this manner, namely x8y8e6 (from 
r-refinement Series I) and x8y8b4 (from r-refinement Series II). Both of these meshes would 
be considered to have reached a reasonably advanced state of refinement in their respective 
series, and further refinement would not be expected to improve results. In each case, every 
quadrilateral soil element (only) was replaced by 4 LSTs, Fig. 4.38(c); the wall was maintained 
as a column of LSQs so that its bending stiffness was unaffected, and because calculating 
bending moments from Gauss point stresses is much easier with quadrilaterals. Meshes 
x8y8e6/t and x8y8b4/t - with the 'V denoting triangulated - were thus formed, Fig. 4.3 9. 
Only the unpropped undrained case was considered, as it had become apparent from earlier 
studies that it was a particularly demanding case. A range of soil parameters was used (sets I- 
5, and 12-13). 
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4.7.1 Results of analyses 
Tables 4.36 and 4.37 summarize the key results for x8y8e6/t and x8y8b4/t, quoting r*. and 
percentage differences w. r. t. the original (untriangulated) mesh. It is clear that only very small 
changes have occurred in the relatively fine mesh through this type of hybrid refinement; 
confirmation of its adequate refinement. By a small margin it appears that wall displacements 
are influenced the most. As might have been anticipated, it was those analyses which permit 
plastic yielding of the soil which show the biggest variation. 
For the rather coarser mesh (x8y8b4/t), the percentage variations are much more significant, 
with many exceeding ±5% and some greater than ±10%. In general, wall bending moments 
are the most affected of the key results, with excavation heaves being the least. 
4.7.2 Summary 
This type of mesh refinement is probablyjust as effective as standard h-refinement, for the 
purposes of improving results and/or testing for adequacy of existing mesh. In common with 
h-refinement, it need only be carried out in selected parts of the mesh, where it is felt that 
benefit to the solution may accrue. It is particularly useful where refinement is only required in 
one or two elements, as the alterations to adjacent elements are minimized (if not eliminated). 
One example where this could be very useful in a retaining wall analysis is in the element 
immediately in front of the wall and just below final dig (formation) level. Many investigators 
have observed unusually high horizontal and vertical stresses in this element, when compared 
with the full profiles which may be plotted down the wall on the passive side, and along the 
underside of the slab (if present) - see Chapter 7. There are genuinely high stress gradients 
and constraints placed on this element, and so its anomalous behaviour is not altogether 
surprising. Nonetheless, to be able to improve accuracy and avoid spurious results in this area 
through some localized refinement would be beneficial. 
Some designers/analysts may prefer to avoid the use of triangular elements, so it is worth 
noting that refinement within a single quadrilateral element can be carried out without the need 
for any triangles, as illustrated in Fig. 4.40(b)&(d). The potential for further refinement along 
these lines is evident. Another possibility involves a combination of quadrilaterals and 
triangles, Fig. 4.40(c), where again the potential for further refinement is clear. The only 
limitation would be to ensure that unacceptable aspect ratios were not generated. 
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4.8 Discussion and Summary 
In this chapter, some of the geometric modelling issues facing the retaining wall analyst have 
been considered. To commence with, all of the decisions which had to be taken were listed, 
together with the assumptions which had to be made en route to producing the final FE mesh. 
Then, a number of these were selected for further study using an idealized excavation and wall 
geometry. Several different propping conditions (again idealized) were selected, along with a 
representative range of constitutive models and soil parameters, and the two limiting 
conditions of drainage. 
The following have been investigated to varying levels of thoroughness: 
a) boundary locations 
b) mesh aspect ratio 
C) boundary conditions 
d) number of elements 
e) size of elements 
f) type of elements 
Their influence has been quantified by studying a number of "key" results which the designer is 
most likely to be interested in, namely: 
i) horizontal wall displacements 
ii) wall bending moments 
iii) excavation heave 
iv) ground surface movements 
Neither of the above lists (a)-(f) or (i)-(iv) are exhaustive, but were considered to be sufficient 
to make a genuine attempt at addressing the perceived problems. 
For horizontal wall displacements irrespective of propping arrangement, an increasing degree 
of nonhomogeneity in stifffiess made the results less vulnerable to choice of boundary location, 
relative to the baseline (homogeneous isotropic linear elastic) case. However, increasing the 
degree of anisotropy had little effect or made the results more sensitive to boundary location. 
Neither of these was particularly unexpected. What was a surprise was that permitting the soil 
to yield plastically made the results more sensitive to boundary location. Intuitively, this 
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seems wrong, as plastic yield occurs in a small, well-defined part of the mesh (even at 
collapse). Overall, analyses converged faster on the "true" maximum displacement if 
conditions were drained. The implication of this is that, if the adequacy of a mesh is assessed 
using an undrained analysis, then it will be adequate for a drained analysis. Unfortunately, it 
cannot be said that if a mesh is shown to be adequate for an elastic analysis, that it win be 
adequate for a plastic analysis. 
For wall bending moments, the degree of nonhomogeneity seemed not to make much 
difference for undrained analysis, but was still important for the drained condition. Increasing 
the degree of anisotropy made the results more sensitive to boundary location, whereas plastic 
yield caused little change (undrained) or brought about a marginal improvement (drained). 
For excavation heaves increasing the degree of nonhomogeneity generally made the results 
less vulnerable to boundary location, whereas increasing the degree of anisotropy made little 
difference. Yield made things marginally worse (undrained) or much improved (drained). 
For downward ground surface movements (-S), increasing degrees of both nonhomogeneity 
and anisotropy made the results more vulnerable to boundary location under undrained 
conditions, whereas increasing the amount of plastic yield brought about a slight improvement. 
For upward ground surface movements (+S), increasing the degree of nonhornogeneity made 
the results less vulnerable to boundary location, whereas increasing the degree of anisotropy 
and the amount of plastic yield had virtually no affect (drained conditions). 
The overall aspect ratio (AR) of the mesh was shown to be important, and to have an 
interaction with the location of remote mesh boundaries. The convergence of a key result (5, 
KV or S) on its "true" value depends on whether the mesh is essentially square (AR sts 1) or 
rectangular (AR # 1) to begin ikith, and the relative rate at which the remote boundary 
locations are extended away from the excavation. Convergence on a false maximum/n-dnimum 
can occur if a4ppropriate AR is used. The location of both remote boundaries must be 
tested; it is not sufficient to test only one or the other in isolation. 
Boundary condition is another aspect which is normally glossed over, with rough/smooth 
boundaries imposed according to the preference of the analyst. If the boundaries are 
sufficiently remote, their condition should not matter; hence switching from rough to smooth 
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(or vice versa) provides a convenient technique of showing whether or not sufficient distance 
has been achieved. 
Concerning the number of elements, these studies have indicated that a relatively modest sized 
mesh can produce results to within ±5% of their expected value - but at least twice the number 
of nodes are needed to bring this to within±1%. 
The location of the nodes within the mesh is also important and, for a given number of d. o. f, 
there will be an optimum grading which is situation dependent. A balance must be struck 
between the need to have a high density of nodes where stress gradients are high, whilst 
maintaining a reasonable transition to larger element sizes towards the remote boundaries 
(avoiding abrupt changes in size). The brief studies reported in this chapter indicate that 
grading provides another way of examining the adequacy of a mesh. If too few nodes are 
used, the analysis is particularly sensitive to their location; if the total number of d. o. f. is 
adequate, far less sensitivity is evident. 
The actual jyj2e of elements used (triangles or quadrilaterals in the context of this study) would 
not appear to be an issue. It is difficult to do a straight comparison, because if each element in 
an initially quadrilateral mesh is subdivided into two triangles (the simplest conversion) this 
will generate around 33% extra nodes (d. o. f ). An increase of 167% happens if quadrilaterals 
are split into four triangles. This offers a potentially convenient way of checking the adequacy 
of a quadrilateral-based mesh - the increase in d. o. f. should only change the key results if the 
original mesh was too coarse. It seems that the main potential for using different elements is 
in very localized refinement - where particular anomalies can be eliminated or minimized. 
Brief mention should be made of adaptive meshing (e. g. Babuska el al., 1986). Mesh 
adaptivity concerns iterative refinement of an initially coarse mesh during an analysis, using 
error estimates "in flight" to dictate what refinement is carried out (and where). The physical 
geometry is only one factor in the adaptivity - the nature and location of applied loads is 
equally important. This is an important and ongoing area of research in FEM methods, though 
the present thrust is aimed much more at structural/mechanical stress analysis. Commercial 
FE packages with adaptive meshing are currently available in CAD/CAK but not yet in 
geornechanics. Simpson (1973) incorporated a form of adaptive meshing in his work on 
retaining wall modelling, but an interval of more than 20 years passed before interest resumed 
4-51 
(e. g. Mar, 1993), though not specifically for retaining walls. Much of the work on refinement 
in this chapter would be superseded if adaptive meshing were mature enough for inclusion in 
CRISP. 
Furthermore the entire boundary location/condition issue could become irrelevant if "infinite 
elements" were widely available (Zienkiewicz et al., 1983). These elements include automatic 
representation of the far field on one or two boundaries, and are being employed increasingly 
in rock mechanics FEA (e. g. Pande et al., 1990). However, their use in soil problems has 
been limited thus far, and there are no plans for infinite elements to be incorporated in CRISP 
at the time of writing. 
In summary, many geometric modelling decisions have to be taken in setting up an embedded 
retaining wall mesh. It has been demonstrated that incorrect (or poorly informed) decisions 
can lead to potential errors in the computed results most frequently sought be designers. 
Engineering modelling is concerned with obtaining answers of adequate accuracy and 
precision, given the nature of the task at hand. It is the writer's contention that most 
geotechnical engineers have concentrated almost exclusively on material characterization, and 
have largely ignored the need for careful mesh design. Whilst some of the errors quantified in 
this chapter may cancel each other out in some circumstances, they could well reinforce each 
other in a cumulative effect. 
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Table 4.1 Boundary location analyses - fixed parameters 
Parameter Value(s) adopted 
Wall: type reinforced concrete diaphragm 
thickness 0.8m 
retained height 8m 
penetration depth 8m 
Excavation: half-width 8m. 
(symmetric ahout centreline) 
Elements: soil and wall 8-node quadrilaterals (LSQ) 
props 6-node triangles (LST) 
Concrete: linear elastic (E = 20 GPa, v=0.15) 
Groundwater: hydrostatic from ground surface downwards 
& (ah/C7, ): 2.0 
Wall installation: wished in place 
Analysis stages: 0) in-situ conditions (wall in place) 
1) install prop(s) * 
2) excavate soil to formation level 
3) remove any temporary props 
Notes: 
1. K, in terms of total stresses = Kt = 1/2(l + Kj = 1.5 for these conditions 
2. * if applicable 
3. props formed from single element: point contact with wall, and opposite edge free to 
move vertically on a roller boundary 
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Table 4.2 Boundary location analyses - variable parameters 
Parameter Value(s) adopted 
Wall support: a) none (free cantilever) 
b) singly propped at top 
C) singly propped at bottom (i. e. formation level) 
d) doubly propped top and bottom 
e) alternately propped; first at top and then at bottom 
Analysis type: a) undrained (total stress) 
b) drained (effective stress) 
Soil: a) linear elastic 
i) homogeneous isotropic 
H) nonhomogeneous isotropic 
iii) homogeneous anisotropic 
b) linear elastic-perfectly plastic 
i) nonhomogeneous isotropic 
Boundary a) rough on base and on remote vertical boundaries 
conditions: b) smooth on base and on remote vertical boundaries 
Notes: 
1. Boundary conditions on centreline of mesh always smooth (axis of symmetry) 
2. Tresca or Mohr-Coulomb yield criteria used for elastic-perfectly plastic analyses 
3. All props rigid and installed 'perfectly' (see Section 4.2.2for discussion) 
Table 4.3 Soil parameters - linear elastic, isotropic, variable nonhomogeneity (undrained) 
Set x Eu (NDa) vu 
1 0 50 0.497 
2 0.444 50 + 5z 0.497 
3 1 5z 0.497 
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Table 4.4 Soil parameters - linear elastic, homogeneous, variable anisotropy (undrained) 
Set n Eu,, (NTa) Euh (NTa) Vuvh VWih 
1 1 50 50 0.497 0.497 
4 2 50 100 0.497 0.000 
5 3 50 150 0.497 -0.500 
Table 4.5 Soil parameters - linear elastic, isotropic, variable nonhomogeneity (drained) 
Set x E'(NDa) v? 
Id 0 40 0.200 
2d 0.444 40 + 4z 0.200 
3d I 4z 0.200 
Table 4.6 Soil Parameters - linear elastic, homogeneous, variable anisotropy (drained) 
Set nt E'V (Wa) Eh (NVa) vF Vh vF hh 
Id 1 40 40 0.200 0.200 
4d 2 40 80 0.200 -0.250 
5d 4 40 160 0.200 -0.825 
NB: Gh in all cases =16671vlPa .- m(=GhlE, ) =5112 =0.417 
Table 4.7 Soil parameters - linear elastic-perfectly plastic, isotropic (Tresca) 
Set x E. (, %Va) V, E. / c. c, (kPa) 
10 0.444 50 + 5z 0.497 500 100 + loz 
11 1 5z 0.497 500 100 + loz 
12 0.444 50 + 5z 0.497 1000 50 + 5z 
13 1 5z 0.497 1000 50 + 5z 
NB: higherE. 1c. meanslowerc. (for afixedE, ) and hence)delding is more likely 
Table 4.8 Soil parameters - linear elastic-perfectly plastic, isotropic (Mohr-Coulomb) 
Set x E' (NTa) V, c' (kPa) V (0) 
12d 
13d 
0.444 
I 
40+4z 
4z 
0.200 
0.200 
0 
0 
25 
25 
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Table 4.9 Influence of mesh boundary location on horizontal wall displacement 
undrained drained 
Case Set Rgs R99 Error Set Rgs R99 Error 
unpropped 1 6 8 - Id 8 
9 V2 + 
2 6 9 - 2d 3 7 
3 5 7 - 3d 4 
4 7 9 - Q 8 Y2 9 V2 + 
5 8 Y2 9 Y2 - 5d 9 Y2 10 + 
10 6 9 - 12d 5 9 
12 7Y2 9 - 13d 4Y2 9 
11 5Y2 8 - 
13 7 9 - 
top- 1 5 7 - Id 7 9 + 
propped 2 5 8 - 2d 8 + 
3 4 7 - 3d 7 + 
4 5 V2 8 - 4d 7 9 + 
5 6 9 - 5d 8 9 V2 
10 5 8 - 12d 4 6 
12 6Y2 9 - 13d 4 6 
11 5 8 
13 8 9 Y2 - 
bottom- 1 6 9 - Id 6 9 + 
propped 2 3Y2 8 - 2d 6 9 + 
3 4 - 3d 3 6 + 
4 6 9 - 4d 4 9 + 
5 4 9 - 5d 5 Y2 7 +/- 
10 3Y2 8 - 12d 
2Y2 7 + 
12 3Y2 8 - 13d 5 + 
11 3 
13 3 8 + 
doubly- 1 6 9 - Id 7 9 
propped 2 5 8 - 2d 4 8 + 
3 4 7 Y2 - 3d 4 + 
4 5 9 - 4d 3 9 -/+ 
5 5 9 - 5d 9 9 V2 + 
10 5 8 12d 5 8Y2 + 
12 5 8 13d 5V2 8 + 
11 4 8 
13 8 9 Y2 - 
alternately 1 5 7 - Id 8 9 Y2 + 
propped 2 5Y2 9 - 2d 8 + 
3 4 7 - 3d 6 + 
4 5Y2 8 - 4d 8 9 Y2 + 
5 7 9 - 5d 9 9 Y2 + 
10 5 Y2 9 - 12d 3 4 
12 7 9 - 13d 3 5 
11 5 8 
13 6 9 
* Rgs achieved with smaHest mesh (x2y2) 
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Table 4.10 Influence of mesh boundary location on wall bending moment 
undrained drained 
Case Set Rgs R" Error Set Rgs R" Error 
unpropped 1 3 6 - Id 2 4 
2 3 4 - 2d 4 
3 5 7 - 3d 3 
4 5 9 - 4d 3 
4V2 
5 7 9 V2 - 5d 4 6 
10 3 5 - 12d 9 
12 3 6 - 13d 9 
11 3V2 4 - 
13 4 - 
top- 1 3Y2 5 - Id 6 9 + 
propped 2 4 8 - 2d 7 + 
3 4 6 - 3d 6 + 
4 5 8 - 4d 7 9 + 
5 6 9 - 5d 7 9 
10 4 8 12d 3 Y2 5 
12 5 81/2 13d 3 5 V2 
11 4 7 
f 13 6 V2 9 
bottom- 1 4 9 Id 8 V2 9 V2 + 
propped 2 4 8 2d 5 8 + 
3 2Y2 6 3d 
3V2 7 + 
4 2 8 4d 9 10 + 
5 3V2 5 5d 81/2 10 
+ 
10 4 7Y2 12d 2 V2 7 + 
12 4 7 13d 
2Y2 6 + 
11 2 5 
13 5 81/2 
doubly- 1 3 5 Id 7 9 + 
propped 2 3 6 2d 5 8 + 
3 5 3d 4Y2 8 + 
4 3 5 4d 7 9 + 
5 3Y2 6 5d 8 9 + 
10 3 6 12d 4 8 + 
12 3 6 13d 3 6Y2 
+ 
11 5 
1 13 6 9 
alternately 1 2 Y2 4 Id 3 8 
propped 2 3 2d 
3 5 8 - 3d 3 
4 4 8 - 4d 3Y2 7 
5 6 9 - 5d 4 V2 7 
10 3 - 12d 7 Y2 
12 4 13d 
2Y2 4 
11 5 8 
13 4 8 
* Rgs achieved with smaHest mesh (x2y2) /x/\ mconsismin 
uuuvuisrýu%oF. 
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Table 4.11 Influence of mesh boundary location on excavation heave 
undrained drained 
Case Set Rgs R99 Error Set Rgs R99 Error 
unpropped 1 9 9 V2 - Id 9 9 V2 - 
2 8 V2 9 V2 - 2d 7 9- 
3 8 9 Y2 - 3d 
6V2 9- 
4 9 10 - 4d 9 9 Y2 - 
5 9 10 - 5d 9 9 V2 
10 8 9 V2 - 12d 5 7 
12 9 9 Y2 - 13d 
4V2 9 
11 8 9 V2 - 
13 8 Y2 9 Y2 
top- 1 9 10 - Id 
8Y2 9 V2 
propped 2 8 9 Y2 - 2d 7Y2 
9 
3 8 9 Y2 - 3d 61/2 9 
4 9 10 - 4d 81/2 9 Y2 
5 9 10 - 5d 8 
Y2 9 Y2 
10 8 9 Y2 - 12d 4 
6 
12 8 Y2 9 V2 - 13d 4 6- 
11 8 9 Y2 - 
13 9 9 Y2 
bottom- 1 9 10 - Id 8 Y2 9 V2 - 
propped 2 8 Y2 9 Y2 - 2d 7 
9- 
3 8 9 Y2 - 3d 6Y2 
9- 
4 9 10 - 4d 8 V2 
9 V2 - 
5 9 10 - 5d 9 10 - 
10 8Y2 9 Y2 - 12d 5 8 
12 8 Y2 9 V2 - 13d 4 6 
11 8 9 Y2 - 
13 9 10 - 
doubly- 1 9 10 - ld 8 Y2 9 Y2 
propped 2 8 Y2 9 V2 - 2d 7 
9 
3 8 9 V2 - 3d 6Y2 9 
4 9 10 - 4d 8 Y2 9 V2 
5 9 10 - 5d 9 10 
10 8 Y2 9 V2 - 12d 4Y2 8 
12 8 Y2 9 Y2 - 13d 3 
Y2 81/2 - 
11 8 9 V2 - 
13 9 10 
alternately 1 9 10 - Id 
9 10 - 
propped 2 8Y2 9 Y2 - 2d 
7Y2 9- 
3 8 9 Y2 - 3d 6Y2 9- 
4 9 10 - 4d 9 
10 - 
5 9 10 - 5d. 9 
10 - 
10 8 Y2 9 Y2 - 12d 4Y2 
8- 
12 8Y2 9 Y2 - 13d 3Y2 
6 
11 8 9 V2 - 
1 13 81/2 9 Y2 
/\/\- inconsistent convergence 
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Table 4.12 Muence of mesh boundary location on surface movement 
undrained drained 
settlement heave settlement heave 
Case Set Rgs R99 Err .' Rgs R99 Err Set Rgs R99 
Err Rgs R99 Err 
unpropped 1 6 9 + 9 Y2 10 - Id 9 10 - 
2 9 10 + 9 10 - 2d 8 V2 9 V2 - 
3 9 10 + 9 10 - 3d 8 9 Y2 - 
4 6 9 + 9 10 - 4d 9 9 V2 - 
5 8 9 V2 + 9 10 - 5d 9 10 - 
10 9 10 + 9 10 - 12d 1 69V, 8 Y. 9 Y2 - 
12 9 Y2 10 + 9 Y2 10 - 13d 61/2 8 Y2 7Y7 9 
II 7Y2 9 Y2 + 9 10 - 
13 31/2 6 9 Y2 10 - 
top- 1 4 8 + 9 10 - ld 9 9 V2 
propped 2 9 V2 10 + 1: 1 9 Y2 10 - 2d 81/2 9 V2 - 
3 9 Y2 10 + 9 10 - 3d 8 Y2 9 
V2 
- 
4 5 8Y2 + 9 10 - 4d 9 10 - 
5 5 8 Y2 + 9 10 - 5d 9 10 - 
10 9 10 + 9 10 - 12d 8 9 Y2 - 
12 9 10 + 9 10 - 13d 8 Y2 9 Y2 - 
11 9 Y2 10 + 9 Y2 10 - 
13 9 10 + 9 Y2 10 - 
bottom- 1 7 9 9 Y2 10 ld 9 9 Y2 - 
propped 2 9 10 + 9 10 - 2d 8 Y2 9/2 - 
3 9 Y2 10 + 9 10 - 3d 8 9 Y2 - 
4 7 9 - 1 9 Y2 10 - 4d 
9 9 Y. 
5 6 9 - 9 Y, 10 - 5d 
1, 9 9 Y2 
10 9 10 + 9 10 - 12d 8 Y2 9 Y2 - 
12 9 10 + 9 10 - 13d 8 9 yi - 
11 9 Y2 10 + 9 10 - 
1 13 9 10 + 9 10 - 
doubly- 1 7 9 9 10 - Id 9 Y2 9 Y2 - 
propped 2 9 10 + 9 10 - 2d 7Y2 9- 
3 9 Y2 10 + i 9 10 - 3d 8 9 Y, - 
4 7 9 9 Y2 10 - 4d 9 9 Y2 - 
5 7 9 9 Y2 10 - 5d 9 9 Y2 - 
10 9 10 + 9 10 - 12d 8 Y2 9 Y2 - 
12 9 10 + 9 10 - 13d 8 9 
Y. 
11 9 V2 10 + 9 10 - 
13 9 V2 10 9 10 - 
altemately 1 5 8Y2 + 9 Y2 10 - Id 9 9 Y2 
propped 2 9 Y2 10 + 9 Y2 10 - 2d 8 Y2 9 Y2 
3 9 10 + 9 10 - 3d 8 9 Y2 
4 5 Y2 9 + 9 Y2 10 4d 9 10 
5 6 9 + 9 Y2 10 - 5d 9 10 
10 9 Y2 10 + 9 Y2 10 - 12d 8 Y2 9 
Y2 
- 
1 2 9 V2 10 + 9 Y2 10 - 13d 8 9 Y, - 
11 8 Y2 9 Y2 + 9 10 - 
13 8 Y2 9/2 + 9 Y2 10 
Note: ". " because no settlement in drained elastic cases 
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Table 4.13 Statistical analysis of boundary location analyses 
R9, s R99 R95range frequency 
wall displacement 
mean 5.39 8.32 <2 9 
std. dev (s. d. ) 2.45 1.40 2-3 1 
mean-s. d. 2.94 6.92 3-4 9 
mean+s. d. 7.84 9.71 4-5 10 
min <2 3 5-6 21 
max 9.5 10 6-7 11 
7-8 8 
8-9 8 
9-10 3 
wall bending moment 
mean 3.96 6.95 <2 15 
std. dev 2.50 2.15 2-3 8 
mean-s. d. 1.46 4.80 34 20 
mean+s. d. 6.46 9.10 4-5 14 
min <2 <2 5-6 9 
max 9 10 6-7 5 
7-8 5 
8-9 3 
9-10 1 
excavation heave 
mean 8.30 9.56 <2 0 
std. dev 0.92 0.37 2-3 0 
mean-s. d. 7.38 9.20 4 2 
mean+s. d. 9.21 9.93 4-5 6 
min 3.5 8 5-6 2 
max 9.5 10 6-7 5 
7-8 5 
8-9 33 
9-10 27 
ground surface movement 
a) settlement a) b) 
mean 8.30 9.58 <2 0 0 
std. dev 1.71 0.72 2-3 0 0 
mean-s. d. 6.58 8.86 34 1 0 
mean+s. d. 10.01 10.31 4-5 1 1 
min 3.5 6 5-6 4 2 
max 10 10 6-7 4 2 
7-8 6 2 
b) heave 8-9 3 11 
mean 8.75 9.78 9-10 35 62 
std. dev 1.01 0.35 
mean-s. d. 7.74 9.43 
mean+s. d. 9.76 10.14 
4 8 
max 9.5 10 
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Table 4.14 Value of reached at R=10 using mesh xl6yI6 as the reference 
(unpropped cantilever) 
Case Set 8mal /8 *Max MMSI / M* 
Characteristic value 
max 
VM31 / Vk 
owl 
SM., 
settlement 
S*Mal 
heave 
undrained 1 0.995 0.995 0.820 0.680 1.010 
2 0.980 0.908 0.910 0.780 1.400 
3 0.990 0.992 0.940 0.830 1.200 
12 0.960 0.997 0.900 0.740 1.460 
13 0.966 1.003 0.890 0.730 1.030 
drained Id 1.100 1.003 0.850 0.780 
2d 1.010 1.001 0.950 0.890 
3d 1.001 1.001 0.970 0.920 
not relevant - all ground movement upward (i. e. heave, +S) in this case 
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Table 4.15 Influence of mesh boundary location on wall displacement : different mesh 
aspect ratios 
Series Set Rq!; R99 Error Comments 
A 1 6 8 
2 6 9 Reference case 
3 5 7 
B 1 7 9 + convergence improved when 
2 4Y2 7Y2 + X>O; convergence from 
3 <2 6 + different direction 
C 1 6Y2 9 
2 6Y2 9 same as Series A 
3 5 7 
D 1 5 7Y2 + convergence always improved 
2 3V2 6 + and from different direction, 
3 2 5 + but 8, n. values too small 
E 1 8 9 Y2 convergence worse, diough 
2 7 9 from same direction 
3 5 V2 8 Yz 
Table 4.16 Muence of mesh boundary location on wall bending moment : different mesh 
aspect ratios 
Series Set Rgs R99 Error Comments 
A 1 3 Y2 6 
2 3 4 Reference case 
3 5 7 
B 1 <2 5 Y2 convergence improved for all X; 
2 <2 2 different direction when X=I 
3 <2 6 
C 1 3 Y2 5 Y2 
2 3 4 same as Series A 
3 5 7 
D 1 <2 5 convergence improved, and 
2 <2 2 from different direction, but 
3 <2 5 + ±M. values too smaU 
E 1 3 V2 5 
2 3 4 roughly same as Series A 
3 5 8 Y2 
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Table 4.17 Influence of mesh boundary location on excavation heave : different mesh 
aspect ratios 
Series Set R95 R99 Error Comments 
A 1 9 9 Y2 - 
2 8 Y2 9 V2 - Reference case 
3 8 9 Y2 - 
B 1 7 V2 9 - convergence improved, especially 
2 6 8 - with increasing X 
3 5 8 
C 1 9 9 Y2 
2 8 9 Y2 same as Series A 
3 8 9 V2 
D 1 5 8 convergence much improved, 
2 4 6 but V. values too small 
3 4 6 
E 1 8 Y2 9 V2 marginal improvement over 
2 7 Y2 9 Series A 
3 7 9 
Table 4.18 Influence of mesh boundary location on ground surface movement : different 
mesh aspect ratios 
settlement heave 
Series Set Rgs R99 Error Rgs R99 Error Comments 
A 1 6 9 + 9 Y2 10 - Reference 
2 9 10 + 9 10 - case 
3 9 10 + 9 10 - 
B 1 8 9 Y2 8 Y2 9 V2 - convergence 
2 3Y2 8 7 V2 9 Y2 improved for 
3 6Y2 8 Y2 + 7 9 - X>O 
C 1 6 9 + 9 Y2 10 - same as 
2 9 10 + 9 10 + Series A 
3 9 10 + 9 10 
D I 4Y2 8 7 9 convergence 
2 <2 5 6 8Y2 much improved 
3 4 6 + 5 Y2 7 
V2 for all X 
E 1 9 10 + 9 10 similar to 
2 9 V2 10 + 9 9 Y2 Series A 
3 8 Y2 9 Y2 + 9 9 V2 
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Table 4.19 Comparison of maximum values of key results for different mesh aspect ratios 
(Series A to E) 
wall displacement (mm) 
Set 1 Set 2 Set 3 
Series anny SFnaz Smax 
A -18.9 -12.9 -45.1 
B -18.9 -12.9 45.1 
C -18.9 -12.9 45.1 
D -17.9 -12.1 43.8 
E -20.5 -13.2 45.6 
wall bending moment (kN-m) 
Set 1 Set 2 Set 3 
Series -M.. +MM&X -MMRI +MMAX -MBWI +MMMX 
A -440.6 94.1 -314.3 156.4 -161.0 399.1 
B 440.6 94.1 -314.3 156.4 -161.0 399.1 
C -440.6 94.1 -314.3 156.4 -161.0 399.1 
D -438.1 82.0 -313.2 146.4 -162.4 388.6 
E 437.5 113.9 -314.2 161.3 -160.7 403.4 
excavation heave (mm) 
Set I Set 2 Set 3 
Series VMAIE VMXI VMSX 
A 46.0 14.9 23.8 
B 46.0 14.9 23.8 
C 46.0 14.9 23.8 
D 36.3 12.9 21.3 
E 41.7 14.3 23.1 
ground surface movement (nun) 
Set 1 Set 2 Set 3 
Series -SMUZ 
+Sntax -SM21 +SMMI -SRM31 +SMAI 
A -11.6 21.1 -3.3 4.8 -9.6 7.5 
B -11.6 21.1 -3.3 4.8 -9.6 7.5 
C -11.6 21.1 -3.3 4.8 -9,6 7.5 
D -12.0 12.4 4.6 3.1 -12.1 5.4 
E -10.1 16.8 -3.2 4.2 -10.2 6.8 
Notes 
1. Series A, B and C (as expected) all end up with the same maximum values, as they all end at 
mesh xlOylO. 
2. Series D (which has X/H fixed at 6) gives maxima consistently lower than Series A/B/C, 
except for downward surface movement (-S), so adequate mesh width is required. 
3. Series E (which has Y/W fixed at 6) gives higher S.., alternately higher/lower ±M.,,,,,, lower 
V., and lower ±S. Um Series A/B/C. 
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Table 4.20 Influence of mesh boundary conditions on unpropped cantilever wall 
Set I Set 2 Set 3 
Mesh rough smooth rough smooth rough smooth 
("lo diffi (016 difj) r1o d1j)) 
wall disPlacement B.,,, (mm) 
x2y2 -12.16 -13.25 -8.19 -8.74 -33.69 -34.76 
(9-0) (6.7) (3.2) 
x6y6 -18.26 -17.63 -12.21 -12.21 43.93 43.96 
(-3.5) (0-0) (0-1) 
XIOYIO -18.92 -18.30 -12.88 -12.86 45.09 45.13 
(0-1) 
wall bending moment ±M,.., (kN-m) 
x2y2 -386.5 -418.3 -291.9 -304.3 307.5 317.8 
(8.2) (4.2) (3.3) 
x6y6 -436.8 -440.0 -313.2 -313.7 389.5 390.2 
(0.7) (0.2) (0.2) 
XlOylo 440.6 441.6 -314.3 -314.0 399.1 400.3 
(0.2) (-0-1) (0.3) 
excavation heave V... (mm) 
x2y2 14.96 21.19 6.55 8.55 12.18 14.72 
(41.6) (30.5) (20.9) 
x6y6 35.24 40.93 12.78 13.75 21.13 22.18 
(161) (7.6) (5.0) 
XlOylo 45.96 51.75 14.92 15.57 23.78 24.47 
(12.6) (4.4) (2.9) 
ground surface movement -S... and +S... (mm) 
x2y2 -13.57 -17.92 -7.67 -8.63 -20.14 -19.40 
(32.1) (12.5) (-3.7) 
0.00 0.94 0.00 0.01 0.00 0.91 
(00) (00) (00) 
x6y6 -12.16 -16.36 4.66 4.86 -12.17 -11.23 
(34.5) (4.3) (-77) 
11.37 16.63 2.96 3.84 5.22 6.19 
(46.3) (29.7) (18.6) 
XIOYIO -11.65 -16.18 -3.34 -3.40 -9.63 -8.98 
(38.9) (1.8) (-6.7) 
21.15 26.85 4.82 5.46 7.51 8.18 
(270) (13.3) (8.9) 
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Table 4.21 Influence of mesh refinement : h-refinement Series I 
mesh 
Value Set x2y2 x2y2b x6y6 x6y6b 
r1o difO rlo diffi 
wall 1 -12.16 -12.31 -18.26 -18.36 displacement (1.23) (0.55) 
8. (mm) 3 -33.69 -33.85 -43.93 -4199 
(0.47) (0.14) 
wall bending 1 -386.50 -387.10 -436.80 -436.30 
moment (0.16) (-0.11) 
±K.. (kN-m) 3 307.50 307.90 389.50 389.30 
(0.13) (-0.05) 
excavation 1 14.96 15.06 35.24 35.04 
heave (0.67) (-0.57) 
V.. (mm) 3 12.18 12.25 21.13 21.09 
(0.57) (-0.19) 
ground 1 -13.57 -13.59 -12.16 -12.02 
surface (0.15) (-1.15) 
movement 0.00 0.00 11.37 11.26 
-S. and 00 (-0.97) 
+S, 
ý,, 
(mm) 3 -20.14 -20.01 -12.17 -12.16 
(-0.65) (-0.08) 
0.00 0.00 5.22 5.23 
Go (0-19) 
Table 4.22 Meshes used in h-refinement Series II 
mesh NVTX NEL NN 
fNVTX CNEL 
x8y8aO 42 30 113 . 
065 . 
050 
x8y8bO 72 56 199 . 
111 
. 
093 
x8y8cO 110 90 309 . 
170 
. 
150 
x8y8dO 168 143 478 . 
258 
. 
238 
x8y8eO 255 224 733 . 
392 
. 
340 
x8y8fD 380 342 1101 . 
585 
. 
620 
x8y8gO 528 483 1538 . 
812 
. 
805 
x8y8hO 650 600 1899 1.00 1.00 
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Table 4.23 Meshes used in h-refinement Series III 
mesh NVTX NEL NN fNM CNEL 
x8y8a 42 30 113 . 065 . 050 
x8y8b 110 90 299 . 169 . 150 
x8y8c 210 182 601 . 323 . 303 
x8y8d 342 306 989 . 526 . 510 
x8ySe 484 441 1408 . 745 . 735 
x8y8f 650 600 1899 1.00 1.00 
Table 4.24 Influence of mesh h-refinement (Series HI) on wall displacement 
Case Set NN9!; NN99 Error Comments 
unpropped 1 550 1000 
undrained 2 550 1000 
3 500 900 
4 550 1000 
5 550 1000 - 
12 600 1400 - 
13 850 >1400 - 
top-propped 1 500 1300 - 
undrained 2 600 1400 - 
3 500 1200 
4 500 1400 - 
5 500 1400 - 
12 700 1400 - 
13 550 1400 - 
bottorn- 1 300 900 - 
propped 2 600 900 - 
undrained, 3 600 900 - 
4 300 600 - 
5 300 1000 - 
12 600 1000 - 
13 700 1000 - 
unpropped Id 300 1000 - 
drained 2d 200 600 - 
3d 200 600 - 
Q 400 1200 - 
5d 500 1600 - 
top-P ped Id 300 1000 - 
drained 2d 400 1800 - 
3d 300 1000 - 
4d 300 1400 - 
5d 450 1400 - 
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Table 4.25 Influence of mesh h-refinement (Series III) on wall bending moment 
Case Set NNqj NN99 Error Comments 
unpropped 1 550 1600 
undrained 2 550 1800 
3 570 1200 - (M).. +ve 
4 550 1700 - 
5 550 1800 - 
12 550 600 - 
13 850 1400 - 
top-propped 1 550 1600 
undrained 2 570 1600 - 
3 470 1600 - 
4 500 600 - 
5 500 600 - 
12 550 1700 - 
13 500 1000 - 
bottom- 1 900 1100 - (M),. +ve 
propped 2 900 1200 - 
undrained 3 900 1200 - 
4 900 1100 - 
5 900 1100 - 
12 900 1200 - 
13 900 1100 - 
unpropped Id 550 1800 - 
drained 2d 550 1900 - 
3d 500 800 - (MI. +ve 
4d 500 1900 - 
5d 480 1900 - 
top-propped Id 500 1900 - 
drained 2d 450 1000 - 
3d 450 600 - 
4d 500 1900 - 
5d 500 600 - 
Table 4.26 Influence of mesh h-refinement (Series III) on excavation heave 
Case Set NNgs NN99 Error Comments 
unpropped 1 300 600 
undrained 2 300 600 
3 250 600 
4 200 600 - 
5 200 600 - 
12 250 600 - 
13 300 1400 - 
/contd 
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Table 4.26 Influence of mesh h-refinement (Series III) on excavation heave (con1d) 
Case Set NNgs NN99 Error Comments 
top-propped I <100 600 - 
undrained 2 200 600 - 
3 250 600 - 
4 200 800 - 
5 200 600 - 
12 250 600 - 
13 300 600 - 
bottom- 1-5 <100 500 - 
propped 12 <100 500 
undrained 13 400 600 
unpropped 1-5 <100 300 - 
drained 
top-propped 1-5 <100 300 - 
drained 
Table 4.27 Influence of mesh h-refinement (Series III) on ground surface movement 
settlement (-S) heave (+S) 
Case Set NNgs NN99 Error NN9! i NN99 Error 
unpropped 1 500 600 + 350 500 - 
undrained 2 500 600 + <100 <100 - 
3 900 1000 + <100 500 - 
4 500 600 + <100 500 - 
5 500 600 + 300 550 - 
12 600 1000 +/- 800 1000 + 
13 900 1600 + 800 1400 + 
top-propped 1 400 1000 + <100 500 
undrained 2 500 800 + <100 600 
3 500 800 + <100 600 
4 500 800 + <100 500 
5 500 600 + <100 500 
12 500 1200 800 900 
13 <100 900 950 1700 
bottom- 1 400 500 + <100 500 
propped 2 500 600 + <100 300 
undrained 3 500 1200 + <100 400 
4 500 600 + <100 500 
5 500 600 + <100 500 
12 500 600 <100 300 
13 400 1300 200 1500 
unpropped 1-5 (no downward movement) <100 <100 + 
drained 
top-propped 1-5 (no downward movement) <100 <100 + 
drained 
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Table 4.28 Influence of mesh r-refinement (Series I) on wall displacement 
Case Set LR95 LR99 Error Comments 
unpropped I <1 4 
undrained 2 <1 4 
3 2 8 
4 <1 2 
5 <1 1 
12 <1 6 
13 16 27 
top-propped I <1 4 
undrained 2 <1 6 
3 <1 3 
4 <1 4 
5 <1 I- 
12 1 8- 
13 <1 7- 
unpropped 1-5 <1 <1 - 
drained 
top-propped 1-5 <1 <1 - 
drained 
NB: <1 denotes 5,. already within ±5% (or : L]Yo) of&,,., at a length ratio of unity 
Table 4.29 Influence of mesh r-refinement (Series I) on wall bending moment 
Case Set LRgs LR99 Error Comments 
unpropped I <1 10 
undrained 2 <1 <1 
3 2 6 (M). +ve 
4 <1 2 + 
5 <1 I + 
12 <1 18 
13 15 25 
top-propped I <1 10 
undrained 2 1 6 
3 <1 5 
4 <1 10 
5 <1 7 
12 1 10 
13 1 17 
unpropped l 1-5 <1 <1 varies r 
a ined 
t op propped 1-5 <1 <1 varies z 
drained 
NB: <1 denotes M.. already within =LJ% (or ±1 Yq) ofM*mav at a length ratio of unity 
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Table 4.3 0 Influence of mesh r-refinement (Series I) on excavation heave 
Case Set LR95 LR99 Error Comments 
unpropped I <1 <1 + 
undrained 2 <1 <1 + 
3 <1 <1 + 
4 <1 <1 + 
5 <1 <1 + 
12 <1 2 + 
13 <1 10 
top-propped I <1 <1 + 
undrained. 2 <1 <1 + 
3 <1 <1 + 
4 <1 <1 + 
5 <1 5 + 
12 <1 I + 
13 <1 5 + 
unpropped. 1-5 <1 <1 no discernible variation 
drained 
top-propped 1-5 <1 <1 no discernible variation 
drained 
NB: <1 denotes V.,. already within +5% (or:: L1Vq) of V*., at a length ratio of unity 
Table 4.31 Influence of mesh r-refinement (Series I) on ground surface movement 
settlement heave 
Case Set LRgs LR99 Error LRgs LR" Error 
unpropped 1 <1 <1 + <1 <1 + 
undrained 2 <1 5 <1 5 
3 7 10 + 2 5 
4 <1 10 <1 12 + 
5 <1 15 <1 13 + 
12 <1 11 <1 21 + 
13 20 28 20 30 - 
top-propped I <1 <1 <1 <1 - 
undrained 2 <1 5 <1 <1 - 
3 <1 14 22 30 - 
4 <1 <1 <1 <1 + 
5 <1 <1 + <1 10 + 
12 <1 8 <1 13 
13 <1 15 14 20 
unpropped 1-5 (no downward movement) <1 <1 
drained 
top-propped 1-5 (no downward movement) <1 <1 
drained 
NB: <1 denotes S. already within : L5% (or -+I Yq) of S*nm, at a length ratio of unity 
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Table 4.32 Influence of mesh r-refinement (Series H) on wall displacement 
Case Set LR95 LR99 Error Comments 
unpropped. 1 2 10 - 
undrained 2 2 10 - 
3 5 15 - 
4 1 10 - 
5 <1 5 
12 2 11 - 
13 22 30 - 
top-propped 1 3 13 - 
undrained 2 3 14 - 
3 2 11 
4 2 12 - 
5 2 12 - 
12 4 14 - 
13 2 7- 
unpropped 1-5 <1 2- 
drained 
top-propped 1-5 <1 3- 
drained 
Table 4.33 Influence of mesh r-refinement (Series H) on wall bending moment 
Case Set LRgs LR99 Error Comments 
unpropped 1 2 7 
undrained. 2 2 4 
3 3 7 
4 <1 7 
5 <1 7 
12 3 12 - 
13 24 30 - 
top-propped 1 4 15 - 
undrained 2 4 15 - 
3 2 11 
4 3 15 - 
5 2 13 - 
12 6 20 - 
13 4 15 - 
unpropped Id <1 8- 
drained 2d <1 10 - 
3d 1 15 - 
4d <1 4- 
5d <1 I- 
top-propped Id <1 6- 
drained 2d <1 5- 
3d <1 4- 
4d <1 3- 
5d <1 2- 
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Table 4.34 Influence of mesh r-refinement (Series II) on excavation heave 
Case Set LR95 LR99 Error Comments 
unpropped I <1 <1 
undrained 2 <1 5 
3 <1 10 
4 <1 <1 
5 <1 5 
12 <1 6- 
13 <1 16 - 
top-propped I <1 <1 - 
undrained 2 <1 <1 - 
3 <1 4 
4 <1 <1 
5 <1 5 
12 <1 2- 
13 <1 18 - 
unpropped 1-5 <1 <1 - 
drained 
top-propped 1-5 <1 <1 - 
drained 
Table 4.3 5 Influence of mesh r-refinement (Series H) on ground surface movement 
settlement heave 
Case Set LR95 LR99 Error LR9!; LR99 Error 
unpropped 1 12 25 - <1 18 
undrained 2 15 28 - 2 4 
3 15 25 . 3 8 
4 13 27 - <1 18 
5 13 27 - <1 18 
12 15 28 - <1 25 
13 27 31 - 18 30 
top-propped 1 13 27 <1 15 
undrained 2 15 28 - <1 2 
3 15 28 - 3 8- 
4 14 27 - <1 18 - 
5 14 27 - <1 20 - 
12 15 28 - <1 22 - 
13 16 28 - 61 28 - 
unpropped 1-5 (no downward movement) <1 <1 - 
drained 
top-propped 1-5 (no downward movement) <1 <1 - 
drained I 
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Table 4.3 6 Influence of pseudo p-refinement (LSQs to LSTs) on relatively fine mesh 
(x8y8e6) - unpropped. wall / undrained loading 
Set et LSQ LST (016 difl) 
waH displacement 8.,, (mm) displacen 
1 
r 
-18.74 -19.01 (1.4) 
2 -12.68 -12.84 (1.2) 
3 45.04 -45.34 (0.7) 
4 -18.47 -18.67 (1.1) 
5 -12.50 -12.61 (0-9) 
12 -16.44 -16.90 (2.8) 
13 -141.50 -153.30 (8.3) 
waU bending moment ±N4.. (kN-m) 
1 437.4 -441.8 (1.0) 
2 -315.3 -316.8 (0.5) 
3 397.9 394.7 (-0.8) 
4 446.4 -448.1 (0.4) 
5 -379.9 -381.6 (0.4) 
12 -340.9 -348.8 (2.4) 
13 619.9 664.9 (7.3) 
excavation heave V.,.,, (mm) 
1 41.21 41.31 (0.2) 
2 14.03 14.07 (0.3) 
3 22.74 22.74 (0.0) 
4 41.00 41.33 (0.8) 
5 26.90 27.15 (0.9) 
12 16.91 17.26 (2.0) 
13 81.80 83.59 (2.1) 
. .......... ...... .. 
ground surface movement S,. (mm) 
settlement (-S) heave (+S) 
1 -11.86 -11.88 (0.2) 16.73 16.76 (0.2) 2 -3.88 -3.88 (0-0) 4.04 4.06 (0.5) 3 -10.68 -10.70 (0.2) 6.61 6.58 (-0.. 5) 4 -11.42 -11.48 (0.5) 16.19 16.43 (1.5) 5 -6.73 -6.78 (0.7) 10.13 10.30 (1.7) 12 -4.71 4.76 (1.1) 3.00 2.90 (-5-2) 
13 -106.00 -120.10 (13-3) 9.00 9.35 (3.8) 
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Table 4.37 Influence of pseudo p-refinement (LSQs to LSTs) on relatively coarse mesh 
(x8y8b4) - unpropped. wall / undrained. loading 
Set LSQ LST % diff 
wall displacement 5. (mm) 
1 -17.20 -18.30 (6.4) 
2 -11.64 -12.39 (6.5) 
3 -42.16 -44.66 (5.9) 
4 -17.19 -18.12 (5.4) 
5 -11.69 -12.22 (4.5) 
12 -14.77 -16.24 (10-0) 
13 
.......... 
-110.00 -139.60 (269) 
wall bending moment ±A4.,,. (kN-m) 
1 -361.9 -397.2 (9.8) 
2 -238.8 -274.0 (14-7) 
3 310.8 359.0 (15-5) 
4 -371.2 -404.5 (8-9) 
5 -316.3 -343.5 (8.6) 
12 -281.5 -323.1 (14-8) 
13 360.9 574.5 (59-2) 
.... ...... . .... ............ . ....... ................... . ....... ........................ 
excavation heave V. (mm) 
. 
1 40.46 41.21 (1-8) 
2 13.76 14.03 (1-9) 
3 22.18 22.69 (2-2) 
4 40.48 41.15 (1-6) 
5 26.52 26.97 (1-7) 
12 16.58 16.91 (2-0) 
13 77.89 79.78 (2-5) 
. .............. ............... ............ 
ground surface movement S. (mm) 
settlement (-S) heave (+S) 
1 -12.02 -11.86 (-1.3) 16.80 16.81 (0-1) 
2 4.05 -3.87 (-4-5) 4.14 4.08 (-1.5) 
3 -12.19 -10.51 (-13.8) 6.70 6.65 (-0.8) 
4 -12.02 -11.47 (4.6) 16.23 16.47 
(1-5) 
5 -7.14 -6.78 (-S. O) 10.05 10.29 (2-4) 
12 -4.67 -4.66 (-0.2) 3.59 3.13 (-12.8) 
13 -65.91 -100.00 (51.7) 10.22 9.56 (-65) 
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Notes: 
1. wall elements highlighted by grey shading 
2. formation level (FL) indicated by bold line 
Fig 4.1 Parent mesh xI Oy 10 used in boundary location analyses 
4-76 
0 2H 4H 6H 8H IOH 
0 
2W 
4W 
6W 
8w 
low 
mesh XY NN NEL 
x2y2 2H 2W 380 342 
x4y4 4H 4W 506 462 
x6y6 6H 6W 600 552 
x8y8 8H 8w 650 600 
xl Oyl 0 10H low 702 650 
X= distance from wall to remote vertical boundary 
Y= distance from base of excavation to bottom boundary 
H= retained height of wall 
W= half-width of excavation 
NN= number of vertex nodes 
NEL = number of elements 
Fig 4.2 Different mesh sizes used in boundary location analyses (constant global 
aspect ratio) 
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(a) Unpropped cantilever 
prop placed prior 
to excavation 
(b) Top-propped cantilever 
prop placed prior 
to excavation 
(c) Bottom-propped cantilever 
both props placed 
prior to excavation 
(d) Doubly-propped cantilever 
bottom prop installed after excavation - 
prior to removal of top prop 
cantilever 
Fig 4.3 Wall propping arrangements used in boundary location analyses 
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z E,, (MPa) 
(M) Set 1 Set 2 Set 3 
0 50 50 0 
H 50 90 40 
IIIL 50 130 80 
z132 <-- set 
degree of nonhomgeneity X= (EH - Eo) / EH 
NB: same values of X apply for drained elastic parameters (sets 1d, 2d and 3d) 
Fig 4.4 Definition of degree of nonhomogeneity for an embedded retaining wall 
a) rough remote boundaries b) smooth remote boundaries 
Fig 4.5 Boundary conditions used in boundary location analyses 
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0.0 
-10. ( 
-20. C 
-30.0 
-40.0 
P4 
P-4 
-50.0 
0 .04.0 8.0 12.0 16.0 Depth below top of wall Cm) 
X292 * A94 + X696 + X899 X10910 
(a) cantilever wall / undrained / elastic-perfectly plastic soil (set 11) 
0.1 
E -101( 
E 
%00 
-20. C 
-30.0 
P-4 
-40.0 
-50.0, 0.0 4.0 8 .0 12.0 16.0 Depth below top of wall (n) 
X292 * A94 + X696 + x8ye -qL X10910 
(b) top-propped wall / undrained / elastic-perfectly plastic soil (set 13) 
Fig 4.6 Influence of remote boundary location on wall displacement (Series A) 
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CHAPTER 5 
CONSTITUTIVE MODELLING AND PARAMETER SELECTION 
5.1 General Introduction 
CRISP offers the user a number of different constitutive models, ranging from simple elasticity 
to sophisticated elasto-plastic strain hardening/softening models (see Sections 3.3 and 3.6). 
The choice of model is closely linked to the selection of appropriate soil parameters, and the 
principal issue facing the designer is how much complexity is required in order to ensure a 
realistic result. 
In the LJK construction industry it is not uncommon for the designer to be presented with data 
from a site investigation after it has been conducted, rather than being able to indicate what 
information would actually have been required. The soil data which is available may be of 
such sparsity and low quality that it is quite unreasonable to suggest that a powerful 
constitutive model could be built upon it. The choice of constitutive model may therefore be 
dictated by what data is available, unless the project warrants further expenditure on high 
quality sampling and testing for site characterization. 
The simplest form of soil model which can be used is the homogeneous isotropic linear elastic 
OME) model, based on Hooke's Law. On top of this, several layers of sophistication may be 
added in order to reflect the known behaviour of soil, including: 
a) nonhomogeneity, 
b) anisotropy, 
C) small-strain behaviour, 
d) non-linearity, 
e) yielding, and 
f) non-associated flow. 
Each of these features wiff now be discussed in more detA with reference to previous work. 
5.1.1 Nonhomogeneity 
For most soils, mean effective stress (and hence stiffness) increases with depth below ground 
surface. Nonhomogeneous stiffness is normally expressed in the form E=E. + mz, Fig. 5.1 (a) 
but this may cause problems when E,,, = 0. For those elements at the soil surface, integration 
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points just below the top boundary have a very low stiffness compared with integration points 
at the bottom boundary, Fig. 5.1 (b). Within a single element it is thus possible to have a large 
stifffiess ratio, with implications for ill-conditioning (see Chapter 7). This may be a more 
important issue for foundation loading problems such as the plate test (Iffier, 1992), where 
the structure would be everywhere in contact with soil of very low stiffiaess. In a retaining 
Wall, only the upper portion is likely to be affected. Although there are naturally-occurring 
soils which truly exhibit E, =0 (e. g. uncemented coarse-grained soils), it is possible that some 
analysts have used a low E. to minimize the effect of the retained soil holding back the wall 
(perhaps instead of using "no-tensioif' interface elements). For example, Potts and Burland 
(1983) used E. =0 for their Bell Common tunnel analyses, despite showing that cý. = 40 kPa 
and stating that a constant E, /c, was applicable to the stiff clays present on site. 
Another form of nonhomogeneity which can occur in real soils is that of discrete layering 
rather than continuous variation. Different soil strata could have contrasting stiffnesses, 
relative to one another, whilst being uniform in any given layer. Such layering may have as 
much (if not more) influence on wall behaviour, but owing to the large number of possibilities 
which exist, no analyses have been conducted with layered E profiles in the present study. 
Although plastic yield (an issue of shear strength rather than stiffness) is considered in more 
detail later in this chapter (Section 5.6), it should be pointed out that a nonhomogeneous 
stiffness profile is usually accompanied by one of nonhomogeneous shear strength. In clay 
soils, it is common practice to define a profile of undrained shear strength c. with depth, and 
then to correlate stiffness to it through a fixed E. /c. ratio. Typical values of Eu/cu may range 
from 250-1000, depending on soil type, direction of loading', etc. 
5.1.2 Anisotropy 
Many natural soils exhibit anisotropy, as a result of deposition and stress history. For 
retaining walls embedded in such soils it would seem logical to use anisotropic elasticity as a 
constitutive model (e. g. Simpson el al., 1979; Creed, 1979). However, stress induced 
anisotropy depends on overconsolidation ratio (OCR) which is not itself constant but will vary 
I Problems of foundation settlement, where vertical stiffness is more important, may be given 
rather different " ratios than excavation support problem - even if both are in the same soil and at 
the same location. 
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(usually decreasing) with depth. To model stress induced anisotropy rigorously would 
therefore require a fairly complex variation of Eh and/or E, with depth. 
Anisotropy of shear strength is as common as anisotropy of stiffhess, yet the assumed yield 
criterion (defining the onset of yield, usually in terms of soil strength) is virtually always 
isotropic. CRISP gives no opportunity to incorporate anisotropy of strength; all yield surfaces 
are assumed to have symmetry about the hydrostatic axis. (This is true for both elastic- 
perfectly plastic and Cam-clay based models. ) Some attempt has been made to incorporate 
anisotropic yielding in CSSM models, such that the yield surface is symmetric about the K. 
compression line rather than the mean stress axis (e. g. Newson, 1992). Others have attempted 
to recognize the anisotropic consolidation history of natural clays, using stress path testing to 
determine the true shape of the yield locus (e. g. Pickles and Woods, 1989). This will be more 
important within the context of plastic yield, and is relevant to Section 5.5. 
The characterization of anisotropy has tended to focus on the ratio n (= Eh/F-, ). However, the 
ratio m (= Gh/E, ) has also been shown to be important; in particular for predicting settlement 
troughs over tunnels. Lee and Rowe (1989) were the first to demonstrate how manipulation 
of m could give a good match of numerical prediction (using linear elastic-perfectly plastic 
analysis) with centrifuge and field data. Adenbrooke et al. (1997) used more sophisticated 
non-finear elastic models, and again found that the value assumed for m had a big effect on 
predicted settlements. To the writer's knowledge, no similar investigations have been carried 
out for embedded retaining walls. 
5.1.3 Small-strain behaviour 
The extent and magnitude of ground movements around retaining walls are often over- 
predicted using simple elastic models together with stiffness parameters measured in 
conventional laboratory tests. This is not only because conventional laboratory tests over- 
estimate strains by including bedding effects in their measured values, but also because the 
strain levels around walls are typically very small (see Jardine et al., 1986). Two approaches 
arepurrently in use. In the first, back analysis of comparable structures in similar ground 
conditions is used to obtain parameters (typically linear elastic, perhaps cross-anisotropic), and 
these are then used for forward prediction. In the second approach, small strain triaxial testing 
is carried out on samples obtained from the actual site, and a single stifffiess is selected from 
the test results. In each case it is common to use a simple constitutive model defined by a few 
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parameters in order to perform the FE computation (non-linear analysis per se is discussed in 
Section 5.1.4). 
Both approaches have potential problems associated with them. In the first, it is implicit that 
both geometry and ground conditions are sufficiently identical to allow satisfactory forward 
prediction, whilst the second approach assumes simplified soil behaviour, as well as a 
knowledge of a suitable average operational strain level. These two approaches win now be 
considered in further detail. 
5.1.3.1 Back analysis 
Back-analysis must begin with the selection of a constitutive model, in order to decide what 
parameters are actually going to be inferred. If Hooke's Law is used without anisotropy (n 
1) or nonhomogeneity (X = 0), only E and v (or G and K) need to be deduced. Drainage 
conditions and a knowledge of whether total or effective stresses are appropriate will normally 
fix V (vu or V) in a narrow band, leaving just E (F, or E'). An FE analysis is made with trial 
values for the soil parameter(s) concerned, and the results compared with observations. 
Adjustments are made and several reanalyses are conducted until acceptable agreement is 
obtained 2. Hooke's Law is attractive due to its simplicity and the fact that the parameters are 
physically meaningful. However, it will not generally be possible to match all observations - 
for example, agreement with the ground surface settlement trough may be obtained with a 
combination of E and v which gives a rather poor match with the wall deflection profile. All 
of the intrinsic aspects of behaviour (anisotropy, nonhomogeneity, non-linearity, yield, etc. ) 
which go to producing the true stress-strain response will only be equivalenced by a single 
linear E value at one point on the curve. This has implications for, and explains why there are 
difficulties with 
a) matching more than one computation/observation, and 
b) 
- using parameters from the back analysis of one structure 
for the forward prediction of 
another. 
If a constitutive model more sophisticated than simple Hooke's Law is used, different 
problems arise. The principal problem is that of ambiguity, whereby a measured aspect of 
behaviour can be reproduced by more than one combination of soil parameters. NUier(1992) 
2 Barkhordari (1998) has shown that this parameter search process can be automated very 
efficiently by coupling a genetic algorithm program to the FE code. 
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has investigated this thoroughly in the context of interpreting plate load tests, where the 
inference of soil parameters (even when simple constitutive behaviour is assumed) is subject to 
ambiguity because limited measurements are available (usually only applied load and resulting 
settlement). One example concerns non-linear models of the Gunn (1993) power-law form, 
Fig. 5.2, which can produce an inferred E. profile underneath a loaded plate which is similar to 
a nonhomogeneous distribution F, ;. -, mz (Woods et al., 1992). The induced strain profile, 
together with the power-law model results in the operational Eu being very small near the 
ground surface, increasing with depth. 
In order to restrict the number of analyses used for the present work, it was decided not to 
carry out any specific investigations of back-analysis. Of course, all of the points made in 
Chapters 4 to 8 of this thesis are relevant - any decision which could affect the quality or 
reliability of computed results in a design prediction exercise will do exactly the same to a 
back-analysis3. 
5.1.3.2 Triaxial testing 
The basic approach is to conduct triaxial compression tests with small-strain measurements 
enabling E (E' or EJ to be determined at different strain levels. The appropriate E values are 
then entered into the FE analysis - based on the engineer's judgement of what strain levels 
pertain in the field. 
This procedure can be taken one step fiirther if the triaxial equipment has the ability to follow 
any desired stress path, such as the hydraulic triaxial cell (Bishop and Wesley, 1975). Noting 
that soil behaviour is dependent on stresspath as well as level, representative elements of soil 
can be subject to the appropriate loading direction. In broad terms, soil elements behind the 
wall will experience horizontal unloading with constant vertical stress, whilst soil elements in 
front of the wall Oust below firial dig level) undergo vertical unloading with (approximately) 
-j 
Back-analyses are often supplemented by published observations on similar structures in 
comparable soils. These are given considerable weight by some engineers because they represent 
reality. In the Queensberry House analysis described in Appendix A, the consultants steadfastly 
refused to accept the results of non-linear elastic-perfectly plastic FE analysis, with parameters 
Provided by pressuremeter and small-strain triaxial tests - choosing instead to accept their own much 
cruder analysis simply because it agreed better with data from the House of Commons car park 
(Burland and Hancock, 1977). The consultants eventually conceded the point, but not before site 
measurements made during construction (as part of the Observational Method) supported the writers 
analyses. 
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constant horizontal stress, Fig. 5.3. Triaxial tests following these stress paths will show the 
engineer if the stiffhess, pore pressure response, and strength are path dependent to any 
significant degree. The appropriate parameters can then be assigned to different regions of the 
mesh. The writer has been involved in at least one project where this was done (A406 
Walthamstow; Case 1, Appendix A). 
5.1.4 Non-linearity 
It has long been recognized that the elastic behaviour of particulate materials such as soil is 
only really linear over small increments of strain. The overall pattern of displacements 
predicted using a simple linear model may be incorrect. A well-known example of this is the 
prediction of how much the Big Ben clock tower would tilt as a result of the construction of 
the House of Commons underground car park (Burland and Hancock, 1977). Initial linear 
elastic analyses calculated that tilt would be in the opposite direction to that subsequently 
measured; a mistake rectified only by the incorporation of non-finearity in later computations. 
Nonetheless, linear elastic analyses remain very popular due to their simplicity -a small 
number of well-understood parameters and fast computation (no iterations required). 
The hyperbolic model (Duncan and Chang, 1970) was one of the first non-linear elastic models 
to gain acceptance in geotechnics, based on the approximation of triaxial stress-strain curves 
by a hyperbola. Its successes (and limitations) have been widely documented. Piecewise 
linear and spline models have also been used to represent real stress-strain curves in a 
convenient mathematical form for numerical implementation (e. g. DesaL 197 1). More recent 
proposals include a two-parameter power law model by Gunn (1993), specifically devised for 
improved predictions of tunnel-induced settlement troughs. The highest state of refinement of 
this type of model is probably represented by the Imperial College (1C) periodic-logarithmic 
model of Jardine et at (1986), Fig. 5.4. This model is defined by five parameters, obtained by 
curve-fitýing triaxial test data. 
The Cam-clay model (Schofield and Wroth, 1968) reproduced non-linear elastic behaviour 
below the yield surface as a by-product of its formulation, with both KI and G depended 
directly on mean effective pressure p'. However, this aspect of Cam-clay and its variants has 
not been considered as important as its ability to reproduce plastic yield and hardening. 
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A different approach was followed by Simpson el al. (1979) with the so-called LC (London 
clay) model. This incorporated the concepts of threshold strain, and kinematic surfaces in 
strain space. It was used successffilly in a Class C prediction of the aforementioned Big Ben 
clock tower and helped to establish the importance of using non-linear elasticity in such 
situations. Over a decade later, Simpson's work produced the "bricks-on-strings" (orjust 
BRICK) model, based on the unusual analogy of a man dragging behind him several bricks of 
different weight, via strings of different length (Simpson, 1992). This model simulates both 
non-linearity and recent stress history, reproducing the so-called "S-shaped" curve describing 
the variation of E, with the logarithm of strain. 
A related development within the framework of critical state soil mechanics began with the 
"bubble" model of Al-Tabbaa (1987), which uses a single kinematic yield surface inside a 
modified Cam-clay bounding surface. Stallebrass (1990) developed this further, culminating in 
a 3-surface kinematic hardening (3-SYJI) model capable of reproducing the effects of current 
state, recent stress history, and changes in stress path direction (Stallebrass and Taylor, 1997). 
3-SKH requires eight parameters, but has shown considerable promise in predicting ground 
movement in over-consolidated clay soils. It is perhaps the way of the future, but its use in 
design at the present time is impracticable. Furthermore, subsequent work by Clayton and 
Heymann (200 1) has cast doubt on the need to model recent stress history, suggesting that 
excessive creep strain rates had led others to infer (incorrectly) that recent stress history was a 
genuine soil feature, rather than an artefact of the experimental process. 
Since CRISP was released publicly in 1982, many constitutive models have been implemented 
by university-based investigators, including most of those mentioned above (see Table 2.3). 
However, commercially available versions of CRISP did not possess non-linear elastic models 
until 1999. Consequently, at the time of writing, there has been little published experience in 
their use within CRISP. 
5.1.5 Yielding 
All soils exhibit irrecoverable (i. e. plastic) behaviour above certain levels of stress or strain. 
Classically, a yield surface in the appropriate stress space has been used to differentiate regions 
of purely elastic and plastic (or elasto-plastic) behaviour. The yield surface may be fixed in 
size and position (perfectly plastic), may grow or shrink about some reference axis (isotropic 
hardening), or may translate in stress or strain space (kinematic hardening). Familiar examples 
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of perfectly plastic criteria are Tresca and Mohr-Coulomb (Fig. 5.5), whereas the Cam-clay 
family exemplify isotropic hardening yield criteria (Fig. 3.27). Kinematic hardening, pioneered 
in geotechnics by Mroz et al. (1979), plays a fundamental part in the "bubble" and 3 -SKH 
models. For soft clays, the shape of the yield surface and the manner in which it strain hardens 
are of major importance in the accurate prediction of ground movement. For stiff clays, it is 
the behaviour within the yield surface which is usually more important, and thus the focus has 
been primarily on describing elastic modulus and its variation (e. g. non-linearity). 
The current consensus (e. g. Smith el al, 1992) is that yield actually commences after small 
stress increments, well within what has traditionally been considered an elastic region. An 
alternative approach which recognizes this is the "bounding surface" -a limit on possible states 
within which both elastic and plastic straining may take place. One example is the continuous 
plasticity critical state model of Naylor (1985), in which plastic strains are proportional to the 
proximity of the stress point to a modified Cam-clay surface. The 3-SKH model also employs 
a bounding surface, within which are (nested) yield and history surfaces. From a practical 
viewpoint, variable elasticity within an elastic-perfectly plastic yield surface may seem to 
produce the same result as evolving plasticity within a bounding surface. In many instances of 
monotonic loading, this may well prove to be the case. However, where there are multiple 
reversals in loading direction (e. g. loading-unloading cycles in a plate bearing test), differences 
between the two types of constitutive model would be expected to emerge. 
Notwithstanding the above, in practical retaining wall analyses, elastic-perfectly plastic models 
are much more likely to be used than any other type of plasticity model (evidenced by the 
frequency of its occurrence in Table 2.3). Consequently, the investigations described in this 
section have been confined to the former type of constitutive model, to attempt to provide 
insights which may be helpful to the practitioner. 
When performing an undrained elastic-perfectly plastic analysis, the user can elect to work in 
terms of either (a) total stress, using undrained stffffiesses (E., v,, %ts 1/2) and describing yield as 
a function of the undrained shear strength cý, or (b) effective stress, using E' and V (together 
with K,, >>0 to produce an incompressible response), and defining the yield criterion with c' 
and ý'. In the former, Tresca's yield function (Fig. 5.5a) would be used, written as: 
(al 
-a3) - 2. c = 2. t - 2. c. (9,0) (5.1) 
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For 2D stress systems, CRISP uses the slightly more general expression: 
2. a.. cos. 0 - 2. cü (: 9 0) 
where 
GS [ V2(S)? + SY2 + SZ2) +T xy 
2 ]V2 
Sx a'X - a'mt (similarly for sy and sz) 
at Od (cyx + Wy + WJ/3 
0 sin-V-3/2)(43) J3/ a, 3)/3 
J3 SX. SY. S'. Z - SX. T xy 
2 
(5.2) 
If working in terms of effective stresses, the Mohr-Coulomb yield function (Fig. 5.5b) can be 
written as: 
c' - cr'taný' (5 0) (5.3a) 
or 
(c'cotý' + S')siný, (: g 0) (5.3 b) 
where t' = '/2(a'l - CF'3) and s' =1/2(CFtl 
+ C6)- 
The more general expression used in CRISP is: 
-a', Asiný' + cy., cosO + a,, sjnýlsjno/43 - clcosýl (5.4) 
Closely allied to the selection of the yield criterion is the specification of in-situ stresses. As 
observed by Burland (1978), there is little point in carrying out a sophisticated non-linear 
elasto-plastic analysis if the initial stresses are incorrect. In this respect the at-rest earth 
pressure coefficient K, can be particularly difficult to measure or estimate over the full depth 
of interest. CRISP provides considerable flexibility in spec4ing variable Ko profiles; the real 
limitation is in knowing what they are for a particular field situation. 
5.1.6 Non-associated flow 
When the stress state of an element of soil reaches (and remains on) the yield surface, plastic 
straining will occur; accompanied by continued elastic straining which is typically of a much 
lower magnitude. The relative components of plastic volumetric and plastic shear strain are 
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determined by the flow rule, with plastic strain vectors being normal to the plastic potential, 
which is also a surface in stress space. If the flow rule is associated and normality applies, 
then the yield surface and plastic potential are coincident, and the plastic strain vector is 
normal to the yield surface. This assumption will lead to excessive dilation in a drained 
sis; if the loading is undrained, strongly negative excess pore pressures at yield/failure will 
be generated. 
Associated flow is considerably easier to implement in a finite element package than non- 
associated flow, and is therefore more common. One attractive aspect is that it generates a 
global system of stiffness equations which are symmetric, with all the advantages which this 
implies for the storage and solution of the equations. But dilation of this magnitude (i. e. angle 
of dilation W is unrealistic, and can lead to over-enhanced strength and stiffness around 
the wall (Ponnampalarn, 1990; Powrie and Li, 1990a). There is little consensus on the most 
suitable angle of dilation (1/2ý' is used by some; e. g. Day, 200 1) or on which aspects of 
retaining wall analysis are most affected. Potts and Burland (1983) have studied dilation and 
came to the conclusion that wall movements were largely unaffected by the value of W 
adopted. Earth pressure distributions, however, may be more sensitive, and it is precisely this 
sort of information which the practitioner needs - if dilation is not a key issue, then neither the 
FE code which permits its variation, nor the laboratory data describing itare required. 
Most of the elasto-plastic models provided in CRISP assume normality at yield (i. e. flow is 
associated and the yield function and plastic potential are coincident), including the elastic- 
perfectly plastic and Cam-clay family of modeW. The exception to this is a non-associated 
Mohr-Coulomb model which was introduced in 2000, but with which experience is still fairly 
limited. Normality requires the vector of plastic strain increment to be normal to the yield 
surface. In the case of Tresca, the yield surface is parallel to the mean stress axis, and so the 
volumetric component of plastic strain UP, is zero (i. e. no dilation), Fig. 5.6(a). In contrast, 
the yield surface is inclined at an angle (a function of fl to the mean stress axis, and the 
plastic volumetric strain is negative, implying an angle of dilation %V = ý', Fig. 5.6(b). If this 
dilation is suppressed because loading is undrained, negative excess pore water pressure will 
4 An unfortunate error was introduced in earlier versions (CRISP 82 and 84), where a sign was 
reversed on a term in the Mohr-Coulomb subroutine. 1he error arose from using the code published by 
Owen and Hinton (1980), who adopted a tension +ve convention for stress instead of the compression 
+ve used in CRISP. The net cffect of this error was to suppress dilation almost entirely -a desirable 
effect in many cases, but achieved in a manner lacIdng any sound theoretical basis. 
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be generated. This in turn will cause the effective stresses in the soil to be elevated, with an 
attendant increase in failure stress (which is, of course, proportional to mean effective stress). 
Diagrammatically, this corresponds to the stress point migrating up the failure fine, and whilst 
this is seen to some extent in the behaviour of real soils, dilation is rarely as strong as V= ý'. 
5.1.7 Overview of numerical studies 
Despite fairly widespread knowledge that soil is not homogeneous, isotropic, or linear elastic 
CHILE), it is frequently assumed to be so. Before designers include more realistic soil models 
in their FE analyses, they will need to understand how the results may be affected, and if the 
extra complexity is warranted. To this end, numerical studies into constitutive behaviour have 
been conducted and are presented in the following sections. In line with Chapter 4, horizontal 
Wall displacement, wall bending moment, excavation heave, and ground surface movement 
have been highlighted as key results from each analysis. The evaluation of results has been 
along similar lines, in that maximum values as well as entire profiles (17*) have been 
exan-dned. The principal aim has been to highlight where the introduction of some feature of 
real soil behaviour caused a significant difference to the profile or maximum value concerned. 
Some of the results have been obtained by reinterpretation of the analyses reported in Chapter 
4, focusing on constitutive behaviour rather than geometric modelling (see Section 4.1 for 
analysis description). Only mesh xI0yl0 has been used so that the results can be deemed to be 
largely, unaffected by boundary proximity, mesh grading, etc. The same five propping cases 
have been used (Fig. 4.5). Additional analyses have been conducted on constitutive features 
not included in Chapter 4; namely, non-linearity and non-associated flow. 
Before considering each constitutive feature in turn, some comments Will be made about the 
manner in which the results have been presented. For nonhomogeneity, anisotropy, and yield 
I the key output values (5,,,, ±N", V,,. and ±S.,,,,, ) were initially extracted. Then, the 
percentage differences were calculated between each key residt and its corresponding 
"baseline7' value, as an index of the influence of the constitutive feature concerned. The 
baseline result was taken to be that for the homogeneous isotropic linear elastic (HILE) 
parameter set in each propping case, except when yield was introduced, when the baseline 
result was taken to be that for the fully elastic analysis having the same degree of 
nonhOmogeneity in stiffness. To summarize, results for parameter Sets 2-5 have been 
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referenced to Set 1; Sets 12 & 22 have been referenced to Set 2; Sets 13 & 23 have been 
referenced to Set 3- and similarly for drained analyses (see Tables 4.3 to 4.8). 
The percentage differences are summarized in Tables 5.1 (undrained analyses) and 5.2 
(drained analyses). Selected plots showing the influence of different constitutive features are 
included at the end of this chapter and are referenced from the appropriate sections. 
5.2 Nonhomogeneity 
5.2.1 Description of analyses 
Briefly recapping Chapter 4, nonhomogeneity was characterized by a dimensionless parameter 
x, defined in terms of E at ground surface and at formation level (see Eqn 4.3 and Fig. 4.4), 
and which ranges from 0 (homogeneous) to I (highly nonhomogeneous). This is one of 
several Ways of characterizing nonhomogeneity (see also Butler, 1975 and Gibson, 1974). 
Analyses have been conducted for three values of X- the limits of 0 and 1, together with an 
intermediate value ý-- 1/2 (see Tables 4.3 and 4.5). The effects of nonhomogeneity can be seen 
by comparing results for Sets 2 and 3 with Set I (the baseline) in Tables 5.1 and 5.2. 
5.2.2 Results of analyses 
Horizontal wall &splacement 
Nonhomogeneity had a pronounced effect on both the magnitude and shape of the deflected 
profile of an mnpjppýed wall when E. =0 (X = 1), Fig. 5.7(a). The apparent restraint seen at 
the top of the wall (where soil with E, >0 was apparently holding the wall back) was 
eliminated, and the profile was much more Eke what would be expected for a cantilever wall. 
(This change of deflected shape will have implications for the bending moment profile too. ) 
The maximum displacement more than doubled, so it would seem important to establish 
whether or not such a nonhomogeneous profile might exist at a site before conducting anFE 
analysis. The magnitude of V. is more likely to be governed by the average stiffness E.,. 
over the retained height of the wall = 1/2(E, ) + EH), than by the degree of nonhomogeneity X. 
For Sets 1-3, E.,. = 50,70 and 20 Wa respectively, and it can be seen from Table 5.1 that the 
ordering and relative magnitude of 5..,, corresponds to this in an inverse manner. 
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When the soil was allowed to drain fully during loading, broadly the same differences between 
the unpropped 5 profiles were apparent. If anything the trends were accentuated and, as 
expected, the overall magnitude of displacement was increased by drainage. 
The introduction of a top-prop suppressed the influence of nonhomogeneity on displacement 
profile seen in the unpropped case, Fig. 5.7(b), and a simple scaling of the 5 proportional to 
I/E.,. was apparent. Essentially the same pattern was observed when the loading was drained 
although, rather unexpectedly, the magnitude of displacements was consistently less than for 
the corresponding undrained E profiles. This is at variance with the general belief that drained 
movements will be greater than those occurring under short term undrained loading (as was 
observed for the unpropped wall). 
For, the bottom-propped wall, a marked dependence on the degree of nonhomogeneity was 
again in evidence, with the deflection of the upper half of the wall being most affected. It has 
already been noted that this form of propping, installed prior to excavation, is unusual and 
unrealistically stiff However, it is clear that a knowledge of the actual distribution of stiffness 
with depth is rather important in this case. With a uniform stiffhess there is roughly equal 
resistance to wall movement above and below formation level, and the higher lateral pressures 
below the hinge at formation level are sufficient to cause the toe to move out further than the 
crest. As X increases, there is rather more resistance to wall movement below formation level, 
and consequently the wall toe does not deflect quite so much. When E.. =0 (X = 1) the 
balance is tipped the other way and the wall crest deflection is more than twenty times greater 
than that for E. = constant. Full drainage served only to increase the magnitude of ma)dmum 
displacements for the bottom-propped wall, whilst leaving the effects of increasing 
nonhomogeneity essentially the same, Fig. 53(c). 
The profile and magnitude of wall movements in the doubly-propped case were only slightly 
affected above formation level, Fig. 5.7(d), with most effect noticed at the wall toe (possibly 
of less interest to the designer). Drained conditions made no difference to the observations 
about deflected shape, and had only a small effect on the magnitude of movement relative to 
undrained loading. 
Finally, for the alternately-propped case, the influence of nonhomogeneity was almost identical 
to that on the unpropped. wall. A comparison of the relevant columns in Table 5.1 reveals that 
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the changes in 8., relative to the homogeneous E profile were virtually the same. Similarly, 
for fiffly drained conditions, the alternately propped and unpropped cases exhibit virtually 
identical trends regarding the influence of nonhomogeneity. 
Wall bending moment 
Nonhomogeneity had a striking effect on the bending moment profile for the unpropped wall 
in that, as X increased from 0 to 1, the whole profile shifted fforn being predominantly negative 
(tension face towards the excavation) to predominantly positive (tension face towards the 
retained soil). This brought an attendant shift in the position of NL. from above formation 
level to just below. -M. for x=0 was about the same magnitude as +NL. for X=1; 
intermediate x values produced intermediate ±NL.. In a design situation it could be argued 
that the sign of the maximum bending moment is not crucial, because most concrete retaining 
walls will be reinforced symmetrically. However, should this be important, then it would seem 
vital to establish the actual profile of E, 
This same trend was seen with fiffly drained loading, Fig. 5.8(a). The difference between 
-N" and +N" on any given profile was slightly larger for the drained case, and when X=1, 
virtually all the negative moment had disappeared from the drained profile. 
Top-propping brought about a uniformity of shape of the bending moment profiles, Fig. 
5.8(b), with the main difference caused by the varying degrees of nonhomogeneity being in the 
magnitude of M..., which was always positive and was inversely proportional to E.,,.. There 
was very little bending moment below formation level, being at most about 10% of -N". 
The trend for drained loading was identical, and in fact ' 
the magnitude of the bending moment 
profiles was almost the same, indicating that drainage had little effect. There was a small 
increase in +K. below formation level, but this was still relatively small compared with 
moments above fonnation level. 
Despite the big changes in displacement profile caused by nonhomogeneity in the bottom- 
PLM-ed case, the shape of the bending moment profiles remained largely unchanged 
regardless of degree of nonhomogeneity. This implied that the curvature pattern of the wall 
was about the same irrespective of whether it was the crest or the toe which had displaced the 
most. There was almost a "see-saw" effect about the formation level prop. In fact the profiles 
for X=0 and x =. 444 were more or less identical, with change only apparent when X=I- in 
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the form of a 50% increase in maximum (positive) moment at the formation level prop (due to 
Wall curvature increasing) and the disappearance of virtually all negative moment, Fig. 5.8(c). 
Drained loading presented a similar picture. Nl, = for x=I was unaffected by drainage, 
whereas for other X values there was a 25% decrease of maximum moment over the prop. 
This meant that, comparing the X=0 and X=I drained cases, M.,, over the prop increased by 
100%. For both types of drainage, one may conclude that it is important to establish whether 
or not E, -> 0 as this has the most profound effect on bending moments when the wall is 
bottom-propped. 
All bending moment profiles for the doubly-propped wall had the same shape and more or less 
similar magnitudes for the degrees of nonhomogeneity considered. The maximum moment 
was always positive and located at the formation level prop, and had the same magnitude for X 
-0 and =1, being slightly lower for intermediate X. Full drainage preserved the shape of the 
profiles, and simply caused a small shift in the bending moment diagram towards the negative; 
i. e. +M.. reduced and -9. increased by approximately the same amount. The degree of 
nOnhomogeneity was, therefore, unimportant in this propping case. 
The shape of the alternately-propped wall bending moment profiles was affected by 
nonhomogeneity in much the same way as for the unpropped wall (i. e. N" gradually pushed 
below formation level), although not quite so markedly. There was a slightly more 
pronounced "spike' in the bending moment profile over the formation level prop when X=1. 
These comments are equally applicable to the wall under drained conditions, although the peak 
on the profile when X was even more pronounced, Fig. 5.8(d). The overall magnitudes of 
bending moments were about the same for the two drainage conditions when 0 :9X --5.444, but 
full drainage brought about a doubling of +K., when x=1. 
Excavation heave 
The shape of the excavation heave profile was the same for each degree of nonhomogeneity 
considered, regardless of propping and drainage conditions. On reflection this is reasonable, 
because excavation heave is basically a response to a 2D unloading situation, and the upward 
movement of the soil at formation level is influenced by the vertical stiffness of the soil. No 
lateral variation of E. across the area of the excavation was permitted. 
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The magnitude of heaves were certainly affected by the profile of E,,, as would be anticipated. 
In general, the largest heaves were associated with uniform stiffness (Eu = Ej and the smallest 
with nonuniform stiffiless, nonzero at the surface (Eu = E. + mz). Switching to drained 
conditions preserved the general picture and, comparing like for like in terms of X, 
approximately doubled the heave value, Table 5.2. 
A typical pair of heave profiles is given in Fig. 5.9 for the top-propped case, both undrained 
(a) and drained (b). The profiles for other propping cases were virtually identical - which was 
somewhat surprising as a less well propped wall might be expected to move in more at 
formation level and (via undrained distortion) cause more uplift of the excavated surface. One 
point to draw attention to (which the figures show, but the tables do not), is that higher V.. 
on the centreline is accompanied by higher V at the wall. This means that the whole area 
around the wall is heaving more in response to excavation unloading. The differential heave 
across the excavation, AV, is more relevant but visual inspection suggests that the percentage 
differences quoted for V. in Table 5.2 are about right for AV too. 
Ground surface movement 
As a general point, it should be noted that the analyses being discussed here were conducted 
with fully rough boundary conditions and it was shown earlier (Section 4.4) that the surface 
movement profile is quite strongly affected by the choice of boundary condition on the remote 
vertical boundary. 
Furthermore, whenever the loading conditions were switched to fiffly drained, all settlement 
(relative to the datum of the original ground surface) was lost, and the profile was always one 
of upward movement - from zero at the far boundary to a maximum value at the wall. The 
Propping made little (if any) difference to the drained S profiles which was (again) surprising. 
Vertical surface movements have only been plotted back to a distance of 40m (= 5M, 
although the surface extends back a fiffl 80M to the remote vertical boundary- The cut-off of 
5H was based on the extent of movement observed for walls in the field (e. g. Carder, 1995). 
Furthermore, truncating at 40m allowed the detail near the wall to be shown more clearly. 
For the uUropped wA the basic effect of increasing nonhomogeneity was to alter the shape 
of the surface movement profile quite considerably, Fig. 5.10(a). The position of maximum 
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settlement was pushed much closer to the wall as X changed from 0 -ý - 1. In fact X=I yielded 
a "classicar' settlement trough immediately behind the wall, which some claim is only observed 
when non-linear stiffness is used. Upward movement +S reached a maximum immediately 
behind the wall, and was a function of global heave caused by excavation unloading (in the 
absence of slip elements to allow relative soil-wall movement). 
Top-proppin enforced more uniformity between the ground surface movement profiles, so 
that the shapes were not very much different over the range of nonhomogeneity considered, 
Fig. 5.10(b). The magnitude of settlement varied somewhat, being greatest when x=0. 
Upward movement +S reached a maximum immediately behind the wall, and was a function of 
global heave caused by excavation unloading. 
Nonhomogeneity affected the bottom-propped wall in a similar manner to the Unpropped case, 
in so far as the position of rna-, drnurn settlement was pushed much closer to the wall, Fig. 
5.1 O(c). The trough was not quite so pronounced though, and was much more localized. The 
same comments apply to +S as for top-propping. 
The shape of the surface movement profiles for the doubly-propped case seemed largely 
unaffected by nonhomogeneity-, only the magnitudes of -S,,,,. and +S. were influenced. The 
same comments apply to +S as for top-propping. 
Surface movement profiles for the alternately:: proj2peggi case were virtually identical to those 
for the unpropped wall; therefore the same comments apply. The drained case is shown in Fig. 
5.1 0(d), which is typical of aU the propping cases. 
5.2.3 Summary 
Nonhomogeneity (of elastic stiffness) with depth can be expected in virtually any deposit of 
naturally-occurring soil, owing to the depth-dependency of confining pressure. The limited 
studies reported here have demonstrated that a knowledge of the actual degree of 
nonhomogeneity can be very important - especially over the depth of the wall itself 
Wall displacements are particularly sensitive to the degree of nonhomogeneity X when the wall 
is cantilevered or alternately-propped. These two propping cases are also those which show 
the biggest sensitivity of bending moment to X, in terms of distribution and/or magnitude. 
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Excavation heave also depends on nonhomogeneity and it would appear to be important to 
know how E varies with depth if heave predictions are important. 
Finally, ground surface movement predictions depend heavily on the correct identification of x 
(for most propping cases) - particularly the depth and location of any "trougW' behind the 
wall. This last point has obvious implications for the assessment of damage to adjacent 
structures. 
5.3 Anisotropy 
5.3.1 Description of analyses 
As in Chapter 4, anisotropy was characterized by the ratio n (= Eh/E, ) ranging from 1 to 3 in 
the undrained analyses and from 1 to 4 in the drained analyses (see Tables 4.4 and 4.6). The 
ratio m was kept constant at 0.417 (= 1/2(1+v,, h)). As the selection of anisotropic elastic 
parameters was rather glossed over in Chapter 4, further explanation will now be given. 
Initially, parameters in terms of effective stress were selected for the drained analyses and 
then, through suitable manipulation, converted to equivalent total stress parameters which 
could be used in the undrained analyses. This is a simple enough process for isotropic 
materials via the identity G' = G., together with Eqn 4.2. Values quoted by Atldnson (1973) 
and by Creed (1979) for the London Clay were initially selected, and then the process detailed 
by Bishop and I-light (1975) was followed to obtain total stress parameters. The degree of 
anisotropy was defined in terms of effective stresses (i. e. n' = E'&/E', ) as this was how the data 
was presented in the original references. 
However, it was found that the effects of using n'= 2 and n'= 4 were minimal, based on a 
comparison of key output values from the analyses with those from the isotropic case. A 
useful investigation of this problem of parameter selection has been presented by Lee and 
Rowe (1989), who used Gibson's (1974) observation that the undrained elastic behaviour of 
cross-anisotropic soil can be defined throughjust 3 independent parameters E, Eh and GA. 
The Procedure adopted ultimately was to select total stress anisotropic elastic parameters, and 
subsequently to infer equivalent effective stress parameters from these. 
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5.3.2 Results of analyses 
Horizontal wall displacement 
The general shape of the 5 profiles for the unpropped wall was unaffected by anisotropy, with 
only a simple scaling down of the magnitude of displacements as n increased (and even this 
was not really significant until approaching n= 3). In the drained cases, there was a stronger 
tendency for the wall to be pulled back into the retained soil as the degree of anisotropy 
increased, Fig. 5.11 (a), accompanied by much stronger reductions in overall magnitude 
(compare Tables 5.1 and 5.2). 
For the W: qropped wall, the shapes of the proffles were virtually identical, showing only a 
gradual reduction in magnitude of 5 as n increased, Fig. S. 11 (b). Drainage caused deflections 
to be rather less than their undrained counterparts (at the same n), and also the reduction in 8 
as n' increased was more pronounced - wall displacements at n' =4 were very low indeed. 
Increased anisotropy caused some of the same "see-sawing" of the displacement profile for the 
bottgap-r-oo-ed case as was noticed with increasing nonhomogeneity. Apart from that, the 
overall shape and curvature of the wall seemed largely unaffected by n. Introduction of 
drainage caused the wall to be pulled back into the retained soil as the degree of anisotropy 
increased, Fig. 5.11 (c). 
For the doubly-proppýd wall, again anisotropy had very little effect on the shape of the 
displacement profile - or indeed on the magnitude above formation level, Fig. 5.11 (d). Below 
formation level there was a gradual reduction in 5 as n increased, but this is of less interest to 
the designer. The same observations and comments made for earlier propping cases apply, 
after changing from undrained, to drained loading. 
Finally, the alternately-propped case followed very closely the pattern of displacements 
exhibited for the unpropped case, with a slightly smaller magnitude over all. Therefore, the 
same comments are applicable (for both undrained and drained behaviour). 
Wall bending moment 
Anisotropy had little effect on the shape of the bending moment profile for the unpropped 
wall; the maximum moment remained negative and was always above formation level, Fig. 
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5-12(a). There was a smaH shift in the bending moment diagram towards the negative, with 
+Nf.. reducing and -M. increasing by about the same amount. The drained profiles were 
skfflar to the corresponding undrained profiles (at same n). Considering the drained series 
separately, increasing anisotropy (n') reduced both +NL. and -N4,,. by about 30% at most; 
which was not a great deal considering EIh/E, had to be increased to 4 to achieve it. 
The bending moment profile shape for the top-propped wall was similarly unaffected by 
. sotropy, with the maximum moment always negative and above formation level. The 
magnitude of -N" decreased very slightly (about 10%) at high n, but no more. The shapes of 
the profiles when loading conditions become fiffly drained were somewhat more affected by 
increasing anisotropy, Fig. 5.12(b). Although NL. was always negative and above formation 
level, a more pronounced peak for +XL. developed at high njust below formation level even 
though the magnitude of +N1. did not change much. At high n', -N" was effectively 
halved. Thus, establishing the degree of anisotropy is clearly more important for long term 
drained loading, than for the short term. 
Anisotropy appeared to make no difference whatsoever to the bottom-propped wall bending 
moment profiles. The profile shape, +NL.,, and _N'LM values were virtually identical. For 
fWly drained conditions, -NI. was unaffected by anisotropy and was equal to the undrained 
value. However, +NL. started off 25% lower than the undrained value and then decreased by 
a fitrther 50% as n' approached 4, Fig. 5.12(c). Hence the magnitude of maximum moment to 
be carried by the wall would appear to be greatly affected by the degree of anisotropy under 
drained conditions, but not for undrained. 
The doub propped wall behaved much the same as the bottom-propped wall, with the 
exception of a small reduction in +NL. (at the formation level prop) when n=3, Fig. 5.12(d). 
The drained profiles for n' =I and n' =2 are equivalent; +M. reduced by only 25% when 
E'h/E'v = 4. Anisotropy appeared not to be important in this propping case. 
Finally, the alternately-propped wall exhibited only a modest response to increased anisotropy; 
+Mn= increased by up to 40%, but -M.. (which was the larger of the two) stayed 
approximately the same. The drained and undrained, bending moment profiles coincided when 
conditions were isotropic; thereafter, both +N" and -N" steadily decreased (by 1--20% and 
60% respectively) with increasing n. 
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Excavation heave 
As with nonhornogeneity, the shape of the excavation heave profile was the same for each 
degree of anisotropy considered, regardless of propping and drainage conditions. This was 
probably predictable, as the way in which anisotropy was increased in these analyses was by 
keeping F, constant and increasing Eh. It would be reasonable to expect that vertical heave in 
an aPProximately ID unloading situation would be governed by F, and not by Eh. 
In a supported excavation part of the mechanism causing heave is one of extrusion, as the wall 
is forced to move inwards and thus squeeze the soil at the base of the excavation upwards. It 
night be expected, therefore, that if horizontal wall movement is restricted (because of 
increased lateral stiffness), that this may lead to some reduction in heave. 
Examination of Table 5.1 shows a high degree of consistency between the different undrained 
propping cases, in terms of the effects of anisotropy. There was no change in V. at EVE, 
2; it was not until n was increased to 3 that any change was apparent, by which point a 33% 
reduction had taken place; e. g. for the top-propped case, Fig. 5.13 (a). 
Drained heaves also showed insensitivity to propping arrangement (see Table 5.2). A small 
reduction in V. was evident when n' = 2, and the reduction at n' =4 was only just over 10%; 
e. g. Fig. 5.13(b) for the alternately-propped case. 
Ground surface movement 
The points made earlier concerning rough boundary conditions, and the loss of any downward 
surface movement when conditions were drained, are also applicable to this section. The basic 
shape of the surface movement profile and the magnitude of the movements was the same for 
each degree of anisotropy considered, regardless of propping condition. Consistently, -S. 
and +S. - were virtually unaffected by anisotropy until n=3, when there were reductions of 
50% and 40% respectively, e. g. Fig. 5.14(a) for the bottom-propped case. 
Considering drained surface movements, again there was very little influence from propping 
conditions on either the profile shape or magnitude of movement; e. g. Fig. 5.14(b) for the 
unpropped case. Upward movement (+S.. ) experienced only a 10% reduction if Eh/F' was 
increased to 3. 
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The insensitivity of surface movement to anisotropy was less expected than for excavation 
heave. Near to the excavation, surface movements Will be influenced mainly by the behaviour 
of the wall; further away it is dictated more by the overall pattem of soil movement. It would 
appear that the same mechanisms which cause excavation heaves to reduce when a high 
degree of anisotropy is reached, also put some restriction on ground surface movement. 
5.3.3 Summary 
Anisotropy generally seemed to have the effect of scaling the wall displacement profiles 
without altering their shape. The degree of anisotropy (n) was constant with depth in all the 
analyses, so it is perhaps not surprising that this happened. Genuine anisotropy varies with 
depth as it is often related to OCR, but CRISP cannot model this unless the ground is zoned 
into horizontal layers, each with a different Eh/F,. If the deflected wall shape is largely 
unaffected, then wall bending moment is less likely to be affected than displacement. 
Paradoxically, bending moment was affected by the degree of anisotropy, especially for the 
top-propped wall where 50% reductions were observed. 
Effect on heave seems minimal, unless very large values of n (or n) were used. There are two 
mechanisms at work - vertical rebound due to removal of overburden (dominant in wide 
excavations where W >> M and a Poisson's ratio effect as the applied lateral stress on the 
block of sofl below dig level is increased. Increasing Eh with F, constant (as done here) would 
seem more likely to influence the latter mechanism, as it would resist this lateral "squeezing". 
Some significant reductions in ground surface movement were observed, but only for 
undrained loading and only when extreme Eh/Ev ratios were employed. There has been 
insufficient time to examine horizontal surface movements, yet in some cases this is needed for 
the damage prediction - if gradients are too steep, tensile cracIdng of adjacent structures may 
occur at foundation level. 
Anisotropy, as defined here, may not be particularly important for embedded retaining walls - 
unless it is of a very high degree (say n> 2). Anisotropy of strength may be important if 
yielding is significant. Anisotropy of permeability has greater implications for drainage rates 
during and after construction. 
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5.4 Non-linearity 
5.4.1 Description of analyses 
The Jardine et al. periodic-logarithmic model has been used in a short series of analyses. This 
model was considered to be a compromise between the more elaborate BRICK model and the 
rather basic hyperbolic model. Furthermore it has been used extensively by Potts and his co- 
workers at Imperial College on a number of retaining wall / deep basement projects, with 
apparent success (Jardine et al. , 199 1). The Jardine et al. 
(1986) non-finearity function is 
shown in Fig. 5.4 and is defined by: 
Eu/cu =A+B cos [cc [logio (s. /C)]') (5.5) 
where e,, is the axial strain, and A, B, C, a and y are dimensionless parameters. If Eqn 5.5 is 
normalized by the value of E" at some reference axial strain, e*, and if A=B (often 
approximately the case with real soil test data), the following is obtained: 
A* (I + cos fa [logio (e. /C)ly) ) (5.6) 
This formulation was used for the Queensberry House FE analyses (Appendix A, Case 8). It 
allows a convenient definition of Young's modulus at any point in the ground where both the 
current strain level and E. at the reference strain are known. The latter is obtained from: 
F,,, (*) =+mz (5.7) 
Then, knowing the current strain level at that point C2 (and hence Ej is evaluated from Eqn 
5.6. The soil parameters required are A*, C, a andy - though it has also been found necessary 
to impose lower and upper strain limits, ej. and e..., at which the stiffiness is at its greatest 
and least values respectively. These parameters are normally obtained from laboratory test 
data; hypothetical but realistic values were adopted for the present investigation. Fixing A* 
and C at representative values, an initial reference strain e* of 0.01% was adopted (thought to 
be typical of the level at which commercial laboratories quote stfffness values). Then, cc and y 
were varied so that the ratio E,, gooj) / E,, (o. ol) (i. e. the value of 0 when e=0.001 %) took on 
successive values of I (linear), 2,3 and 4 (most non-linear). This is illustrated in Fig. 5.15, 
and is denoted Series NLI. The values of EO and m for use in Eqn 5.7 were from parameter 
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sets 1,2 and 3 (Table 4.3). A second series (NL2) was devised in which a reference strain e* 
of 0.1% was adopted, with (x and y varied to give flo. oo, = 1,2,3,4 as before. All parameters 
used are summarized in Table 5.3. 
In summary, series NLI had all Dx. curves coinciding at 0.01% strain (where 0= 1), with 
individual 0 values having dropped from 1,2,3, or 4 at o. 001% strain, and continuing to 
diminish as far as 0.1% strain, after which D was constant. Series NL2 had all f2x. curves 
coinciding at 0.1% strdA dropping from their maximum values (I - 4) at 0.00 1% strain, 
diminishing as far as 1 .0% strain, and constant thereafter. 
In both series, there was one log 
cycle of strain between the reference and maximum strains (e* and F-ý), but different gaps 
between the minimum and reference strains and e*) - one log cycle for series NLI, but 
two cycles for series NL2. With so many parameters to select, numerous permutations were 
possible. The values adopted in the parametric study were partly arbitrazyý though were 
influenced quite heavily by values derived for a number of projects on London clay sites where 
the writer had performed commercial and/or research analyses. The intention was to carry out 
illustrative analyses of the influence of non-linearity, rather than an exhaustive study of the 
Jardine et al. model. Only unpropped and top-propped wall cases have been considered. 
5.4.2 Results of analyses 
Horizontal wall &splacement 
For Series NLI, the effect of increasing soil non-linearity on an onp-ropped wan was to cause a 
huge increase in deflection, for all distributions of Eupj). The most dramatic increase was for 
Set 3, where the maximum deflection &. was nearly 200% greater at D=4, Fig. S. 16(a). 
However, Series NL2 actually caused a reduction in displacement as n was increased (exactly 
the opposite trend to Series NLI) and the changes were in some cases very modest - e. g. Set 
3, where 8.. dropped by less than 10%. 
The addition of tonropping amplified the effect of increasing non-linearity, with even greater 
increases in 5. (as much as almost 700% in Set 3), occurring at the wall toe. This suggests 
that there was a dramatic reduction in stiffness in the soil around the embedded portion of the 
wall, allowing the toe to move much fixther than in the linear case. Once again, the changes in 
deflection profile were in the opposite direction (i. e. a reduction), Fig. 5.16(b) and were of 
much smaller magnitude, when Series NL2 non-linearity was used (greatest change -30%). 
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A general observation fi-om these analyses is that the deflection profiles appeared to be scaled 
geometrically (rather than changing shape) as 0 was varied. This implies that, whilst there 
would be changes in the magnitude of bending moment (due to increasing wall curvature), the 
overall shape of the bending moment diagram should be unchanged. 
Wall bending moment 
For Series NLI (e* = 0.01%), M.. increased by up to 60% in the unproppedwall as the 
degree of non-linearity increased to f2 = 4. (For sets I and 2, M.. was negative, whereas for 
Set 3 it was positive, but in all cases M. increased in magnitude). As observed for wall 
deflection, Series NL2 non-linearity had a more modest effect on bending moment profiles, 
and changes were in the opposite sense - i. e. causing M. to reduce in all cases (regardless of 
sign), e. g. Fig. 5.17(a). 
Top-propping (again) amplified the effect of increasing non-linearity, with 9. increasing by 
more than 100% in some cases, Fig. 5.17(b). The changes in bending moment profile were 
smaller and in the opposite sense when the degree of non-hearity followed Series NU For 
both propping arrangements, the predictions concerning deflected shape were correct - non- 
linearity indeed changed the magnitude of bending moments but not the shape of the bending 
moment diagram. 
Fxcavation heave 
In all cases exanýned, increasing non-linearity scaled up (or down) the heave profile, with very 
few changes in its actual shape. With e* = 0.01% (Series NLI), the scaling was >1, with V. 
increasing by as much as 100% (unpropped) or over 500% (top-propped) for Set I (Eý(o. oj) = 
50 Wa). With e* = 0.1% (Series NL2), scaling was <1 and less pronounced, with V. as 
much as halving (both propping cases) when Ewa) -= 50 + 5z Wa. Occasionally, some 
flattening of the heave profile was noted, suggesting that there would be a more uniform 
swelling pressure in cases where a formation level slab was present to restrain heave. Figs 
5.18(a) & (b) compare Series NLI and NL2 for an unpropped wall, at Set 3 (E,, (. ) - 5z MPa). 
Ground surface settlement 
The effects of non-Enearity on surface settlement profiles have probably been the most widely 
documented aspects of this feature of constitutive modelling. The trends described in the 
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literature were all noted in the analyses performed here. In Series A, non-linearity affected 
both the shape and magnitude of the settlement trough for unpropped walls; -S. increasing 
with! Q (as much as 400% in Set 3) and the point at which it occurred moving closer to the 
wall, e. g. Fig. 5.19(a). Even in Series NL2 there is a clear change and, although -S. reduced 
in most cases, the point of maximum settlement has moved much closer to the wall and so the 
profile appears more realistic (compared with linear elasticity). 
TM-propped walls, Series NLI, showed a similarly major effect, though with a much larger 
"jump" between KI =3 to 4, than from A=I to 2, or from 2 to 3. This ties in with the 
pronounced Idck-out of the wall toe observed for 0=4. Series NL2 showed basically similar 
trends to the unpropped case, except at Eup. i) = Sz, where restraint from the prop prevents a 
major trough developing just behind the wall, Fig. 5.19(b). 
Whereas for wall deflection, wall bending moment, and excavation heave it was generally a 
scaling of the profile which had taken place, for ground surface settlement there were 
significant changes in shape. In general (and for Set 2 cases in particular), there was definite 
evidence of reversed slope of ground surface over a considerable distance behind the wan - 
comparing the linear and non-linear analyses. This is, of course, the very feature which 
accounted for the discrepancies in the calculated tilt of Big Ben referred to earlier. 
5.4.3 Summary 
All design quantities examined were affected by the incorporation of non-linear elasticity - 
sometimes very dramatically. Not surprisingly, the definition of non-finearity was a key 
component, and a major factor uncovered here was the significance of the reference strain e*, 
where all stiffness: strain curves passed through a common point. 
The results obtained in Section 5.6 suggest that operational strains around the rctaining walls 
analysed were generally greater than 0.01% but probably less than 0.1%. WhenusingSeries 
NLI (e* = 0.01%), greater non-linearity (higher 91) led to the overall soil response being less 
stiff and hence ground movements were larger. This would only happen if operational strains 
were pushing significantly into the region beyond 0.01%. Conversely, with Series NL2 (e* 
0.1%), increasing non-linearity led to more soil being stiffer than at the reference strain, and 
hence ground movements are smaller. This would only happen if operational strains were 
generally less than 0.1%. 
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In trying to estimate the impact of non-linearity it is not just the absolute reduction in E. with 
e, which is important, but also the rapidity with which this reduction takes place. Both Series 
NL I and NL2 had the same initial stiffnesses at e=0.00 1 %, but thereafter E,, decayed at 
different rates. It is abundantly clear from the analysis results that the rate of decline has a 
major impact on how much change takes place in quantities such as 8, KV or S, and also 
what direction the change is (increase or decrease). Previous investigators have emphasized 
only the effect of non-linearity on the shape of the surface settlement trough - these 
investigations have shown that other quantities of interest to the designer are also influenced. 
Furthermore the nature of the influence is more subtle than at first thought. 
5.5 Yielding 
5.5.1 Description of analyses 
Plastic yielding has been characterized either by E,, /c. for undrained analyses (Tresca yield 
function) or by ý' for drained analyses (Mohr-Coulomb yield function). In the former case, 
Eu/cu varied from 0 (elastic, cu -). oo) to 1000 (elasto-plastic, c. -+ 0), via an intermediate 
value of 500. In the latter, ý' was either not applicable (elastic) or set to a typical critical state 
value of 25* (elasto-plastic). 
5.5.2 Results of analyses 
Horizontal wall displacement 
Yield preserved the general shape of the displacement profile for the unpropped wall under 
undrained loading, simply causing it to move out further. In the case of Eu - mz with "- 
1000 (where the initial stress state was on the verge of yield before any excavation took 
place), the upper portion of the wall straightened out and any contraflexure was lost, Fig. 
5.20(a). The additional outward movement in this latter case was great (over 200%), but this 
was due to widespread yielding because the in-situ stage was close to limiting equilibrium. 
The drained case did not merit serious consideration; the increases in 5. of 500% and 200% 
(for E' = E. +mz and E' = mz respectively) are hardly credible and arise from the fact that the 
wall is unstable in the long term at D/H =I (see Section 4.2.2). 
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For the Wzpmroppedd wall, the general shape of the undrained profile was unaltered by yield; 
there was a simple scaling of movement relative to the fully elastic case. When E,, = mz (and 
Eu/cu = 1000) the small amount of contraflexure below FL was lost as well. Drained loading 
brought about a somewhat stronger contrast in profile shape between the elastic and elasto- 
plastic analyses, Fig. 5.20(b), as well as a massive increase in movement (nearly 200%). The 
contraflexure below FL was lost (for both E': z variations), which would obviously affect the 
bending moment profiles in the lower half of the wall. In other words, the embedded length of 
the wall is not being clamped by the surrounding soil so effectively, as yield is reducing overall 
soil stiffhess. 
Bottom-propPing, in the way it has been implemented here (and possibly with the wall 
geometry being such that the prop is at the midpoint) was so efficient that it virtually 
prevented any yielding of the retained soil. Consequently, as can be seen in Table S. 1, 
(which was at the top of the wall) was completely unaffected by yield. -Examination of the 
whole 5 profile for Eu = mz revealed that the toe of the wall had moved out much more due to 
yielding on the passive side, which increased curvature (and hence bending moment) over the 
prop, Fig. 5.20(c). It would appear, therefore, that bending moment would be affected more 
than displacement. The picture was broadly similar under drained conditions. WhenE= 
Eo+mz, yield caused the curvature of the wall above FL to disappear and to be replaced by a 
slightly increased curvature below; 5,,. increased by over 100%. When E' - mz, less change 
in displacement profile was observed, with 5n.. virtually unaltered. 
The doubly-propped wall imj)osed even greater restraint on the formation of plastic zones in 
the retained soil, so it was not surprising that the introdu on of eld had ttle c ect on w cti Yi li ff all 
movement above FL for this propping case. However when Eu = mz there was passive yield 
in the excavation area, with a substantial kick out at the toe, Fig. 5.20(d), and it was this 
which has been picked up in the summary of 5r,. in Table S. 1. Under drained conditions, the 
wall below FL tended to move out more than above FL, such that the position of 5. 
switched from being midway between the props, to being at the toe (for both E' distributions). 
Otherwise, profile shapes were largely unchanged. The value of 8. increased by about 50%. 
Similar comments apply to the altemately--12rol2ped wall as were made for the unpropped wall. 
The additional outward movement when E. = mz was not quite as great (approximately 80%). 
but was still significant. Again, as the soil parameters imply the possibility of extensive 
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yielding from an early stage, this figure may be excessive in terms of what could be realistically 
expected - it could be considered to be an upper bound. The final deflected shape of the wall 
under drained yielding was fairly similar to the drained elastic analysis, but with significantly 
reduced curvature (especially for E' = E. +mz, where contraflexure just above FL disappeared). 
This would be expected to reduce bending moments (as was indeed the case - see later). The 
position of 8. remained at the crest, but with large increases (up to 200%) in value. 
Wall hending moment 
Bending moment profiles for the unpropped wall were affected only when Eu = mz, when 
+NL.,, increased by 50% and all negative moment disappeared completely, Fig. 5.21 (a). The 
range between +M.,., and -M. was the same (approx. 600 kN-M); yield simply served to 
displace the bending moment profile sideways. It was noted earlier that the displacement 
profile for E. = mz had altered in such a way that moments would be greatly diminished over 
the upper portion of the wall. Another interesting feature seemingly removed by yield was the 
slightly erratic nature of the bending moment profile below FL, seen in all previous analyses. 
However, there was a large non-zero moment at the toe when Eu = mz (equal to one third of 
+M. ) which was intuitively incorrect. (Non-zero moments at the wall toe are studied further 
in Chapter 8. ) The drained case was not really admissible because of its inherent instability, 
but essentially the profile shape was maintained with -Nt. reduced by ; ýs 100% and +NL. 
more than doubled (when El = E. +mz) or increased by Fu 3 0% (when E' = mz). 
With top-propping. vield made very little difference to the shape of the bending moment 
profiles, but did cause some lateral translation of the bending moment diagram (BMD). When 
Eu ý mz, -K= was increased by 50% and the positive moment was eradicated (NB: exactly 
the opposite of the unpropped case). The profile shapes did change, however, when drainage 
was permitted; principally by the virtual elimination of positive moment below FL, because 
contraflexure was lost, Fig. 5.21(b). Furthermore, substantial increases of 50-60% in 
took place, Table 5.2. 
Yield was largely suppressed by bottom-proppLng, and both the shape and magnitude of the 
bending moment profiles were unaffected, except for a small (25%) increase in +Ntu over the 
prop when E,, = mz. Full drainage brought about more change when E'= E. +mz, with +N" 
increased by 60% - but there were few changes when E' = mz. Slight changes in profile were 
observed, whereby the position of negative moment moved from above FL, to a point below. 
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Double-propping brought even more suppression of plastic yield, but only really for undrained 
loading. Bending moment profiles were identical when E,, = E. +mz, but still underwent a 
significant shift to the positive when E,, = mz, Fig. 5.21 (c) and Table 5.1. When loading 
conditions switched to drained, positive moments over the FL prop increased significantly (by 
about 50%) for both E' distributions. There was a slight change in bending moment profile, 
with more negative moment below FL when the soil was permitted to yield. 
The shape of the bending moment profile for the altemately: propped wall was unaffected by 
yield when E,, = E. +mz, although there was a 40% drop in +AL. over the FL prop. When E,, 
= mz bending moment in the upper half of the wall disappeared and there was a more 
pronounced "spike" in the profile over the FL prop, even though the actual value of +M... 
increased only modestly. Under drained loading, the ability to yield brought about 
significantly different profiles, e. g. Fig. 5.21(d) for E'= E,, +mz. Above FL, negative moment 
reduced, and +M. over the prop also reduced, by up to 25%. 
Excavation heave 
When investigating the influence of nonhomogeneity (Section 5.2) and anisotropy (Section 
5.3), it was observed that the propping condition made no difference either to the shape of the 
heave profile nor its maximum value V.. Changing the degree of nonhomogeneity or 
anisotropy did not affect the shape of the profile either, though it did influence the magnitude 
of uPward movement. 
An examination of Table 5.1 shows that unpropped, top- and altemately=propned walls 
experienced an increase in V,,. of about 250% when yield occurs under undrained conditions 
for E,, = mz, but an increase of less than 25% when E,, = E, +mz. For the bottom- and doubly_- 
propped walls, V. increased by approximately 160% when E,, = mz, and was unchanged 
when Eu = E,, +mz. Comparing whole profiles, it is clear that yield caused a steeper gradient of 
the excavated surface near to the wall, with the profile then flattening off towards the 
centreline, e. g. Fig. 5.22(a) for E,, = E. +mz. 
Table 5.2 shows that the increases in heave caused by drained yield for the unpropped Lop- 
and alternately in, rather greater than in the bottom- and doubly= : propped walls were, agd 
propped cases. The actual percentage increases were very considerable, ranging from 150- 
500%. In one case a maximurn heave of 250mm was predicted when E'= mz, although it is 
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accepted that many excavations of this sort will, in the long tern4 generally be covered by a 
slab (e. g. for a carriageway or basement floor), and so heaves of this magnitude would not be 
observed. Instead, the tendency to heave would give rise to swelling pressures on the 
underside of the slab. Comparing whole profiles for corresponding elastic and elastic-perfectly 
plastic analyses under drained loading revealed the same steeper gradient next to the wall; e. g. 
Fig. 5.22(b) for the doubly-propped wall. 
Ground surface movement 
For the unpropped wall, when E,, = E, +mz insufficient yield took place for there to be 
any significant changes to the ground surface movement profile. However, when E. = mz' the 
trough immediately behind the wall became massively accentuated, dropping very sharply to a 
value of -S. 10 times greater than for the elastic analysis. There was a 50% increase in +S.. 
too, but the relative magnitude was much less. Further back from the wall, the average 
settlement was approximately doubled. 
The drained surface movement profiles for both distributions of E' were similarly affected in a 
major way, Fig. 5.23(a). In the elastic analyses, there was no downward movement of the 
surface -S relative to original ground level. When yield was allowed, a sharply defined trough 
appeared behind the wall, although the remainder of the profile beyond 10m back from the 
wall was largely unchanged. (It should be recalled that this wall was on the verge of yield in 
the in-situ condition, so the results may be considered somewhat extreme. ) 
Predictably, yield had less effect on undrained surface movements when the wall was Lop 
propped. Profile shapes were largely unchanged compared with the elastic case, regardless of 
E,, distribution, Fig. 5.23(b). The magnitude of -S... and +S. both trebled when E,, = mz; no 
real change was evident when E. = E,, +mz. When conditions became drained, the profile 
shape changed just behind the wall, showing a sharp upward "kinle' (especially for E' 
E. +mz), and a3 00% increase in upward movement. 
When the wall was bottom-propMd, the surface movement profile was not influenced at all by 
plastic yield when Eu = E. +mz, and only showed some change in shape when F, = mz. In this 
latter case, both -S.. and +S. increased by over 100%, and the very localized trough just 
behind the wall became a little more accentuated, Fig. 5.23(c). Under drained loading, yield 
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caused a pronounced but localized "dip" in the surface movement profiles, though virtually no 
change at all in +Sm. -,. 
Similar comments apply to the doubly-propped wall; changes were still confined to the 
stiffness profile E,, = mz, where both -Sn.. and +S. more than doubled, but there was no real 
evidence of a trough just behind the wall. Yield under drained conditions, on the other hand, 
had no effect on the profile shape or magnitude. 
The altemately-propped wall produced trends that were very similar to those seen in the 
unpropped case when yielding was permitted. Very small changes took place when E,, = 
E, +mz, but a very distinct trough formed right behind the wall when Eu = mz' Fig. 5.23(d); - 
S,. increased by nearly 350%, and +S,,, increased by nearly 30%. Ground surface 
movements for drained yield had profiles of similar shape to the elastic analyses, but with a 
small trough in evidence just behind the wall. Changes in +S. values fluctuated between 
+60% (E'= E. +mz) and -20% (E'= mz). 
5.5.3 Summary 
The introduction of plastic yielding can produce much larger wall displacements, but generally 
only if the propping arrangement allows the development of zones of plastic yield (which is 
not surprising). Hence the bottom and doubly-propped walls were virtually identical to their 
fully elastic counterparts. Drained yielding was always "worse' in the sense that long-term 
conditions would be more dependent on this aspect of soil behaviour. Another important 
point is that the wall cannot be forced into taking up the same degree of curvature if it is 
embedded in an elasto-plastic material. Elastic materials can sustain very high stresses (infinite 
if required), whereas elastic-plastic materials will yield and allow stress redistribution. 
Computed bending moment profiles were smoothed relative to the fully elastic case, 
sometimes accompanied by lateral shifting of the diagram. Yielding has a more pronounced 
effect on the distribution and magnitude of bending moments when loading is drained. In the 
context of diaphragm walls, this is relevant to the long term condition rather than during 
construction. However, a drained analysis may be considered excessively onerous for an 
embedded wall in clay, as it is unlikely that full drainage will occur during the construction 
stage. In practice, construction takes place under approximately undrained conditions, 
followed by long-term pore pressure equalization (which could give rise to swelling and/or 
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consolidation). A key question for the designer is whether or not a drained analysis gives the 
same deflections, bending moments, etc. as an undrained analysis followed by swelling/ 
consolidation. Different degrees of partial drainage could also be investigated via coupled 
loading and consolidation analyses. These issues belong more properly under the heading of 
construction and long-term modelling, and are investigated more fully in the next chapter. 
Introducing yield had a major effect on the magnitude of heave for high degrees of elastic 
nonhomogeneity, but was rather modest otherwise. The overall displaced profile showed 
more uniform heave across the excavation, as greater distortion of the soil took place 
immediately in front of the wa. U. 
Yielding serves to accentuate settlement behind the wall, although this is only really 
pronounced when E. -+ 0 (X = 1). The degree of propping is especially important when 
considering behaviour immediately behind the wall (say within the distance X= 11). 
5.6 Non-associated Flow 
5.6.1 Description of analyses 
A full implementation of non-associated Mohr-Coulomb was not available in CRISP until after 
the relevant analyses for this thesis had been completed. Instead, an approximate alternative 
was used, which attempted to enforce equivalence of the (total stress) Tresca and (effective 
stress) Mohr-Coulomb yield surfaces in order to study post-yield behaviour. This required a 
priori knowledge of the Lode angle 0 and an assumption that it remained constant throughout 
the analysis. Unfortunately this was difficult because, although 0= 30* at the in-situ stage in 
plane strain (due to c; 'X = c; 'ý # cy'y), thereafter this cannot be guaranteed. Nonetheless, it was 
decided to pursue this approach, and the first step was to establish a procedure whereby the 
two yield curves might be equivalenced. This will be illustrated using parameter Set 23 (Table 
4.7). 
With c,, = 5z, the Tresca yield function (Eqn 5.1) becomes f=2. t -I Oz. Equating this with 
the Mohr-Coulomb yield function at yield/failure (Eqn 5.3b) and eliminating t (= V) gives 5z 
s'. sin(ý'). Let s= 
1/2(crv + a'h) = 1/2cr'., (l + K. ). If the unit weight of the soil y= 20 kN/m3, 
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the groundwater level is at ground surface, and K. = 2, then s' = (20-1 O)z. (I + 2)/2 = 15z. 
Hence 5z = 15z. sin(fl, which implies sin(fl = 1/3 and thus ý' = 19.47*. 
Using the more general expressions (Eqns 5.2 and 5.5) produces the same result, provided 0= 
3 0* when yield occurs. If cohesion is non-zero at the surface (i. e. c.. > 0), a simHar procedure 
is followed by keeping fixed and equating cý. + mz = ccosý' + s'siný' . At the surface, z 
$I 0 and this leads to c' cu,. se4 . 
Before performing full retaining wall analyses, a preliminary check was carried out on the 
procedure for equivalencing the Tresca and Mohr-Coulomb yield criteria presented above. 
Using a single quadrilateral element to simulate a strain-controlled biaxial compression test, 
four runs were carried out all starting from the initial stress state (a Pxo = app = cr'zo = 100 kPa, 
uo = 0) and having the same E and v. Other details are as follows: 
run yield criterion drainage stresses soil strength 
BYI Tresca undrained total cu = 50 kPa 
BY2 Mohr-Coulomb undrained effective c'=O, ý'=3011 
BY3 Mohr-Coulomb undrained effective c'=50 kPa, V=0 
BY4 Mohr-Coulomb drained effective c? =O, ý'=30* 
Runs BYI and BY3 were expected to produce identical results, as they describe the same 
yield surface (Tresca. being a special case of Mohr-Coulomb when ý= 0). Graphs of t: e., 
t: &,, and e.: e, for both runs showed first yield at t= 50 kPa., after which there was no increase 
in either t or e,. Runs BYI and BY2 experienced first yield at identical stages (t = 50kPa = 
s. siný' = c, ) but thereafter BY2 showed a tendency to dilate (5e, < 0) - resulting in a 
significant drop in pore water pressure, and an increase in the deviatoric stress t carried by the 
sample, Fig. 5.24. Run BY4 showed first yield at t= 100 kPa, followed by very strong 
dilation (8e, < 0) but no change in t, indicating that associated flow did not lead to increased 
strength (though in some boundary value problems this can occur). On the basis of these runs 
(in particular, BYI and BY2) it was concluded that Tresca and Mohr-Coulomb could be 
constrained to yield at the same point but thereafter display the divergence expected between 
full (V = fl and zero (W = 0) dilatancy. 
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Four pairs of 0 undrained, retainin( ,,, wall analyses were then carried out on both the 
unpropped, and the top-propped cantilever wall (using mesh xi Oyl 0, Fig. 4.1) to compare 
Tresca (total stress) and Mohr-Coulomb (effective stress). In the former E,, = 5z MPa, v,, 
0.497, and K. = 0; in the latter E' = 4z, V=0.2, and K,, >>O. The rest of the parameters are 
given in Table 5.4, in which Y1 indicates a comparison of YT I with YE I, etc. In order to 
compare the results with those obtained with a smaller K,,, all analyses were re-run with K. =I 
(but otherwise with exactly the same parameters). 
5.6.2 Results of analyses 
Selected full profiles are given at the end of the chapter, including wall displacement (Fig 
5.25), bending moment (Fig 5.26), excavation heave (Fig 5.27) and ground surface movement 
(Fig 5.28). The various percentage dfferences (Tresca relative to Mohr-Coulomb - showing 
the effect of totally suppressing dilation) have been summarized in Table 5.5. 
It is quite apparent that major differences exist between the computed results obtained by the 
two alternative approaches, especially when shear strength at the ground surface was zero. 
Agreement between corresponding pairs of analyses gradually improved as cý. (and hence c') 
increased, so that YT4 and YE4 gave similar results in most cases. This was almost certainly 
because yield became less dominant and the results simply reflected an equivalence of the total 
and effective stress approaches to undrained elastic analysis. In line with earlier observations, 
maximum wall displacements and bending moments both converged to a reasonable agreement 
fairly quickly, as ci.. (and c) was increased. Excavation heaves also shows very good 
agreement at YT4 / YE4, but surface movements still showed significant differences. 
Because yield commenced very early in the analysis (as a consequence of having t just below 
sj'siný' at all points below ground level), these differences can be considered to arise wholly 
out of way in which undrained plastic yielding was represented. However, it is far from clear 
if the discrepancies were a consequence principally of the disparate dilation rates, or of the 
different stress paths taken by elements of soil in reaching the yield surface (variations are 
possible in both the t: s' and 7c planes). 
Effective stress paths in the Mohr-Coulomb analyses will be at constant s', but some elements 
of soil will reach the yield surface after having followed extension stress paths, whilst others 
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will have followed compression paths. An approximate way in which this could be addressed 
would be to zone the mesh around the excavation, on the basis of expected stress paths. 
Elements of soil immediately behind the wall will undergo horizontal stress reductions, and if 
Ko is relatively high these stress changes will be elastic as the elements go from passive to 
active states. On the other hand, elements of soil just underneath final dig level will mainly 
undergo vertical stress reductions with some lateral stress increase, and if K,, is relatively high 
then early passive yielding is almost inevitable'. With this zoning, agreement could be 
enforced between Tresca and Mohr-Coulomb compression paths behind the wall, and 
extension paths in front of the wall. 
Notwithstanding the above, it seems more likely that the differences seen between the Tresca 
and Mohr-Coulomb analyses do indeed stem from the amount of dilation which has been 
permitted. When stress states start so close to the yield surface, they are unlikely to take 
significantly different routes in reaching it. However, this issue is unlikely to be resolved 
without further detailed study, which was not possible in the time available. 
Reducing K,, from 2 to I brought about a significant reduction in the differences (apparently) 
caused by plastic volumetric strain (see Table 5.5). This can be attributed to the smaller 
influence which yield has on the results, as more of the soil can be expected to be operating in 
the elastic range. 
5.6.3 Summary 
The starting conditions in runs YT1 and YE I were selected so close to yield to be able to 
isolate the plastic response, From these limited analyses, it would appear that the 
incorporation of non-associated flow could, in extreme cases, almost double predicted wall 
movements and bending moments and cause major increases in predicted ground movements 
in front of and behind the wall. However, it is unlikely that the potential for this much yield to 
occur early on in the excavation process would be present in most real cases. The simplified 
in-situ stress conditions in the analyses presented here have a constant K. of fairly high 
magnitude, whereas in reality K. would reduce with depth until it eventually reached K. 
3 Passive resistance is often factored by 2 on the basis that passive conditions are only mobilized 
at large strains. However, this is only true if initial conditions are normally consolidated (Y, sts I -sinfl; 
when Y%. > 1, the soil may already be close to passive failure and so does not need much additional 
strain to reach it (e. g. Padfield and Mair, 1984). 
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(when OCR = 1). The implications for practical analyses may possibly not be particularly 
serious. 
A separate issue raised by the above is how best to achieve equivalence between Mohr- 
Coulomb and Tresca yield criteria. It is quite common for a retaining wall analysis using 
CRISP to be carried out as a coupled consolidation event; to allow actual construction times 
to be followed, and to give the opportunity to examine long term equilibration within one 
analysis. This requires the input of soil strengths and stiffinesses in terms of effective stress - 
even for the short term phase. One check which a designer might reasonable want to carry out 
on a coupled analysis is to run an "equivalent" total stress analysis on the undrained 
construction/excavation stage. And yet this may give different results from an undrained 
analysis based on effective stresses, in cases where significant yield is expected to occur. 
5.7 Discussion and Summary 
Returning to the opening question - how much complexity is required to ensure a realistic 
result? There are a number of issues that can be investigated quantitatively through numerical 
experiments of the sort described here. 
Before choosing a model, the engineer must have an idea of the effects (and penalties) of 
adding increasing realism. Better prediction mu ' 
st be offset against the need for more (and/or 
higher quality) parameters, more care taken in analysis, more time (data preparation, 
execution, and post-processing) for analysis, more aspects of output to be checked, etc. 
In this section only those features available in the standard commercial releases of CRISP up 
until 1999 have been used (with the exception of elastic non-linearity). These are the versions 
which a designer is more likely to have at his disposal, but it has meant that features such as 
kinematic hardening have been omitted from this study, even though they are known to exist 
in real soils. However, the findings reported in this section are no less useful because of this. 
Constitutive modelling is probably the single largest area of research effort in geotechnical 
finite elements, and the writer acknowledges that it has an important place in the quest for 
better prediction of retaining wall behaviour. But designers will not and cannot concern 
themselves with this crusade for a more complete description of constitutive behaviour - they 
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are more interested in how best to apply the eNisting technology. Nonhomogeneous linear 
elastic-perfectly plastic may well be the most sophisticated level to which practising engineers 
will rise for many years to come. 
The usefulness of really complex models to the designer is questionable. An important part of 
the design process is being able to develop a "feel" for the relative importance of the different 
parameters. For example, most engineers have some understanding of undrained strength as it 
can be related to consistency, and the use of a single strength value in a yield criterion (e. g. 
Tresca) is very attractive. Those models which need only a few parameters with recognizable 
physical significance have a clear advantage over those which require specialized tests and/or 
curve fitting procedures (such as the Jardine et al. periodic logarithmic functions). It cannot 
be disputed that such models, in the hands of their inventors, can be very powerful and the 
literature contains many examples of good agreement between prediction and observation 
made by these experts. It is right and proper that research and development of this nature 
should be taking place, because there will always be a need to make high quality, absolute 
predictions in the case of certain prestigious or particularly sensitive structures. 
But would a geotechnical engineer with some basic FE literacy be able to make good 
predictions with one of the more complex models available today? For example, the BRICK 
model (Simpson, 1992) and 3-SKH model (Stallebrass and Taylor, 1997) both offer superior 
representation of soil behaviour, but are well beyond the comprehension of most engineers. 
The hyperbolic model (Duncan and Chang, 1970) enjoys great popularity in North America, 
and has been used with apparent success to represent a wide variety of soils in a range of 
engineering problems. However, this success relies upon the calibration of the model against 
observed behaviour. The debate on the required complexity of constitutive models will 
continue for many years to come. 
The intended contribution of this thesis is not to attempt a detailed examination of available 
constitutive models, but to assist the retaining wall designer in deciding which aspects of soil 
behaviour may be important in a given situation. Also, where there may be one or more ways 
in which a given aspect of behaviour could be modelled, to explore the implications of the 
decision which may be taken. Having considered geometric and constitutive modelling, the 
thesis will now move on to consider the way in which the wall is constructed, bulk excavation 
performed, temporary support is removed, and long-term equalisation achieved 
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Table 5.1 Influence of constitutive behaviour on key output values (undrained loading) 
percentage differences with respect to baseline case 
propping unpropped top bottom double alternate 
Wall deflection 
Set 
00000 
2 -32 -38 42 -61 -28 
3 138 14 134 -37 143 
4 -1 -6 -16 -16 0 
5 -32 -35 -52 -52 -29 
10 10000 
12 32 30 00 22 
11 27 18 20 15 
13 214 161 1 228 77 
Wall bending moment -tMn= 
: ýC-t -M TM 
--; 7- 
-M M -M . --+M--- 
+" -M +M 
1 00 00 00 00 00 
2 -29 66 -16 59 -17 -3 21 -17 -27 43 
3 -63 324 41 141 48 56 43 0 -71 262 
4 3 66 6 59 25 16 -2 2 24 
5 -12 102 -11 151 2 -5 24 -15 -10 39 
10 13 01 00 00 00 
12 9 -17 10 -7 00 00 5 40 
11 -20 4 10 34 01 00 -34 .9 
13 -98 52 45 -50 9 26 -33 45 -78 17 
Ercavallon heave V. 
set 
1 0 0 0 0 0 
2 -68 -68 -71 -71 -68 
3 48 -50 -59 -57 -51 
4 0 -1 .1 0 0 
5 -33 -34 -34 -33 -33 
10 0 0 0 0 0 
12 23 15 0 0 16 
11 13 0 0 0 .1 
13 272 232 161 159 246 
Ground surface settlement -tS. 
Set -S +S -S +S -S +S -S +S -S +S 
2 -71 -77 -74 -78 -76 -77 -77 -77 -72 -77 
3 -17 -64 -62 -72 -68 -65 -70 -68 -34 -64 
4 -4 -2 -6 -3 -7 -5 .7 -4 -4 -2 
5 -43 -37 -45 -39 -46 -41 -47 -40 -43 -38 
10 00 00 00 00 00 
12 19 -21 13 -12 00 00 13 -14 
11 121 -13 95 51 00 86 -6 
13 960 48 203 198 132 109 147 123 347 27 
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Table 5.2 Influence of constitutive behaviour on key output values (drained loading) 
percentage differences with respect to baseline case 
propping unpropped =lop bottom double alternate 
Wall deflection 
Set 
0 0 0 0 0 
2 -5 -26 48 -47 4 
3 286 31 561 -29 287 
4 -47 -32 -27 -28 -38 
5 -87 -74 -79 -75 -81 
12 512 187 136 46 203 
13 186 184 -8 58 72 
Wall bending moment (-, +) M,.,. 
Set -M +M -M +M -M +M -M -M +M 
00 00 00 00 00 
2 -28 44 -6 55 -25 25 19 -8 -29 42 
3 -83 263 51 75 . 94 138 59 5 -90 272 
4 -7 -20 -20 24 3 -18 -11 -7 -1 -28 
5 -27 -39 -52 63 -6 -45 -29 -26 -20 -56 
12 -90 123 53 -53 -38 59 -17 46 -67 -15 
13 -98 32 63 -48 560 15 -23 50 -93 -23 
Excavation heave V.., 
Set 
0 0 0 0 0 
2 -70 -70 -69 -69 -70 
3 -53 -50 -50 -49 -51 
4 -2 -4 -4 -5 .3 
5 -9 -13 -13 -15 -11 
12 408 301 153 154 341 
13 508 350 178 194 378 
Ground surface settlement (-, +)S. 
Set 
1 n/a 0 n/a 0 n/a 0 n/a 0 n/a 0 
2 -78 -77 -77 -77 -78 
3 -68 -69 -65 -66 -66 
4 -2 -5 -4 -5 -3 
5 -8 -13 -13 -15 -10 
12 -12 68 7 5 61 
13 -21 -21 1 2 -21 
Note: n1a Indicates there was only heave (+S) and no settlement (-S) in drained analyses 
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Table 5.3 Parameters used in analyses to estimate the influence of non-linearity (Jardine et 
al model) 
Series A* c Enün 6* Enm a 
(0/. ) (0/. ) (0/. ) (lY. ) n= 1 n=2 fl =3 fl =4 
1=0.0 y=0.07 1=0.14 1=0.21 
NLI 4.00 0.0007 0.001 0.01 0.1 2.4188 2.3946 2.3706 2.3467 
NL2 4.00 0.0007 0.001 0.1 1.0 2.4188 2.2823 2.1536 2.0321 
Table 5.4 Parameters used in analyses to estimate the influence of non-associated flow 
Run yield criterion c, (kPa) c' (kPa) 
YTI Tresca 5z - 
YT2 99 10 + 5z - 
YT3 cc 20 + 5z - 
YT4 
--------- 
44 
-------------- 
50 + 5z 
---------- 
- 
--------- --------- 
YEI Mohr-Coulomb - 0 19.5 
YE2 (. 9 - 10.6 19.5 
YE3 99 - 21.2 19.5 
YE4 cc - 53.0 19.5 
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Table 5.5 Uluence of non-associated flow on key output values : percentage differences 
between Tresca (zero dilation) and Mohr-Coulomb (fiA dilation) yield criteria 
Propping unpropped top-propped 
K. =2 Y%. =2 -7 K. =I Wall dej7ection 
Run 
Yi 91 10 45 -13 
Y2 30 -11 34 .8 
r Y3 19 -2 26 -4 
Y4 6 0 8 -11 
Wall benchng moment -t-M,,. 
Run -M +M -M +M -M +M -M +M Yi 86 -96 40 -94 -13 20 
T3 
-4 
Y2 -8 -6 17 5 14 14 -2 -3 
Y3 -16 7 20 -2 27 10 -22 -2 
Y4 -3 9 0 -4 
I 
14 6 -1 
Excavafion heave V. 
Run 
Yi 61 -5 48 -18 
Y2 48 -12 35 -6 
Y3 37 -4 25 -3 
Y4 9 -3 1 -3 
Ground surface settlement -+ S,. 
Run -S +S -S +S -S +S - 
-S +S 
Yi 288 -8 68 -2 63 33 2 -14 
Y2 78 -47 -31 -7 52 -10 8 -3 
Y3 42 -48 2 -4 45 -13 
11 -5 
Y4 17 -19 8 -7 22 -12 
12 -8 
. 
Arote: Case Yj refers 10 he co,, nparison ofrun yTj with yv, in which the percentage 
difference would be calculatedas 100 x (TyTI - Fad lFrE, etc. 7he tabulated 
values Shaw the effect of suppressing dilation at yeld - in the Tresca criterion 
V=0, whereas in the Mohr-Coulomb ;v= ý' 
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